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Abstract—Belonging to the framework of shape constrained
estimation, k-monotone estimation refers to the nonparametric
estimation of univariate k-monotone functions, e.g., monotone
and convex functions. This paper develops minimax lower bounds
for k-monotone regression problems under the sup-norm for
general &£ by constructing a family of k-monotone piecewise
polynomial functions (or hypotheses) belonging to suitable Holder
and Sobolev classes. After establishing that these hypotheses
satisfy several properties, we employ results from general min-
imax lower bound theory to obtain the desired k-monotone
regression minimax lower bound. Implications and extensions
are also discussed.

I. INTRODUCTION

A univariate function is k-monotone for k£ € N if its
(k — 1)th derivative is increasing; examples of k-monotone
functions include monotone (kK = 1) and convex (kK = 2)
functions. The goal of k-monotone estimation is to develop
effective estimators that preserve the k-monotone constraint.
An important special case of shape constrained estimation,
k-monotone estimation has received considerable interest in
statistics and system identification [1], [12]. In particular,
monotone and convex estimation have been extensively studied
in the literature [2], [4], [9], [10], [13], [14], [16], [17].
Motivated by numerous applications of k-monotone estimation
when k > 2, e.g., insurance [3], qualitative simulation [5],
and attitude control [11], the asymptotic performance of a
k-monotone estimator for general k was recently studied in
[8]. Specifically, a two stage k-monotone B-spline regression
estimator was proposed. Supported by the critical uniform
Lipschitz property, it was shown that this estimator achieves
the “optimal” convergence rate for general k over a suitable
function class under the sup-norm and other norms [8].

A related question, pertaining to k-monotone estimation
minimax lower bound theory, asks whether the convergence
rate attained in [8] is strict for any k-monotone estimator. To
answer this question, we adapt results from general minimax
lower bound theory to establish minimax lower bounds for k-
monotone regression problems. Particularly, inspired by the
recent work on convex estimation minimax lower bounds
in the sup-norm [9], we construct a family of k-monotone
piecewise polynomial functions (or hypotheses) in suitable
Holder and Sobolev classes. These hypotheses lead to the
desired minimax lower bound; implications and extensions are
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also discussed. The results presented in this paper originally
appear in the first author’s Ph.D. thesis [7].

This paper is organized as follows. In Section II, we present
the k-monotone regression problem and state the main result
(cf. Theorem II.1). Next, in Section III we assemble the
hypothesis functions. A proof of the main result is given in
Section IV. Finally, several extensions and implications are
presented in Section V.

Notation: Given a function g : [a,b] — R, denote its
sup(remum)-norm and Lz-norm by [|g||ec := sup,¢(q4) [9(7)]
and ||g|., = (ff(g(a:))2 dx)'/?, respectively. Define the pth
integral of g on [a, b] as

I (9) = (1)

{f;gm) dty

S L 22 o) dir .. diyey dt,

Let f(@ denote the gth derivative of the function f. For
two sequences of positive numbers (a,,) and (b,,), we write
a, = b, if there exist constants cy,co > 0, such that
c1 < liminf, o0 an /by < limsup,,_, . an/by < co. Finally,
for n,m € N with n < m, [n : m] denotes the set of integers
{n,n+1,...,m}.

ifp=1
otherwise.

II. PROBLEM FORMULATION

Fix ke Nre(k—1,kjand L > 0. Let vy :=r — k + 1.
The family of k-monotone univariate functions on [0, 1] is
Sp = {f 0,1 =R ‘ the (k — 1)th derivative f(*~1
exists a.e. on [0,1], and
(f& (@) = fE D (2)) - (11— 22) > 0

when f(kfl)(xl),f(kfl)(xg)exist}. 2)

When k£ = 1,2, S; represents the set of monotone functions
and continuous convex functions, respectively. Additionally,
denote the Holder class of functions as Hj, i.e.,

Hy = {f:10,1] >R | |f (@) - 4D (y))
<Lz -y, ¥,y €0, 1]}. 3)

Finally, set Sg g (r, L) := S N H.



Consider the k-monotone regression problem

yi = f(x) + oe, (€]

where the x;’s are evenly spaced design points on the unit
interval, ie., x; = i/n for all ¢ € [0 : n], n denotes the
sample size, f : [0,1] — R is an unknown function in
Sk,u(r,L), and the ¢;’s are iid standard normal errors. Our
goal is to establish a lower bound under the sup-norm on the
minimax risk associated with the collection of estimators that
preserve the k-monotone constraint of f € Sy g (r, L), for the
nonparametric model (4). Specifically, the main result of this
paper is presented in the following theorem.

Theorem IL.1. Fix k € N, r € (k — 1,k|, and consider the
regression problem (4). There is a constant ¢ > 0 such that

)T E(IF ) 2 e 6

liminf inf  sup ( n
n—roo fn fESK, H(r, L) logn

where 1nf = denotes the infimum over all constrained estima-
tors f, € Sk on [0,1].

Our strategy to substantiate Theorem II.1, motivated by [15,
Theorem 2.10] and [9], amounts to constructing a class of
hypothesis functions that lie in Sy g(r, L). These functions
will maintain a suitable distance from each other in the sup-
norm, while staying sufficiently close to each other under the
Ls-norm. Specifically, this family of M,, hypotheses f;,,j €
[0 : M,,] must satisfy the following three conditions:

(C1) each f;, € Spu(r,L), j € [0: M,];

(C2) whenever j # £, ||fjn — fonlloo > 2s, > 0, where
sy, =< (logn/n)"/Cr+l);

there exists a constant ¢y € (0,1/8) such that for all n
sufficiently large

MZK Fo)

where P; denotes the distribution of (Y 1,...,Y;,),
ijz = f],n(Xz) +f“j € []. : Mn], X, = z/n, the &’S
are iid random variables, and K (-, -) denotes the Kullback
divergence between two probability measures [6].

(€3)

< ¢plog(M,,),

We will specify M, in the later development. We also assume
that there exists a constant p, > 0 (independent of n and f; ;)
such that K (P}, Py) < pu S0 (fi.n(Xi) = fon(X:))”. This
assumption holds if the iid random variables & ~ N(0,02)
(cf. [15, (2.36)] or [15, Section 2.5, Assumption B]). Hence,
the regression problem (4) satisfies this assumption.

III. CONSTRUCTION OF HYPOTHESIS FUNCTIONS

In this section, we construct a family of suitable functions
fjn satisfying (C1)-(C3). Let (K,) be the increasing sequence
of natural numbers given by

(o) 1 ©

i

and fix n large. For that fixed n, define x; = = for
each i € [0 : K,]. To construct the desired functions f;,,

K, =

j €[0: M,], we begin by constructing increasing functions
hg}n , hﬁ]n : [0,k20] — R inductively for p € [1 : K]
Our procedure for constructing the f;,’s involves (i) using
hj), and by to construct the g;.,’s (cf. (16)-(17) and (19)-
(20)) and (ii) integrating the g; ,,’s a total of (k — 1) times to
produce the f;,,’s (cf. (21)). We choose hgcl]n and hE]n for this

procedure for the following reasons.

(i) In order to meet (Cl), each g;, = f(kfl)

j,n

increasing. Both hg’]n and hf]n (used in the construction
of each g;,) meet this requirement.

In view of (C2), the distance (measured with respect
to the sup-norm) between f;, and fy, for j # /¢
must be non-small. The f;,’s are constructed such that
fin(®) = fen(z) when j # ¢ for all z outside of
two small subintervals of [0,1]. On these subintervals,
fi.n— fon will be equal to the (k—1)th integral of either
hf]n hg]n or hg}n hm (cf. Lemma III.3). This integral
is on the order of K*~ ! times smaller than hf]n - h[l] i
the sup-norm. Although this integral is re]atlvely smal]
it will still be large enough for the f;,’s to meet (C2).
The (k — 1)th integral of h[z] h[l] , is on the or-

der of K*~! times smaller than h[Q] Al ]n in the
sup-norm, and even smaller in the L2 -norm. Since the
fjn’s are constructed such that |f; , — fe.n| is equal to
|I[(k ] 1)(h[Q] - £€1]n)| (cf. (1)) on two small subintervals
of [0, 1] and zero elsewhere for j # ¢ (cf. Lemma II1.3),
the Lo-norm of f; , — f,, will be sufficiently small and

allow the f;,’s to meet (C3).

must be

(ii)

(iii)

With these ideas in mind, we proceed to construct the auxiliary
functions h;[}.,]n and hﬁ]n, for p € [1 : k] and establish two
technical lemmas in Section III-A. In Section III-B, we use
the constructions and results from Section III-A to (i) construct
the g;,’s, (ii) construct the hypotheses f;,, j € [0 : M,]
by integrating each g;, a total of (k — 1) times, and (iii)
establish Lemma III.3, which will pave the way for the proof
of Theorem II.1.

A. Construction of Auxiliary Functions

We will now construct the auxiliary functions h,[gl,]n and hEL
to be used in the sequel. Let ¢y € (0, %) and p, be the positive
constant indicated after condition (C3) in the previous section.

Choose
— L !
L = min{ — K

7Y Co

23p, (2r + 1)

Define the following functions hL{L,hEL :
recursively for p € [1: k] as follows. First let

[0, KZQP] — R

w0 if z € [0, k1]
hin(2) = { LK (@ —r) ifwe (ring) O
and _
e £K71L_’Y:1,‘ if z € [0, K1)
hin(z) = { LK"Y  if 2 € (ki, ko). ®



Then for p € [2: k], define
Rl () =

pn 10)
if z € [0, Kop—1]

hp1n(2) 1
hp]_l_’n(m — Kop—1) + hy[j]_lﬁn(@pfl) if © € (Kop—1, Kap]

and
2 _
hig, (ar) = (11)
f 1 n ) lf HAS [07H21’_1}
pl 10 (T = Kgp-1) + h[p2l17n(/ﬁ:2p—l) if © € (Kop-1, Kap].

Figure 1 contains plots of these functions for p = 1, 2, 3. Note

that both h[ll]n and h ,, are continuous. By induction, so are

A, and A2, for 2 e 2 : k). Additionally, for p € [2 : k],
the first “half’ of hp n (i.e., the part defined on LO , Kap—1]) 18
identical to hp_1 . and the second “half” of hp n (i.e., the
part defined on (H2p 1, Kor|), when shifted appropriately, is
identical to hl[jll . An analogous relationship holds for hz[j,]n,
hLQ] 1.n 00 [0, Kop—1], and h[ ] n ON (Kop—1, Kap|.

For each p € [1 : k], deﬁne gop [0, kox] — R such that for
all z € [0, ko],

e1(@) = (b2, = hyl))(@) and
(r—1) (12)
epl) =T D r), p e [2: ],

Note that on [0, ko),

pr(x) = (W2 — b @) = 2, —nl @) a3)
== (L )@

Also, on [0, kx|, the gth derivative

P (z) =

The following two lemmas will be useful in Section III-B.

Yp—q(x), forall g€ [1:p—1]. (14)

Lemma IIL.1. For each p € [1 : k], go,(,q)(ngp) =0forqe
[0 : p — 1]. Note that for p = k, we define cpg})(ﬁ;gk) as the
qth right derivative of ¢y, at Kok.

Proof. We prove this result by induction on p. For p = 1, by
virtue of (8)-(9), and(12),
= (h — W) (k) = LK,

@1(/12) 7ZK;A/ =0.

Hence, the result holds for p = 1. Fix p € [2 : k] and assume
that the result holds for (p —1). In what follows, we show that
the result then holds for p.

Consider ¢ = 0 first. Since ¢, is (p—1) times differentiable,
by Taylor expansion

p—2 (T) B or—1\"
¥p ("321’ 1) ( K, ) -~
_|_I(p 1) ](@;p 1))

7».! [K/2p—l7K/2p

Pp(kar) =
r=0

By (14) and the induction hypothesis, we have

( )(,‘{21) 1) = @p—T(H2p71) ()01(77” 11)(/{/21)71) = 0,

i\w

0 Ko K4

0 R2 K4 Ke K8

Fig. 1: Plot of Al and R, for p =1,2,3.

for r € [1: p — 2]. Hence, by the above two displays,

Pp(Kar)
= gplrao) + IV (V)
= @p("@p 1)+ I(:Wl)l,@p](hﬁ]n - h,[},]n)
= @p(Kgr-1)
2 (R =B ) = )
+ 901(52%1))
= ¢pp(kow-1) + I[((ﬂjj,l](hﬂ] 1,n hz[azan)
= pp(kor-1) = @p(Kan—1) =0,

where we use (10)-(14), and @1 (kgp-1) =

Pl (T



via (14) and the induction hypothesis.
Next consider ¢ € [1 : p — 2]. We have that

o\ (Kiop )

p q+7) (Ko

2 ot

[Kop—1,K2p]
r=0

In view of <p(q+ )( p-1) = Qp_q—r(Kop-1) = 0 for all r €

[0:p—q— 2] via (14) and the induction hypothesis, we have
by the above display, and (10)-(14),

(pql)

1)
(pz(]q)(,@p) — I[(:zpqlﬁzp (p1) = [szp 1M})](h[ ] _ h[ ] 1)
—g—1 1 2
=) B = B D = ) + mnzp-l)]
—g—1
= T8 V(1) = —ppg(201) = 0.
Finally, if ¢ = p — 1, then by (10)-(14),
P (kav) = @1 (Kan) = Bl (kaw) — B (kav)
= (A (s 1) + hlemw)
- (h;Efll,n(HQp_l) + hgl1,n(’fzp—1))
=0.
Hence the result holds by induction. O
Lemma IIL2. Let r € (k — 1,k] and v =r — (k — 1). For
L L 2+ -
k- [07/4’2""] - R, EKn < ||90kHOO = k! Kn

Proof. Consider k = 1. It is easy to see via Figure 1 that
lerlloo = 1A%, = Al = ZEG,

so the result holds for k = 1.
We then consider k£ > 1. On [0, k1], we have that ¢;(z) =

h[12n( ) — hm( ) = LK}~ 7x. Hence,
loklloo > @ (51) = Ziy, Y (01)
_ {k=1) 1— L .
I[O Fil] (LKTL T ) EK

We claim that |p1(7)] < LK, for all x € [0, kos] for
p € [1: k], and prove this claim by induction on p. Certainly
this claim holds for p = 1, via (8)-(9) and the definition of
w1 (12). If p € [2 : k], and the result holds for (p — 1),
we need only show that |¢;(z)| < LK, on (kop-1,ko]. If
x € (Kgp—1, kop), then by (10)-(13) and Lemma III.1,

o1 ()] = (A2, — AL ) (@)
=, hif] L) (@ = Kgp1) + @1 (Kgp1))|
— (Y =P (@ — ke ) < TKY,

since (x — Kop-1) € [0, Kgp—1]. By observing that

k—1) k=1) /71—
leklloo < Ziy ) (lrlloo) < T (DKL)
T ok ! T 2+
=—" K< K"
(k—1)1" ™ = kO

op—1\"
i T!l) ( Kn ) +I(p—q—1) (Soz(r)p 1))

and the established claim, the proof is complete. O

Now that we have established the previous two preliminary
results, we are ready to construct the hypothesis functions
using hL ]n and hL ]n in the next section.

B. Construction of the Hypotheses

In the sequel, we construct the (k — 1)th derivatives of the
fjn’s, namely the g;,’s, j € [0: M,]. We then integrate the
gjn’s to create the f;,’s. In Section IV, we will demonstrate
that the f; ,’s meet conditions (C1)-(C3) of Section II. To this
end, we consider two different cases in constructing the g; ,,’s.

Case 1: r € (k—1,k),sothaty=r—k+1¢€ (0,1). In
this case, let M,, := | K| — 1 € N and define the intervals

L= (G- DK G- DK +rp) ()
for each j € N. Then, let gg 5, : [0,1] — R be such that
(= D2TE + e = (G = DE)

if z € 1;,Nn[0,1]
ifze|j-1K,7,jK;7)\ IJ

gon(x) =
j2ILK

for all appropriate 7 € N, where h 18 defined in (10). Note
that we assume that n is large enough so that ror < K7,
and hence, g, is well defined. Next, for each j ¢ [1: Mn],
we define g; ,, : [0, 1] — R such that

(—1)2k- 1LK7+h L= -1)K,7)

gim(x) := ifxclj
go,n(x) otherwise,
a7
where h!> ]n is defined in (11). Hence, g; ,(x) = gon(z) for

allxe[() 1]\ I;. For z € I,
9jn () = gon(2)
=W = (G- DK -
=iz - -1DK.").

m (z - (j - DE)

Furthermore, go ,, is continuous, since (i) hk », 18 continuous on

[0, Kox ], and (ii) it can be shown by induction that hL ]n(ﬁzk) =
2F=1L K ~7; thus for each 7,
(j— )2 TR,
i (= DEL + kg = (= DE,)
=28 LK.

A similar argument shows that g, ,, is continuous, j € [1 :
In Figure 2 a plot of several of the g; ,’s near the origin is
given for k = 1,2, 3.
Case 2: r = k, so that v = 1. In this case, let M,
|52 ] — 1 € N and define the intervals

I=[(j —12"K ' j 2K ) (18)



K"/

3

2L
K"/

3

=
Y=

Ky

8L
Ky

4L
K7

for each j € N. Then define the function gg,, : [0,1] — R

KY KJ

1 1 +f€g“.

Fig. 2: Plot of the g;’s near the origin, v € (0,1).

such that

Gon(z):=(j—1) 2" 'LK ' + At

for all appropriate 7 € N, where hLl]n is defined in (10). Next

B

s

Mo =G -1) 2"k

if z€I;n[0,1]

for each j € [1: M,,] let g;,, : [0,1] — R be such that

Gjn () :=
(G — D2 DK + by (@ — (5 — 128K )

go,n (JI)

otherwise,

if v el

19)

(20)

0 Ke K12 K18

Fig. 3: Plot of the g;,’s near the origin, v = 1.

where hf]n is defined in (11). In this case, we again have that,
gjn() = gon(x) for all z € [0,1]\ I, and for all z € I,

2 1 . _
9in(2) = go.n() = (b2 = By (@ = (G = 2K
= o1z — (j - 1)2" K.

In Figure 3 a plot of several of the g;,’s near the origin is
given for £ = 1,2, 3. By an argument similar to that in Case
1, each gj, j € [0: M,], is continuous on [0, 1].

Finally, in either case, define the jth hypothesis function
fjn :10,1] — R such that

k—1
Fin(@) =T D (gin), ¥ 2 €0,1]. 1)

]



Now that we have constructed the hypothesis functions, we
will establish one more lemma, before demonstrating that the
hypotheses satisfy conditions (C1)-(C3) in Section IV.

Lemma IIL3. If v € (0,1), then for each j € [1 : M), we
have

fin(@) = fon(x) = {

where 1; is defined in (15). Alternatively, if v = 1, for each
j€l:M,], we have

prle— (- DE;Y)  ifael,
0 otherwise,

op(r— (5 —1)2FK 1 ifrel;
Fin@) = fon(z) = { HE T U DZED ;

0 otherwise,
where I; is defined in (18).

Proof. Certainly, the result holds for £ = 1 by (12), (16)-(17),
and (19)-(21). In what follows, consider £ > 1 in two cases.
Case 1: y € (0,1), so each f;, is given by (16)-(17), and (21).

Fix je[1:M,).If z €[0,(j —1)K,7), then via (17),
and (21),
(Fin = fon) (@) =T (Gjn — 0) = 0. (22)
Suppose that x € I; (cf. (15)). By (12), (16)-(17), and (21),
(fin = fon)(2)
= I[((f;]l)(gj,n - 9j,0)
=200 e (R = HEDC = G- DE)

=Ty, o) (@) = ol = G = DED). @9

Finally, consider =z € [(j — 1)K;7 + kor,1]. By
Lemma L1, (12)-(14), (16)-(17), and (21),

0= 90;(91’)(/*6%) = Pr—p(Kar) = I[(Oli;:ki]l)(hf,]n _ hLl,]n)

(k—p—1)
[G-DK", G=DE " +ry]

(Gl = nl (-
(k—p—1)

[G-DEa ", G- Kn " +ry] (gj’” - go’”)

(k—p—1) o
[07 (j—l)K;’Y-‘r/’%k] (gj,n goyn)

= (fj,n - fO,n)(p)((j - 1)K77Fy + "621“)’
for p € [0 : k—1]. Since g;,»—go,» is continuous by the discus-
sion below (16)-(17), fj.» — fon is (k—1) times continuously
differentiable. Hence, via Taylor expansion, (15), (17), (21)
and (24),

(fj,n — fon)(z) = (fjn - fo,n)(l”)
k—2
L1
|
o P

- (- DE)

(24)

[(Fin = o) (G = DEL + 1)

x (2= (G = DK + )’ |
- fO,n)(k_l))

p=

(k—1) )
[G—1)K7 "4k, 2] ((f”‘

(k—1) )
(G-D)K 4y, o] 9m

:07

- gO,n)
(25)

and the result holds for Case 1.

Case 2: v = 1 so each f;, is given by (19)-(21). Again, fix
j € [1: M,]. Using arguments similar to those in (22), (23),
and (24)-(25), we can also show that Case 2 holds for all
HS [07 (] - 1)2kKnTl)’ [(] - 1)2kKn 7.] QkK >’ and
[j 2" K1, 1], respectively. O

Now that we have constructed the hypotheses and estab-
lished the previous result, we are ready to show that these
functions meet conditions (C1)-(C3) from Section II.

IV. PROOF OF THE MAIN RESULT

We use the previous constructions and results to establish
Theorem II.1 in the following proof.

Proof. In each of the following two cases, we demonstrate
that the f;,’s of (21) meet conditions (C1)-(C3).

Case 1: v € (0,1), so that M,, = | K} | — 1, and the g;,,’s
are given by (16)-(17). We show as follows that the f;,’s
satisfy conditions (C1), (C2), and (C3), respectively.

(1) For all n (and K,) sufficiently large, the following
properties of each g;, can be easily verified via Figure 2:
for x,y € [0, 1], suppose that

(i) 0< |z —y| < Kor. Then
max 19j,n(2) — 950 (Y]
j lz — yl
< |90,n( ) gO,n(y)| — EKTILf'y
|.’II — y| T=K1, Y=K2
(i) kor < |z —y| < K7. Then
max 19,0 () = gj.n ()]
< |90,n(x) - gO,n(y)Hx:O’y:,sz = Qk_lzK;’y'

(iil) K, 7 < |z—y| < 1. Without loss of generality, let z < y
with y = ¢K_;7 4 s(x,y) for some ¢ € N and 0 <
s(z,y) < K 7. It follows from (7) that

max 19j.n(%) = gjn ()|
J |$ - y|
< max 190,(%) — g0.n(y)]
i=2k 1, 2k |z — y| r=k1, y=qK; "+
2" g+ VLK, " _ 2" (¢ +1)LK,"
qK, 7+ (28 — 1)K, ! qK,"

< 2*T < L.

Since each g, , is nondecreasing, each f;, given by (21)
belongs to Sy, (cf. (2)). To see that each f;,, is in the Holder
class Hj (cf. (3)), we consider the following three scenerios:

(1.1) 0 < |z — y| < Kogr. Then, by (i), (7), and (21), we have

that

k—1 k—1
F5 D (@) — f5 D ()
|z —y[”




Y@ - 1wl
|z —yl
<LK} k)" < 2L < L.

|z —y' 7

(1.2) kor < |z —y| < K, 7. Then, by (ii), (7), and (21), we
have that
i V@)~ f YWl 2 TR
|z —y? |z —y|?

< 2"ILK, k) < 2L < L.

(1.3) % < |z —y| < 1. By (iii) and (21), we obtain

i V@) = £ Pl @)~ £ W)
|z —y - [z =yl

< L.

Thus, each f;,, € Sk, u(r, L), so the f;,’s satisfy (C1).

(2) Suppose that j # ¢. By Lemma III.3, we have that
fin(@) = fon(x) = fon(x) for all z € [0,1] \ (I; U I)
(cf. (15)). Hence, |fjn(x) — fen(z)| =0o0n [0,1]\ (I U ly).
Also,

|fj,n(x) -

fen(@)] = |fin(x) —
= [pr(z— (G —1)

fO,n(I”
K, M| Vze 1;,

and similarly, | f; ,,(2)— fen(2)] = |k (z— (1)K, )|V 2 €
1. Therefore, in view of (6) and Lemma II1.2, we see that the

L n 2T1+1 - -
2k | \ Togn -

fjn’s meet condition (C2) with s, :=

L '
1£5n = Fenlloo = llorlloo 2 15 K7™ = 25n.

(3) By the discussion following the statement of (C3) in
Section II, there exists p, > 0, independent of n and f;,,
such that K'(Pj, Po) < pa iy (f.n(Xi) — fo.n(Xi))? where
X;= =, forall j €[l:M,]. Also,

X, € [(;-1)1(” ,(3—1)K—7+n2k) —
{ (j-1VK, -‘<2<L ((j—l)K;'Y—l—Fagk)J.

Let a; [n(j —1)K,”] and b =
In((5— 1)K v + nzk)J Then by Lemma IIL2,
Lemma II1.3, (6), and (7), for n sufficiently large,
K(Pj, Po) <pe Y (fim (Xi) = fon (Xi))?
i=1
bj
=pe Y (fim (X0) = fom (X))?
=p. Y ( sak(i/n— (j— 1)&?”) )
i=CLj
bj o kk Tokk
L2 \2 2K \2
<3 ( R ) < vz R )

1=a;

T2k \2
_ k41 —(2r+1)
=2 ( ! ) nky,
YCo —(2r+1) YCo
< ———M— R < 71
a2t 4(2 1) 8

Yco n

< 1 < —1 K,
So@r+1) 8 (log ) 5 108(Kn)
< colog(| K| —1) = colog M,

forall j € [1: M,]. Thus, ﬁb Z;Vi"l K(P;, Py) < cologM,,
and (C3) holds in Case 1.

Case 2: v = 1, so that M,, = L—J —1, and the g;,,’s are
now given by (19)-(20). We now demonstrate that conditions
(C1)-(C3) hold for Case 2 in (1)-(3).

(1) It is easy to see that each g, ,, is increasing via Figure 3.
Hence, each f; ,, given by (21) belongs to Sj. Also, it is easy
to verify that for any 0 < z < y < 1, W <
L < L for each j € [0 : M,]. This thus implies that each
fin € Sk u(r,L). Hence, the f;,’s meet condition (Cl1).

(2) Suppose j # ¢. By an argument similar to that in Case
1 and (18),

on(@ = (j - Drge)| itz el
[fin(@) = fen()l = 4 lor(@ = (€ = D)kor)| if z € L

0 otherwise,
and the f;,’s meet condition (C2) with s, :=

()] ()
2k! logn - n .

(3) Let a; := [n(j — 1)kor] and b; := |n j Kor|. By an
argument similar to that in Case 1, for n sufficiently large, we
have that for all j € [1: M,],

K(P;, Py) < p. i ( @k(z/n - (- 1)l€2k) )2
< 3 (B) v o (G )

1=a;

< Dlog(K,) < eolos (| 52| ~1) = colog(h)

Hence 1 ZM" K (Pj, Py) < colog M, and condition (C3)
holds for Case 2 as well.

We have demonstrated that conditions (C1)-(C3) are satis-
fied by fjn, j € [0: M,]. By virtue of the discussion follow-
ing the statement of Theorem II.1, Theorem II.1 holds. O

V. IMPLICATIONS AND EXTENSIONS

In this section, we state and establish several corollaries.
Combining Theorem II.1 and [8, Theorem 4.1], we immedi-
ately obtain the following corollary which demonstrates the
minimax optimal convergence rate under the sup-norm.

Corollary V.1. Fix k € N, r € (k— 1,k], and L > 0. Then
the regression problem given by (4) satisfies

B(IF -~ fll) = (E1)7,

where inf B denotes the infimum over all estimators in Sy.

inf  sup
f f€Sku(rL)

(26)



We have studied minimax lower bounds for constrained
Holder clasees, where the ceiling of the Holder exponent, ],
is equal to k, the order of the k-monotone constraint. In the
next corollary, we establish the same minimax lower bounds
when [r] is greater than the order of the derivative constraint.
Let Sp m(r,L) := S, N Hj for any p € [1: k — 1]. Consider
the regression problem given by (4) with Sk g (r, L) replaced
by Sp,u(r, L). We obtain the following corollary.

Corollary V2. Fix ke N, re (k—1,k], L >0, andp € [1:
k — 1]. There exists a constant ¢ > 0 such that

liminfinf  sup ( r )WE(Hf—fHOO) > ¢
n—00 f feS, u(rL) logn

where inf ¢ denotes the infimum over all estimators in Sp.

Proof. In view of the proof of Theorem II.1, it suffices to
show that there exists a family of hypothesis functions f; ,,
Jj € [0 : M,] satisfying () f;n € Sp u(r,L) for all j, (ii)
(C2) of Section II, and (iii) (C3) of Section II. Because the
gj,n’s constructed in (16)-(17) and (19)-(20) satisfy g;, > 0,
we have fj(lil)(;v) = I[((i;]p_l)(gj,n) > 0, so each f;, given
by (21) belongs to S,,. Moreover, by the proof of Theorem II.1,
each f;, € Hj (and thus is also in Sp, g (r, L)) and satisfies
(C2) and (C3). O

We have studied k-monotone estimation over suitable
Holder classes in the sup-norm. In this final corollary, we
consider the same problem over a Sobolev class. For fixed
k € N and L > 0, define the Sobolev class of functions

W(k,L) :=
{f :[0,1] = R | fis (k— 1) times differentiable, with
F*=1) absolutely continuous, and || |1, < L}.
Let Spw(k, L) := S, N W(k,L) with p € [1 : k]. Consider

the regression problem given by (4) with Sy 7 (r, L) replaced
by Sp.w(k, L). We obtain the following corollary.

Corollary V.3. Fix k € N, L > 0, and p € [1 : k]. Then there
exists a positive constant ¢ such that

lim inf inf sup ( n
no00 Fores,wikp) Nlogn

)R- ) = e

where inf & denotes the infimum over all estimators in Sp.

Proof. In view of the proof of the previous corollary, it
is sufficient show that the f;,’s given by (21) belong to
Spw(k, L). Note that each g; ,, is Lipschitz continuous, with
Lipschitz constant L. Hence, each f;”::l) = g;n is absolutely
continuous. In addition, by the Lipschitz continuity of g; ,

[ (19@) ar= [ g ws [ 12ae=r2

Thus, || £") ||z, < L, and each f;,, € Sp(k, L). O

VI. CONCLUSION

This paper establishes minimax lower bounds for k-
monotone regression problems over a Holder class in the sup-
norm for general k. Combining these results with the minimax
upper bounds for k-monotone regression problems established
in [8], we obtain optimal minimax convergence rates under the
sup-norm. An extension to Sobolev classes is also verified.
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