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Abstract

Mode-locking is a process in which different modes of an optical resonator establish, through
nonlinear interactions, stable synchronization. This self-organization underlies light sources that
enable many modern scientific applications, such as ultrafast and high-field optics and frequency
combs. Despite this, mode-locking has almost exclusively referred to self-organization of light in
a single dimension - time. Here we present a theoretical approach, attractor dissection, for
understanding three-dimensional (3D) spatiotemporal mode-locking (STML). The key idea is to
find, for each distinct type of 3D pulse, a specific, minimal reduced model, and thus to identify
the important intracavity effects responsible for its formation and stability. An intuition for the
results follows from the “minimum loss principle,” the idea that a laser strives to find the
configuration of intracavity light that minimizes loss (maximizes gain extraction). Through this
approach, we identify and explain several distinct forms of STML. These novel phases of
coherent laser light have no analogues in 1D and are supported by experimental measurements of
the three-dimensional field, revealing STML states comprising more than 107 cavity modes. Our
results should facilitate the discovery and understanding of new higher-dimensional forms of
coherent light which, in turn, may enable new applications.

Introduction

Light fields created by passive mode-locking (ML) are unmatched for ultrashort duration, peak
electric field strength, energy localization, low noise, and frequency precision. These unique
features make ML lasers essential for frontier science and technology in physics, biology,
chemistry and materials science! ™ . Today, practically-viable implementations based on fiber or
semiconductor gain media hold promise to bring these frontier-pushing technologies to
mainstream use>>S, while the state-of-the-art capabilities continue their remarkable growth’.
Mode-locking in lasers was demonstrated shortly after the laser itself ® and understood in the
frequency domain as the synchronization of longitudinal modes. Longitudinal modes are patterns
of the electromagnetic field structured along the length of the resonator, whose resonant lasing
frequencies differ by a free spectral range, A,= c¢/P, where P is the optical path length of one
round trip of the resonator. ML occurs when the laser oscillates simultaneously in multiple
modes, and the phase difference between them is stable. Of course, laser resonators may support
many transverse as well as longitudinal modes. The optical path length for each transverse mode
is different, so their free spectral range is different too (Fig. S1b). It was realized early on that if



several transverse modes have the right relationship between resonances, multi-transverse-mode
ML may occur. This was dubbed “transverse ML” for the case involving a single longitudinal
mode, and “total mode-locking” when multiple modes of each kind were involved®’.

Why does ML occur? A now widespread intuition is that it represents the laser’s solution to an
optimization problem defined by the cavity. When lasing is initiated, field fluctuations present in
all modes are amplified simultaneously. All complex combinations of the laser’s modes compete
for the limited energy available from the gain medium. In passive ML, a saturable absorber (an
element with loss inversely related to the optical power) is added to the laser cavity. Then, the
minimum-loss state becomes one in which many longitudinal modes lase simultaneously, in-
phase, as this corresponds to a short pulse in time, with maximum peak power. Since it
experiences the least loss each round trip, this lowest-loss configuration is preferentially
amplified, eventually dominating all other possible mode configurations.

As the study of mode-locking matured, Ginzburg-Landau equations'®'? were adopted in
recognition of the importance of phase modulations in addition to gain and loss. These models
reveal the mode-locked pulse to be a (dissipative) soliton, most commonly when the anomalous
group velocity dispersion of the resonator cancels the nonlinear phase shift arising from the Kerr
nonlinearity in the laser medium. Later, it was realized that mode-locking also occurs in lasers
with normal dispersion'2. In this case, the pulses carry a linear chirp, and a spectral filter is used
to periodically shorten the chirped pulse by attenuating edges of the spectrum (and, owing to the
chirp, wings of the pulse in time).

Some works have considered aspects of higher dimensions in ML (e.g., Refs.!*71¢), notably in the
Kerr-lens realization, where weak coupling to higher-order modes is essential'’%!. These works
still view ML as a low-dimensional phenomenon. A notable exception is work on random
lasers®>2* but to date coherent self-organization in these systems has been limited. Finally, early
studies of multi-dimensional ML ®° predated insights from nonlinear dynamics, and so represent
only a minute fraction of the possibilities. We recently reported observations of spatiotemporal
ML? in the form of three-dimensional coherent pulses in lasers based on multimode (MM)
fibers. While this work showed self-organized pulses in 3D lasers, physical understanding was
limited. Investigation of STML presents acute theoretical and experimental challenges. Direct
simulation can be significantly complicated by the presence of disorder, spatiotemporal
dispersion and multi-scale nonlinear interactions among a population of modes 10-10* times
larger than in traditional ML. Similar challenges occur for applying traditional 1D measurement
techniques to STML oscillators, as virtually all the standard experimental techniques implicitly
assume a spatially single-mode (i.e., 1D) field. Thus, understanding of STML has been restricted
to observational reports with careful, but limited, adaptations of traditional theoretical and
experimental methods.

We outline here a mechanistic description of spatiotemporal mode-locking (Fig. 1) based on a
new theoretical approach that we call attractor dissection. We construct simplified models for 3D
mode-locked lasers to identify the key mechanisms for several novel 3D laser solitary waves.
This approach is adapted from workhorse techniques of laser physics'%?-2® and its results inform
a similar intuition regarding the laser’s steady state. That is, STML steady-states can be intuited
as the result of a multidimensional optimization of the laser field toward the eigenstate of the
cavity that most effectively extracts energy from the gain medium. To address the experimental



challenges, we utilize a flexible approach for 3D electric field measurement, scanning off-axis
digital holography, and perform experimental modal decomposition.
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Figure 1: Conceptual outline of spatiotemporal mode-locking, attractor dissection, and the spatiotemporal
maximum-gain principle. a A laser cavity can be described by a nonlinear projection operator ¢, which represents
the entirety of the effects of propagation in the course of one round trip through the cavity on the intracavity electric
field (Eqn. 1). b illustrates how the different effects that compose € manifest in our experiments, and our numerical
model of, a multimode fiber laser. Here, SA, F, and P are operators describing the effects of the spatiotemporal
saturable absorber, intracavity spatial filter and nonlinear gain fiber (P includes the inseparable effects of 3D gain,
G, dispersion, T, and nonlinear mode coupling, N). ¢ illustrates an approximate intuition for the laser’s route to
steady-state, an energy extraction efficiency surface (EEE) C, which is the product of the EEE curves arising from
the component effects shown, with respect to an arbitrary field parameter (e.g., the amplitude in a given 3D mode).
EEE describes how much energy a field with given parameters extracts from the gain medium. A (spatiotemporally)
mode-locked pulse A(x, y, t) corresponds to an eigenpulse of C: A(x,y,t) = CA(x,y,t), and is an attractive fixed
point of the iterative map, i.e., A(x,y,t) = 711_)1’{)10 C"E(x,y,t). The eigenpulse typically maximizes EEE. Through
attractor dissection, we identify the laser gain competition as an optimization approximately factored into sub-
problems. The example displayed in c illustrates a spatial-filter-dominated regime, where the coordinates of the
expected steady-state solution (the maximum of C, black circle) are closest to attractor of F, the spatial filter. In
other regimes, the gain (G) and saturable absorber (SA) play more important roles.

Attractor Dissection Theory
We now outline the attractor dissection theory and apply it to understand the distinct regimes of
steady-state 3D pulse formation that occur as we vary one parameter of the cavity, the intracavity
spatial filter size. For further details, see the Methods and Supplementary Sections 1-4. We
consider the laser cavity as a nonlinear projection operator representing the transformation of the
laser field envelope, E;(x,y, t), through its propagation along the longitudinal coordinate z of the
cavity through one round trip (Fig. 1a). The cavity operator C performs the mapping

Ei+1(xry' t) = éEi(xry' t) (1)
where the subscript of E is the round-trip number. € accounts for several different effects which
are, in general, coupled inseparably. In this view, the laser physics is a composition of iterated
nonlinear projection operations. In each round trip, C’s nonlinear dissipation selects from the
field certain attributes, and the saturable laser gain provides a conditional (frequency and energy-
limited, and spatially-localized) rescaling of the selected field.

We first consider a simplified multimode laser cavity containing 7 transverse modes, consisting
of a normal-dispersion multimode gain fiber, an idealized spatiotemporal saturable absorber (a
saturable absorber sensitive to the local field intensity in space-time, |E(x,y, t)|?), a spectral
filter, and a spatial filter (Fig. 1b). The fiber is a model of the one used in experiments, whose



key feature is its relatively low modal dispersion. As the filtering, saturable absorber and fiber
propagation occur in spatially-separate regions, € can be factored into € =
F(x,y)F(w)SA(x,y,t)P(x, y,t), where F(x,y) and F(w) are the spatial and spectral filter
functions, SA(x, y, t) is the spatiotemporal saturable absorber transfer function, and

P(x,y,t) accounts for the effect of the pulse propagation through the 3-dimensional nonlinear
gain medium. P includes the inseparable effects of 3D gain, G, linear effects such as
spatiotemporal dispersion, T, and nonlinear mode coupling N. P is implemented by integrating a
set of 7 coupled nonlinear PDEs.

Holding other parameters fixed, we simulate this cavity, starting from noise, with varying
Gaussian spatial filter sizes (positioned for simplicity on-axis with the fiber). Figure 2 shows the
spatial mode composition of the steady-state pulses as a function of the spatial filter width (solid
dots). We refer to these stable 3D fields, A(x, y,t) , which are fixed points of Eqn. 1, as
eigenpulses of the cavity. This terminology emphasizes that they are eigenfunctions of the cavity
operator: CA(x,y,t) = A(x,y,t) (but are not necessarily solitons, as occur in models that take
the continuous-z limit of Eqn. 1).

The key idea of attractor dissection is that, despite the many effects occurring each round trip, a
given eigenpulse may be principally selected by far fewer. This allows us to construct minimal
models of the laser in which ¢ = RO, where O describes the effect(s) relevant to the specific
eigenpulse’s attractor, and R is a rescaling operator which acts as a simplified saturating gain,
returning the field’s energy to a fixed value once per round-trip. O may be any effect or
combination of effects in the cavity. By finding for a given eigenpulse the minimal O necessary
to approximate it, we can identify the key effects responsible for its formation and stability. The
fixed point attractor of C, which we call the field attractor of O, provides insight into the role of
0 within the full laser dynamics (i.e., what type of eigenpulses does O “prefer”?). We can find
the field attractors by computing the asymptotic solution to repeated iterations of € starting from
a noise field, Ey(x, y, t):

A(x,y,t) = lim [RO]"Eo(x, 3, ). )

As an example, consider the field attractor of the spatial filter. If we take O = F in Eqn. 2 and
solve with the 7 modes of the cavity described above, the solution A(x,y, t) has a
straightforward interpretation. In the basis of the guided transverse modes of the fiber cavity, F
takes the form of a matrix F with elements F,,, = (@,,|F(x,y)|¢@,), where F(x,y) is the
transmission function of the filter, and ¢; = ¢;(x, y) are the transverse modes. The matrix F has
eigenvectors v;, which are complex mode coefficients for fields that pass through the filter with
only a uniform loss, i.e. Fv; = t;7;, where T; = |t;|? is the energy transmission through the
filter. The relevant fixed point of Eqn. 2, the attractor of F, is the lowest-loss eigenvector of the
spatial filter in the guided mode basis (with a uniform distribution in time). Curves in Fig. 2
show the modal composition of this spatial filter attractor alongside full numerical simulations
from 1 to 9 pm spatial filter sizes. We observe that, even though the dissected attractor model
neglects most of the laser physics, it accurately predicts the composition of the eigenpulse in this
regime. Thus, we identify the spatial filter as the key mechanism for the eigenpulses in this
regime, which can be referred to as spatial filter-driven pulses.



We can repeat this procedure for the spatiotemporal saturable absorber, where we use a minimal
model O = SAT (where T describes the linear spatiotemporal dispersion of the modes). We find
that two distinct fixed point solutions to (2) exist, depending on whether the peak intensity of the
pulse is below or above the saturation intensity of the saturable absorber. These dissected
attractor models accurately predict the full numerical simulations for filter sizes between about
10 and 30 um in Fig. 2 (thus, those eigenpulses can be mechanistically described as saturable-
absorber-driven pulses). Similarly, we find that a minimal model for many of the eigenpulses in
the large-filter regime uses 0 = SAP(T, G),where P(T, G) is the gain fiber propagation operator
neglecting nonlinear effects other than the gain, G.
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Figure 2: Identifying the mechanisms of 3D mode-locked pulses for varying intracavity spatial filter size. The
plot in d shows the numerically calculated mode composition (solid points: the energy in each transverse mode
family relative to the total pulse energy) of the steady-state pulse solution for a multimode fiber-based cavity, for
varying size of the spatial filter (SF). The theoretical modal compositions of the relevant attractor models are plotted
alongside the numerical points (solid curves). For each regime, representative EEE surface “cartoons” (a,b,e,f) are
shown to provide intuition for the attractors. The right vertical axis (grey) shows the gradient proxy (see main text)
for the spatial-filter’s attractor, which estimates the relative importance of the spatial filter in maximizing EEE. As
the spatial filter is increased, the steady-state operating regime changes from being dominated by the spatial filter
attractor (a, SFA) to a saturable-absorber-driven regime enabled by the spatial filter (b), to competition between the
saturable absorber and SFA (e), and finally to a regime characterized by a compromise between minimizing the



saturable absorber loss while maximizing the gain efficiency (f, SAGE). For reference, in (¢) representative beam
profiles of steady-state pulses are shown above the plot. The scale bar in each plot is the Gaussian profile of the
fundamental transverse mode (35 pm MFD). An extended version of the figure and representative details of the
steady-state regimes are presented in Supplementary Figures 10-13.

Maximum gain principle

To see how the dissected attractor theory mechanistically explain 3D laser physics, a helpful
intuition is similar to the minimume-loss principle (this principle is established wisdom in laser
science; a useful perspective is in Ref. 2%). In a 3D laser, the expected winner of the gain
competition is the field that, through a combination of low loss and high overlap with the gain
medium, maximizes the EEE from the gain medium (that is, maximizes the total energy gained
by the field).

The idea of an expected winner of the gain competition is an effective intuition for the steady
state in a 3D mode-locked laser: the steady state is the laser’s attempt to solve an optimization
problem, maximizing EEE while satisfying the periodic boundary condition and starting from
low-amplitude noise. The path to steady state can be visualized as a maximization on an abstract
surface in the 2M-dimensional space of the laser field’s 3D mode coefficients, with M the
number of transverse modes (Fig. 1¢). We can imagine this EEE surface as being composed of
distinct contributions from each effect in the cavity, i.e., as a problem approximately factored
into distinct sub-problems. Each dissected sub-surface has a maximum that corresponds to that
effect’s attractor, which is the steady-state field that minimizes (maximizes) the loss (gain) from
that effect. The one-dimensional EEE surface cartoons in Figs. 1¢ and 2 illustrate the intuition:
sub-surfaces cooperate or compete in producing the EEE maximum, whose coordinates specify
the expected winner of the laser gain competition. In some cases, as with spatial-filter-driven
pulses, the maximum of EEE is mostly determined by the maximum of a single sub-problem. In
most scenarios, however, multiple effects cooperate or compete to form maxima of EEE.

A quantitative measure of the importance of an effect is the gradient of the EEE surface near its
maximum. The solid grey curve (right y-axis) in Fig. 2 shows a proxy measure of the gradient of
the EEE surface around the spatial filter’s attractor: the normalized difference in transmission
between the first and second filter eigenfunctions, (T; — T,)/T;. As the spatial filter expands, the
EEE gradient diminishes (from 5 to 10 um filter widths, visualized in Fig. 2¢). Thus, minimizing
the loss through the spatial filter becomes less important for maximizing EEE. Eventually, the
spatial filter and saturable absorber effects have nearby, similar-height contributions to the EEE
surface, so eigenpulses form between the respective attractors. As the filter expands, the
saturable absorber becomes more important to the EEE maximization, and the eigenpulses then
resemble the saturable absorber’s attractor (Fig. 2b). Finally, as the filter is made broader still,
eigenpulses change from comprising the few radially-symmetric LPON modes to a diverse set of
higher-order modes. As implied by the EEE surfaces (Fig. 2f), this transition reflects the growing
importance of the field’s overlap with the 3D gain medium.

We call the eigenpulses in the large-filter regime SAGE (for saturable absorber-gain efficiency)
pulses, since in this regime, EEE maximization is approximately factored into (i) maximizing
gain efficiency via overlap with the gain medium (accomplished by occupying large-area, high-
order modes) and (ii) minimizing saturable absorber loss (accomplished by forming short,
intense pulses). This is a multifaceted compromise, and leads to a range of novel 3D physics,



which we summarize here (for further details see Supplementary Sections 5-8). Since the gain is
slow (temporally nonlocal), EEE maximization can lead initially to numerous distinct 3D pulses
forming independently from noise, which independently minimize saturable absorber loss and
collectively maximize overlap with the gain medium. These pulses propagate with different
group velocities (they contain different modes), so they eventually collide. Through these
collisions, single-mode SAGE pulses form as the multimode pulses cross-modulate each other
through the spatiotemporally-local saturable absorber (see Supplementary Movie). Intuitively,
single-mode pulses are promoted by the saturable absorber due to their minimum modal
dispersive broadening. These single-mode SAGE pulses, which are visible in Fig. 2, e.g., at 47.5
and 55 um filter size in the LP21 mode group, are practically important. They reach higher
energy than is possible in single-mode oscillators, are free of spatiotemporal (modal) dispersion,
and due to their unique mechanism, should also occur even in step-index fibers (Supplementary
Section 8). They are, however, not the expected winner of the gain competition: in Fig. 2, these
pulses’ composition deviates significantly from the expected SAGE attractor. Local-global
competition of this kind is one reason that STML oscillators lack the same distinction between
single- and multi-pulse regimes as conventional oscillators®’, and single-mode SAGE pulses
highlight the limits of the approximate dissected attractor theory and EEE maximization
intuition. For a given cavity configuration in the SAGE regime, other qualitatively-different,
multistable steady-states emerge as a result of different initial noise conditions. For example, we
also observe multimode SAGE pulses that display a periodic breathing. In some cases, they are
higher-order eigenpulses, satisfying A(x,y, t) = C"A(x, y, t)for integer n, while others display
breathing incommensurate with the cavity period due to unconstrained transverse mode beating
(see Supplementary Section 7).

Reduced models: building up complex attractors from dissected attractors

A motivation for attractor dissection is that it naturally extends to more advanced, but still
reduced, models to describe experiments. The simplest models — the ones considered so far — are
useful for identifying the primary mechanisms for distinct 3D mode-locking regimes in full
numerical simulations with 7 modes. Simulations of fiber that supports 180 modes (as in
experiments described below) is challenging, especially because of the complex role of disorder
— an experimental feature we find essential for accurate modelling. While these reduced models
fail to describe the details of ultrafast pulse propagation, they permit efficient simulations and
provide insight into experiments, clarifying how effects like disorder affect the regimes
identified in the few-mode, disorder-free models. To compare with experiments, we use a
reduced model for ¢ = RT,FSAG, where G is an approximation of the saturating gain operator,
and T, is the linear transfer function of the cavity, extended to include random linear mode
coupling (see Methods, Supplementary Section 4 for details).
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Figure 3: Experimental regimes of STML and results from a reduced laser model. We measured the 3D field of
stable mode-locked pulses in a normal-dispersion multimode fiber laser for various intracavity spatial filter
dimensions. a-e show results for a pulse with a narrow spatial filter in the cavity (roughly spatial filter driven
pulses), with a showing experimental mode decomposition of the 3D field into the transverse fiber modes, b the
same for a reduced model calculation, ¢ the experimental pulse spectrum (note the y-axis is normalized to the mode
with the maximum energy), and d and e the near-field beam profiles of the experimental and reduced model pulses
respectively. f-j and k-0 show the same series of plots for mode-locked states with an intermediate-sized intracavity
spatial filter, and for a cavity without deliberate spatial filtering (roughly, SAGE pulses) respectively. An extended
version showing more typical experimental results is Supplementary Figure 14, while Supplementary Figures 16-17
show additional measurements. Here, the reduced model neglects the Kerr nonlinearity of the fiber and employs
approximate operators to efficiently describe the saturating gain and linear fiber disorder. Despite these
approximations, the reduced model reproduces coarse trends of experiments, such as the reducing symmetry and
broader modal distribution as the filter size is increased.
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Experiments

Experimentally, we observed STML in lasers constructed with multimode graded-index
Yb:doped gain fiber and some free-space sections, similar to Ref. 2. The laser incorporates an
adjustable spatial filter, a spectral filter, and a spatiotemporal saturable absorber, implemented
using nonlinear polarization evolution (NPE) in the MM gain fiber. For a suitable choice of
waveplate orientations in the cavity, NPE amounts to the action of an effective spatiotemporal
saturable absorber, which imposes a loss inversely related to the spatiotemporal intensity of the
circulating field. The electric field is measured in three dimensions using scanning off-axis
digital holography (see Methods) and is then decomposed into the transverse modes of the fiber

(Fig 3).

As we vary the spatial filter experimentally, we observe, as in the few-mode simulations in Fig.
2, various transitions in the STML steady-state pulses (Fig. 3, Supplementary Figure 14). These
pulses have similar spectra, pulse duration, energy and other features as those in our simulations.
Spatial-filter-driven pulses (narrow spatial filter) are narrowband, with triangular spectra and
radially-symmetric beams. With intermediate filter sizes, pulses are similar to saturable-
absorber-driven pulses; they have beam profiles with near-radial symmetry, have broad
rectangular spectra and concentrate energy in low-order modes. SAGE (broad or no spatial filter)



pulses are broadband and energetic, with rectangular spectra and multimode beam profiles.
Qualitative dynamical features such as multistability and multiperiodicity are observed; much
like the 7-mode simulations, these occur primarily in the large-filter regime.

Beyond these qualitative trends, the experimental results are more complex (Fig. 3, more details
in Supplementary Sections 4, 6-7). Reduced models are helpful for predicting how the effects of
disorder, and the increased dimension of the optimization, affect the regimes of STML. Both in
experiment and reduced models, we see that with narrow spatial filters, pulses still comprise
mostly radially-symmetric modes. As the filter is widened, however, disorder and modal
diversity incrementally result in more complex pulses. We routinely observe SAGE pulses
containing over 30 million locked 3D modes, about 10 times more than in any previous mode-
locked oscillator *'*2. This quantitative comparison fails to capture the qualitative strangeness of
these pulses, however. Characterized by disordered spatiotemporal structure, the experimental
SAGE pulses nonetheless exhibit remarkable long-range order (evidence by high radio frequency
contrast > 80 dB, Supplementary Figures 16-17). They are robust, with many being self-starting
and stable over long durations and perturbations in the laboratory. While principal modes of
disordered fibers**-* suggest a first guess toward a detailed model of these pulses, reconciling
the surprising complexity with the full multimode nonlinear dynamics and periodic boundary
conditions of the cavity will — like many other new phenomena in 3D lasers — require advances
in both theoretical and experimental methods.

Discussion

The present study focuses on a single narrow swath of parameter space — the variation of the
spatial filter in a normal dispersion, MMF-based STML oscillator. STML oscillators present
many possibilities for exploring multidimensional nonlinear dynamics and solitary waves, and
fundamentally new forms of coherent light. For example, STML states that approximate MM
solitons®”*® should form with anomalous dispersion, and other spatial and spatiotemporal
attractors'33%4% should be observable by judicious design of the cavity. Meanwhile, high
performance lasers should be possible in settings ranging from few-mode step-index fibers
(Supplementary Section 8) to free-space cavities with rod-like fibers, thin-disk, or other bulk
gain media. Realizing STML with more systematic intracavity control (e.g., intracavity spatial
light modulators or deformable mirrors) and novel spatiotemporal saturable absorbers will be an
important step. Advances in 3D measurement tools will be crucial for insightful experimental
studies, and, hopefully, automated closed-loop control, of STML lasers*! .

While our intention here has been to use the optimization-problem perspective to derive intuitive
models for 3D laser physics, future reconfigurable 3D lasers are promising as analogue
computers and heuristic optimizers. Even at a modest scale of 180 transverse modes, the cavity’s
natural computations are ~10-100 billion times faster (and require =103 times less energy) than
full numerical simulations on a digital computer. 3D lasers have many more controllable degrees
of freedom than 1D oscillators, and have been described approximately with spin-glass
models®>** similar to coherent Ising machines*®. While the physics of competitive optimization
(i.e., Darwinism) is itself a universal model for a wide range of physics, from materials to
biological evolution, extending mathematical spin-glass and synchronization analogies will be
helpful for using 3D lasers as heuristic optimization and analog simulators. For experimentally
realizing these and other applications, control of coupling using active intracavity modulation*’,



or by engineered modes in semiconductor lasers*®, multimode microresonators* or coupled
microresonators>’ are promising.

In this work, we have introduced a conceptual framework that can readily be applied to develop
a mechanistic understanding of the complex mode-locking phenomena that occur in 3D lasers.
We have shown that this approach is consistent with numerical and analytic models derived in
limiting cases and can describe experimentally-observed coherent phases of light in a multimode
fiber laser. This enables us to observe and explain new dynamical phenomena and coherent
phases of light that have no analogues in lower dimensions. Much like 1D mode-locking
eventually served as a uniquely enabling tool for previously-inconceivable measurements and
applications, we anticipate that control of self-organized coherent light in higher dimensions
using spatiotemporal mode-locking may enable applications that today appear fantastical.

Methods

Theory - Nonlinear wave equation simulations

The main numerical and theoretical models are outlined in Supplementary Section 2-4. For our
few-mode simulations, we consider only 7 modes: the first 6 modes, plus the 15" one (LP03).
For simulations presented in the main article, we consider a 50-cm long fiber, which is chosen to
be a similar order-of-magnitude as the experiment, but short enough to permit thousands of
round trips to be efficiently simulated for each data point in Fig. 2. We take the gain to be a
spatially-saturating function of the fluence (the integral of the intensity over the temporal
window) at each point in the transverse plane. The spatiotemporal saturable absorber is
represented by an idealized transfer function with a modulation depth of 1 and a saturation
intensity of 50 GW/cm?. Both numbers are of similar magnitude to those routinely used to
describe normal-dispersion single-mode fiber lasers based on nonlinear polarization evolution.
Besides the parameters noted, we assume an output coupling ratio of 0.7, an additional lumped
loss of 0.5, and a Gaussian spectral filter of 10-nm full-width-at-half-maximum. In addition, we
rescale the field after passing through the spatial filter. This artificial step is done to keep the
lasing threshold approximately constant as the filter size is varied, and thus allow the spatial
filter size to be adjusted without changing the gain saturation energy. Since dissipative projection
followed by the energy rescaling of the saturating gain is the essence of the laser physics, this
approximation does not change the physics qualitatively.

Theory — Dissected attractor laser models for component attractors and reduced laser
models

Supplementary Sections 3 and 4 describe the calculation of the attractors of each intracavity
effect, and extensions of these approximate laser models to more complex attractors within
slightly more-realistic laser models. Like the main theoretical model, these ones describe the
laser as action of an iterative nonlinear projection operation on the intracavity field. The key
difference is that only one or a small number of specific effects are considered alongside
idealized implementations of the laser cavity’s physics, linear modal propagation and rescaling
(from the saturating gain). In other words, all such models are based on an equation of the form:

A(x,y,t) = lim C"Ey(x, y,t) = lim [RO ]nEO(x, y,t) (3)
n—-oo n—oo
where O represents an effect (or small number of effects) of interest, Ey(x, v, t) is an initial noise

field, and R is the unconditional rescaling operation representing an idealized saturating laser
gain. R amounts to the following:



1. Calculate the total energy of the field, U = [[[|E (x,y, t)|*dxdydt

2. Multiply the field by /U, /U, so that the energy of the field is restored to a
constant U, regardless of the losses or gains elsewhere.

In most of the minimal models, we need the operator T. T is the linear transmission operator that
describes linear propagation of the cavity’s guided modes (defined by the presence of the fiber,
the bounding mirrors, etc.) through one round trip. The linear transmission T is accomplished by
multiplying the field in the frequency domain, Aqw, by a transmission matrix, Ty, for each

transverse mode q and each frequency w,
Ago = Zp=1440Tgpw 4

where M is the number of transverse modes. For the calculation of the component attractors
relevant to the few-mode simulations, T, ,, ., is diagonal (since disorder is neglected), so Typg =
Ty 0qp- 1s derived as the solution to the linear fiber propagation over the fiber length from z = 0
toz = L:

X X 2@ _i0sn@; _ g3 me1Bm gm
Agw = Agw exp |i6Fy L — 0SB L — Yp=p i F'Q L (5)
where 2 = w — w,. In general, T may also account for linear coupling between guided modes,
such as is caused by bending or clamping a multimode fiber, by imperfections in the imaging
from the fiber end facet to end facet, or possibly by coupling deliberately introduced, e.g., by
waveplates, two-dimensional phase plates, dispersive delay lines, or other components.

We have typically obtained the solutions to Eqn. 2 numerically, initializing the field as a noise
input and performing a large number of iterations until a steady-state is attained.

As mentioned in the article, such models can be naturally extended into a hierarchy of more
accurate, but more complex, models of the laser. For example, to model the experiments with all
the fiber’s guided modes in Fig. 3, we apply this by neglecting details of nonlinear pulse
propagation. This reduced model corresponds to an equation of the form

A(x,y,0) = lim [RT.FSAG]"Eo(x,y,t),  (6)

where T, is the linear transmission through the cavity as above, but including disorder. R is
obviously artificial and is not strictly required in reduced laser models; it is applied here practically
to minimize the need to systematically vary the gain saturation energy when other parameters are
modified. Here, we use a simplified model of the gain operator by employing an approximate
solution to the field propagation (see Supplementary Section 4 for details). Disorder is
implemented in T, by multiplying the vector of modal coefficients at each frequency before and
after applying the spatiotemporal dispersion by a matrix Mp = I + rX, where [ is the M by M
identity matrix, r is a parameter characterizing the strength of disorder (between 0 and 1) and X is
a random complex matrix (drawn from a uniform distribution from -1 to 1 for real and imaginary
components). As experimental disorder manifests both in conservative (coupling between guided
modes) and dissipative coupling (i.e., disordered mode-dependent loss through disorder-induced
coupling to radiating modes), X is not symmetric. We implicitly assume disorder only couples
transverse modes, and take the disorder to be fixed across the timescale of the simulation. Thus,

we apply two different, fixed matrices M]()l) and Ml()z) before and after applying the spatiotemporal

dispersion each round trip (T as in Eqn. 5). For the simulations shown in Fig. 3, we additionally
take the output field to be the rejected light from the saturable absorber, as in the experiment.



For the reduced model simulations in Fig. 3, for the narrow spatial filter simulation we used a 6
um FWHM Gaussian spatial filter, offset from the center by 1 um, a 40 pm gain dopant width
parameter (see Supplementary Section 4 for definition), r = 0.05, and a saturable absorber
saturation intensity of 40 GW/cm?, and gain saturation fluence of 3 mJ/cm?. For the intermediate
filter simulation, these parameters were respectively 50 um, 2.5 pm, 35 pm, 0.15, 30 GW/cm?,
and 3 mJ/cm?. Finally, for the broad filter simulation, the parameters were 1000 um spatial filter
FWHM, offset by 270 um, with a gain dopant width parameter of 35 um), r = 0.2, saturable
absorber saturation intensity 25 GW/cm?, and gain saturation fluence 10 mJ/cm?.

Experiments — STML oscillator

The STML oscillator is based on the same partially-graded MM gain fiber used in Ref.?>. The
laser design is shown in Fig. 1b; more detailed schematics are given in Supplementary Figure 18,
and a brief tour of the oscillator and measurements is shown in the Supplementary Movie. A 10-
nm spectral filter is accomplished through a birefringent filter, a quartz plate between the output
polarizing beam splitter (which also serves as the rejection port for nonlinear polarization
rotation) and the isolator. An adjustable spatial filter is realized with an adjustable iris on a 3-axis
translation stage. A 60-W, 976-nm pump diode is coupled into the outer cladding of the fiber and
combined/separated with the laser signal, using dichroic mirrors. The results presented here are
based on a cavity design where the spatial filter is placed in the near-field image of the output
fiber end facet, which is subsequently imaged back onto the input fiber end facet, with a 1:1 total
magnification. The spatial filter is usually slightly defocused from the near-field image of the
output fiber end facet, to achieve a slightly smoother spatial filter with our hard aperture.
However, details like this, or even the imaging system itself, are mentioned for completeness
only: we have obtained qualitatively similar results in a variety of other designs, including ones
with different spectral filter sizes, spatial filter implementations, without imaging optics in the
free-space section, and with spatial filters in the far-field plane, or intermediate locations.

We either angle-cleave the fiber at each end or employ angled end caps in order to prevent back-
reflections that disrupt mode-locking. While end caps increase the laser’s peak power handling
and dramatically reduce the effects of clamp-induced linear mode coupling and disordered mode-
dependent loss, we found evidence for beam distortions due to the relatively small aperture of
our end caps (400 um). To avoid the error this would introduce in mode decomposition, the
results presented here use simply angle-cleaved fibers. We expect that use of larger end caps in
the future will alleviate several practical challenges with the current design.

The laser is aligned to maximize the continuous-wave output power, and the spatial filter is
aligned to the center of the beam by closing it incrementally and maximizing the output power
by adjusting the transverse position. The spatial filter is then opened, and the pump power is
increased to a level where mode-locking is expected (in our experiments, this is >20 W). To
mode-lock the laser, we employ the same techniques used to mode-lock single-mode fiber lasers
based on nonlinear polarization saturable absorbers, but also adjust the spatial filter. Generally, it
is easy to achieve mode-locking, but in some realizations finding a stable mode-locked state (i.e.,
one that remains mode-locked for many hours, and through environmental perturbations over the
course of a day) can be challenging. Empirically, we find that the use of a moderate or narrow
spatial filter is helpful; this may result from forcing the laser to mostly occupy low-modal-
dispersion, low-order modes, and also by reducing the number of competing solutions. A high-



quality, self-starting mode-locked state, stable enough to make measurements over several days,
can be typically obtained by finding any mode-locked state, then slightly adjusting the pump
power and spatial filter size/position to ensure the single-pulse operation and/or stability of the
pulse train.

For each mode-locked state, to verify single-pulsing operation without continuous-wave
background, we make the following measurements. First, the laser’s autocorrelation is measured
using a long-range intensity autocorrelator, and the pulse train from the laser is measured with a
fast photodiode and oscilloscope. Together, these measurements ensure that only a single pulse
exists in the cavity. Note that, due to the spatiotemporal structure of the pulse, the intensity
autocorrelation is not an accurate representation of the pulse but is nonetheless useful as a rough
measure of the pulses’ existence and temporal extent. Second, after spatially-uniform sampling
by glass windows, we couple the entire field into a long highly-multimode step-index fiber, and
then measure the spectrum using an optical spectrum analyzer. This is done to average the
spectrum across the entire field in space, to ensure that no continuous wave background is
present (given the numerous lasing modes, it is possible for the continuous-wave background to
exist in modes uninvolved with the mode-locked state, hence measurements that do not average
across the entire field may yield misleading results). We then measure the radio frequency
spectrum using an RF spectrum analyzer, with 10 Hz resolution bandwidth, and 1 Hz video
bandwidth. Finally, 3D measurements and mode decomposition are measured as described in the
next section. Before and after measurements, we block the cavity and unblock it to allow the
laser to start from noise, in order to determine whether the state is self-starting. We find that
stable states are almost always self-starting (those reported here are), and are robust against small
perturbations of the fiber, the cavity alignment, etc. Some states (especially in the SAGE regime)
are bi- or multi-stable ones, hence each time the laser is started it reaches one of several different
steady-states. Supplementary Figures 16 to 17 show the complete set of measurements for two
representative STML states (both states were additionally verified to be self-starting).

In experiments, the rejected light from the NPE saturable absorber is used as the output coupled
light (Supplementary Figure 18). This means that the output field differs slightly from that which
remains circulating in the cavity, unlike what takes place in the simulations. To account for this,
we have performed some experiments with a second additional output, released after the
polarizing beam-splitter that realizes loss for the NPE saturable absorber. With this measure, no
significant differences are observed, therefore for practical purposes we maintained the simpler
design of using the rejected light as the output coupled light.

Experiments — 3D pulse field measurement and mode decomposition.

Our approach to measuring the 3D electric field (3D pulse) emitted by the laser was inspired by
work on STRIPED FISH>"32 and TERMITES>?, as well as by a large number of works on
algorithm-based mode decomposition (e.g.,’*>®). Many other works have been published on both
3D field measurement and mode decomposition, each with their own advantages and
disadvantages. The primary objective of our approach was to build a simple device that would
have an easily-adjustable space-time-bandwidth product to allow measurement of the range of
possibly complex chirped pulses emitted directly by the laser. This was accomplished by the use
of delay-scanned off-axis digital holography>’-® (for a schematic of the device, see
Supplementary Figure 18) where a spatially-filtered version of the main pulse was used as a
spatiotemporal reference. We measured the electric field E(x,y, T), and performed a Fourier



transform to obtain E(X, y, ). The phase relationship between frequency components is obtained
by measuring the FROG trace of the spatially-filtered reference field. To perform the mode
decomposition, we then take the overlap of the field at each frequency with the calculated spatial
modes, @, (x,y), for the nominal refractive index profile of the multimode gain fiber, i.e.

cn(®) = (@u|E(x, y, w)| ). The plotted values in Figs. 3, Ul]—i, are then
tot
Ui _ Jci(w)dw

Utot N Zg=1fcn(0))d(ﬂ (7)
The mode decomposition has a notably high uncertainty following, first, from inexact knowledge
of the fiber index profile, and, second, from inability to locate the center of the fiber in the image
with high precision. For a fiber with 90 modes, the representational capacity of the guided modes
is high, and so the decomposition error associated with the latter effect can be considerable, even
if one takes a rigorous approach to image calibration; note that a high-quality mode
decomposition can be obtained even when these calibration parameters are wrong. (In contrast, it
is much easier to unambiguously obtain the correct calibration for a few-mode fiber, with its very
limited representational capacity). Our calibration approach involved utilizing 4 independent,
distinct calibration methods of the scale and center position of the fiber, then averaging across
these. To translate the uncertainty in the calibration of the scale and fiber center position into the
mode decomposition error, we compare the mode decomposition obtained with the nominal
optimum calibration versus one where the scale and fiber center position are adjusted by the
error of these calibration parameters (inferred by the deviation across the independent calibration
methods). In the Supplementary Material, we analyze this error for two specific STML states for
which all measurements are presented. We find a typical error of about 6% (8% and 4% for the
two examples considered). However, we note that this error estimate is an average across the
modes, and specific modes have larger uncertainty (see Supplementary Figure 19), and
furthermore it does not account for the error associated with the real fiber’s refractive index
profile differing our best estimate (which introduces additional error due to the difference
between the decomposition modes and the true modes of the fiber). Altogether, these issues
motivate our interpretation of the mode decomposition as a rough estimate: it yields a good
measure of the overall distribution of energy (in low vs high-order modes, say), but not a precise
measurement of the exact modal distribution.
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The supplementary material in this document is organized as follows.

Section 1 provides a description of spatiotemporal mode-locking (STML) in the frequency
domain, in terms of the resonant frequencies of the cavity’s modes.

Section 2 details our primary numerical models, based on propagation of the laser field through
the gain medium using generalized nonlinear Schrodinger equations (NLSES), plus additional
effects. These models include most relevant effects, but our use of them mainly focuses on the
computationally-efficient case where only a small number of transverse modes are considered.
These models are generalizations of the most widely used models for describing ultrafast lasers
and nonlinear pulse propagation in the modern literature.

Section 3 details the treatment of individual effects within the cavity in the simplified description
of STML outlined in the paper. Specifically, we develop the nonlinear projection operations for
each relevant effect and show the calculation of the attractors for that effect through Eqn. 2 in the
main article.

Section 4 describes reduced models which incorporate a subset of the effects considered in the
primary numerical models, by combining components described in Section 3. Extending the
approach from Section 3, these models are quite approximate as whole-laser simulations but are
computationally compact enough to be applied to conditions relevant to our experiments in a 90-
transverse mode fiber, and simple enough to be interpreted easily. Accordingly, they help bridge
the gap between experiments and the nonlinear wave physics of STML studied primarily in the
few-mode case.

Section 5 summarizes relevant findings from the models described in Section 2 to illustrate how
the different effects within the STML laser interact within the steady-state pulse’s nonlinear
evolution through the cavity. This section’s primary purpose is to illustrate how, in the simplified
case of a small number of transverse modes, the different steady-state STML regimes highlighted
in the main article correspond to distinct self-consistent nonlinear pulse evolutions.



Section 6 contains additional supplementary figures mentioned in the main article, particularly
regarding the experimental results.

Section 7 summarizes types of multiperiodic states observed, provides hypotheses for their
integration into the theoretical framework considered in the main article, and gives an
experimental example.

Section 8 summarizes design guidelines for STML oscillators, the design of the few-mode step-
index fiber for STML and presents the conclusions of a numerical study to develop design
guidelines for high energy few-mode fiber oscillators.

Section 9 contains references for this document.
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[Supplementary Section 1: Description of STML in the frequency domain]

Mode-locking is often considered in the frequency domain. STML is easily reconciled with this
picture as a straightforward generalization. In this section, we provide an introductory level
description of STML in the frequency domain.

In mathematical terms, the output of a laser (or at any point inside the resonator) can be written
in terms of its 3D modes, M,,(x, y, z), and their resonant/oscillation frequencies, w,:

Elaser(%,,2,8) = Xy cn(OOMn (x,y, 2)e1n" (S1)

When more than one c,is hon-zero in Eqn. S1, and the relationship between the non-zero c,, is
stable over many round trips, the laser is spatiotemporally mode-locked.

This description in terms of the modes ignores multiple nuances of the nature of ‘modes’ within
a non-Hermitian system such as a laser or externally-driven lossy resonator [1]. However, as has
been done for low-dimensional mode-locking historically, ignoring these nuances is suitable for
the high-level description that is our goal here. Often, the 3D modes in Eqn. S1 may be separated
into transverse and longitudinal components, M, (x,y,z) = L,(2)@,(x,y). In most mode-
locked light sources, the only available transverse mode is the fundamental mode of the
resonator, and so M,,(x,y,z) = L,,(z)¢@,(x,y), and in essence the laser dynamics are 1+1-
dimensional (one space dimension plus time).

To understand STML in terms of mode resonances, in the frequency domain, we first find the
mode resonances of a typical multimode laser cavity. To do this, it is easiest to take the
assumption that the modes can be factored as M, (x,y,z) = L,(z)@4(x,y). The resonant

frequency of the mode with transverse mode index g and longitudinal mode index p, w,,, is
found by the condition that the optical round trip length for that mode is an integer number of
wavelengths. The optical round trip length for a given mode is P, (w,q) = npq(wpq )L, Where L
is the cavity round trip length and n,,, (a)pq) is the refractive index of the mode with indices g
and p, at its resonance frequency. That is, the angular resonant frequency (in rad/s) is:

. = TP (S2)

P4 npq(wpq)L
In the case of a multimode fiber laser, if we neglect coupling between transverse modes due to
imperfections or perturbations (e.g., bending) in the fiber, or in a free-space section between ends
of the fiber, then n,,, (w,, ) is the effective refractive index of the fiber’s transverse mode q at
frequency w,,. For other resonators, the optical round trip length will need to be supplemented

with geometric factors such as the Gouy phase shifts, or other sources of coupling between the
waveguide’s modes might need to be considered.

By substituting n,q(wpq) = Bpq(@pq)/wpqc into Eqn. S2 and expanding the modal propagation
constant 5,4 (wpq) in a Taylor series around some reference frequency w,, one finds (up to 2"
order):
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Here, Q, = 2m(p — po)/LP1 is the ideal (without dispersion) angular free spectral range for the
fundamental transverse mode family, and we have written the nth order term in the Taylor
expansion of the mth modal propagation constant as ;. We have also simplified Eqn. S3 by
expanding all modes about a common reference frequency w, rather than considering the
variation across transverse mode families.

] o
Eqgn. S3 shows that the local free-spectral range, A, (wpq) = i%, varies with frequency

2T
linearly according to the group velocity dispersion of that mode family, g5 (Fig. S1a). When
mode-locking occurs in a single transverse mode family, g, the last term in Eqn. S3 is cancelled
by nonlinear, linear, and dissipative interactions between the modes. As a result, the resonant
frequencies form a regular frequency comb of narrow resonances evenly spaced by a constant

1
free-spectral range 2—7’;% This free spectral range differs between different transverse mode
1

families as a consequence of the transverse modal dispersion (Fig. S1b).

It is also useful to consider the phase shift of each mode. For light propagating linearly within the
resonator, the phase shift per round trip of each modal component is

_ 99pq _ Brq(@pg)L
~ T

Bl BI(p)°
= B (0pq)vg = wo + 0y 25 + 02 2UL) (S4)

vq Bi 2(ﬁ1)
where 7, is the time for a single round trip in the mode with indices g and p, and v, = 1/B] is
the group velocity (at the reference frequency) of the transverse mode group q.

When the laser is mode-locked in the fundamental mode, such as in any conventional mode-
locked oscillator, its spectrum is a precisely equally-spaced comb, w, = w, + {2,,. Eqn. S4
shows how, when the final term in Eqn. S3 is cancelled and mode-locking is established, the
phase shifts of the field’s modal components vary only linearly in frequency (since the final term
in Egn. S4 is also cancelled out). Equivalently, the laser field has a constant group velocity, v; =
1/B1. In the frequency domain, the mode-locked laser field is characterized by narrow peaks,
each in phase. The Fourier transform of such a comb of in-phase spectral peaks is a train of
regular pulses in time. This regular train is of course just the result of the circulating eigenpulse
of the cavity (which is coupled out once per round trip).

When the laser is spatiotemporally mode-locked, everything in the previous paragraph remains
true (Fig. S1d). The only additional consideration, besides the presence of multiple transverse
modes, is that the group velocity of the mode-locked pulse is not, in general, only given by any
transverse mode’s group velocity at w,, v, = 1/ B In alaser with a single transverse mode
group, the mode-locked pulses’ group velocity is intermediate between the linear group
velocities of its component longitudinal modes. Likewise, in general when spatiotemporal mode-
locking occurs the group velocity of the STML pulse (the free-spectral range of the STML pulse



spectrum) is intermediate between the linear group velocities (local free spectral ranges) of its
component longitudinal and transverse modes.

Higher-order eigenpulses of the cavity operator (Supplementary Section 7) correspond to
subharmonic spatiotemporally mode-locked states, which have a super FSR equal to the integer
of the subharmonic relative to a typical STML state (Fig. S1e). Other multi-periodic coherent
mode-locked states may correspond to similar spectra, except without a super-FSR that can be
expressed as an integer multiple.
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Supplementary Figure 1: Frequency-domain depiction of spatiotemporal mode-locking. a shows the effect of
chromatic dispersion on the resonances within a given longitudinal mode (the fundamental mode here), b shows the
effect of modal dispersion, i.e. it shows the resonances within several different transverse mode families, neglecting
chromatic dispersion. ¢ shows the combined effect of chromatic and modal dispersion, for three transverse mode
groups assumed to have an identical resonance at the center frequency, as depicted in b. d shows the resonances for
a STML first-order eigenpulse, a mode-locked pulse that is identical on each round trip. e shows a subharmonic
STML mode-locked state, where the modal composition oscillates with a period twice the fundamental cavity round
trip. These subharmonic states are closely related to total mode-locking described in early works, and are a special
category of multiperiodic STML states described in Section 7 which also include those whose oscillation period is
not a sub-multiple of the fundamental cavity period.



[Supplementary Section 2: Spatiotemporal nonlinear wave equation model]

Our numerical model is schematically depicted in Supplementary Figure 2.
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Supplementary Figure 2: Schematic depiction of the spatiotemporal nonlinear wave equation numerical
model of an STML laser. The laser field propagates in each round trip through the nonlinear, dispersive laser
medium, then passes through a spatiotemporal saturable absorber. A portion of the field is coupled out of the laser,
and then the field remaining in the cavity is spatially and spectrally filtered before being passed back into the laser
medium.

Propagation through the multimode gain medium in the mode-resolved picture

In the transverse mode basis, the passive effects of propagation through the multimode fiber
medium are described by a generalized multimode nonlinear Schrodinger equation [2-5] for each
electric field envelope in each transverse mode, A, (t; z),
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where 6,85”) and & Bl(p) are the differences in the propagation constant and group velocity of the

transverse mode g, [3,(,‘3) are its higher-order dispersion coefficients, n,, w,, and c are the
nonlinear refractive index, the center radial frequency and the speed of light in vacuum
respectively. The S(’I"‘lmn are the mode overlap coefficients. For the assumption of only linear
polarized modes, it is sufficient to consider the scalar transverse modes ¢, (x,y), and the
coefficients are given by:
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As our experimental oscillator’s saturable absorber is realized with nonlinear polarization
rotation, this assumption of linear polarization is obviously incorrect. Nonetheless, it constitutes
a major simplification, one that has been widely used for many years in modelling single-mode
oscillators utilizing nonlinear polarization rotation [6]. In addition to the approximations already
mentioned, we are considering a simplified version compared to what is described elsewhere
(e.g. Refs. [2-5]), neglecting the effects of self-steepening and stimulated Raman scattering.

This equation is numerically integrated along the z coordinate, with the initial condition at z = 0
being the field after the filters (except for the first round trip, where the initial condition is a
noise field, roughly approximating the initial noise from which the steady-state field emerges
experimentally).

However, the equation described so far does not include a description of the gain within a
multimode gain medium. To model multimode gain competition, it is important to incorporate
the locality of the saturating gain. We assume that the relaxation time of the gain medium is
much longer than the round trip time (for fiber lasers this is an excellent approximation, as the
two usually differ by about 4 orders of magnitude), and so the gain responds only to the average
power density in the laser. In 3D coordinates, and not considering linear propagation effects, the
gain in the multimode gain medium is then approximately described by:

go(w)/2

|A(x,y,t';2)|2 dt’ (S7)
Fsat(x' y)

9,A(x,y,t;z) = A(x,y, t; z) I
1+

where g, (w) is the frequency-dependent small-signal gain, and Fg,.(x, y) is a saturation fluence
related to the distribution of pumped ions in the laser medium. To express this model in the
transverse mode basis to be efficiently solved with the GMMNLSE Eqn. S5, we perform a
change of basis to Eqn. S7. Multiplying the equation by the denominator of the RHS, we obtain:

ATA )
0,A,(t; z) + z SR 0245 (t; Z) f E™at’ = 9ol )Ap(t; ) (S8)
P Fsat 2
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Here, in the approximation discussed earlier regarding linear polarization, the coefficients
Sglmn = z’flmn, and we have assumed a uniform distribution of the gain medium’s excited
population. As mentioned later, this approximation is valid for the fiber we consider
experimentally only when the modes considered are low-order modes, since these modes overlap
almost completely with the doped region of the multimode gain fiber we use (non-uniform
doping could be incorporated here through a slight modification of the coefficients from S;flmn).

In the integration of Eqn. S5, the contribution to the total 9,4, (¢; z) arising from the spatially-

saturating gain can thus be found by performing, at each step of the integration along z, an
implicit calculation of 8,4, (t; z) by solving the linear system of equations

Jo(w)
2

Td,A(t; z) = A(t; 2) (S9)



where T;; = 8ij + Xym Sitm; |
Ap(t; 2).

A;Am dt' and A(t; z) is a vector consisting of the field envelopes
sat

In our simulations, we take the fiber length to be 50 cm (shorter, but of similar magnitude to that
used in experiments), g, (w) to be a Gaussian function with a 40-nm bandwidth and a peak value
of 30 dB, and F,,t0 be E,/Aegr, Where Agge = 1000 um?is the effective area of the fundamental
mode of the waveguide considered. If not noted otherwise, we take Es,; to be 300 nJ.

Spatiotemporal saturable absorption

The spatiotemporal saturable absorber corresponds to some nonlinear optical element that results
in a higher loss for regions of low intensity, and lower loss for regions of high intensity. That it is
spatiotemporal means it is sensitive to the local spatiotemporal intensity, I(x,y,t) =
|A;(x,v,t)]|?. This means that it couples not only longitudinal modes, but also transverse modes,
promoting through its differential loss a coherent combination of 3D modes that minimizes the
loss through it. Many common saturable absorbers, such as two-dimensional materials or
semiconductor saturable-absorbing mirrors, and artificial saturable absorbers, such as the Kerr
lens, nonlinear polarization rotation or the nonlinear optical loop mirror, are suitable for acting as
spatiotemporal saturable absorbers, provided that where they are placed in the cavity, multiple
transverse modes are supported.

In our numerical model, the spatiotemporal saturable absorber is implemented as an ideal
transfer function, applied to the field immediately after the end of the gain medium propagation.
Unlike other operations, since the full saturation region of the saturable absorber is often
relevant, we apply it exclusively in 3D coordinates, with the transfer function

a
Aboy, ) = Ay, “J L= 41400y, 012/l (510)
where « is the modulation depth, and Iy, is the saturation intensity. When the other parts of the
cavity are described by the mode-resolved picture, the spatiotemporal saturable absorber thus
requires performing a change of basis from the modes into Cartesian coordinates, and then
backward afterwards.

In our experiments, the spatiotemporal saturable absorber is realized by nonlinear polarization
evolution (NPE) within the multimode fiber. While this effect is expected to be very complex,
generalizing from the case of single-mode fiber, we anticipate that, for suitable positions of the
waveplates within the cavity, nonlinear polarization rotation results in a spatiotemporal loss
similar to Egn. S10. This loss occurs at the output coupler in our experimental laser but depends
on the accumulated nonlinear phase shift (and so the amount of nonlinear polarization rotation)
through the multimode fiber at each point in spacetime across the field.

In our simulations, « is taken to be 1. We expect that this value is, of course, higher than is
achieved in the laboratory using NPE, where values empirically appear to be in the range of 0.5
to 0.95. Our use of @ = 1 is primarily to speed up the convergence of simulations to the steady-
state (which often still correspond to simulating kilometers of propagation through fiber, and



thus take days or weeks with efficient parallelized codes [5]). Moreover, qualitatively similar
results are found for more realistic values of a.

Iy, is taken to be 500 KW/Aef = 50 GW/cm?, where Aert = 1000 um? is the effective area of the
fundamental mode of the waveguide (corresponding to a 1/e? width of 17.8 um and a FWHM
width of 21 um). This number is similar to that used in modelling fiber oscillators based on NPE.

Output coupling

In our simulations, a fraction of the field is coupled out of the oscillator, with the remaining
fraction sent to the spatial and spectral filter. An additional lumped loss, [, is included to account
for loss within bulk components such as the isolator. Thus, the output coupling step produces

Aout(x' Y, t) = A(X, Y, t)\/ﬁ
(SL1)

Alx,y,t) » A(x,y, HVIV1 = 0C

In our simulations, we take [ = 0.5, and the output coupling ratio, OC = 0.7.

Spatial and spectral filtering

Spatial and spectral filtering are in general spatiospectral filtering, F(x,y, ), in that the filter
may exhibit coupling between its spectral and spatial dissipation. In this work, we focus on the
simplified case where F(x,y, w) = F(x,y)F (w). The spatial filter is applied as a matrix
operation,

A(t) » FA() (S12)

where the components of the vector A(t) are the field envelopes of the field remaining in the
cavity after output coupling, and F is the spatial filter in the transverse mode basis, consisting of
elements F, = (@m|F (x, ¥)|@n). The spectral filter is meanwhile mode-indepenent, being
applied to each transverse mode envelope in the frequency-domain,

(@)~ Ay (@)F(w)  (S13)

Throughout this work, we use for F (w) a Gaussian with a full-width-at-half-maximum of 10 nm,
and peak value 1. Spatial filters are meanwhile always Gaussian functions with full-width-at-
half-maximum widths and offsets relative to the center of the waveguide noted.

With 3D Cartesian coordinates, spatial and spectral filtering is a straightforward matrix
multiplication, in the 3D Cartesian basis instead of the modal basis.

Propagation through the multimode gain medium in the 3D full-field envelope picture

For completeness, we also describe the nonlinear wave equation approach in full 3D coordinates.
To describe nonlinear pulse propagation in the multimode gain medium in full 3D coordinates,
we model the evolution of the 3D field envelope with the equation:

0,A(x,y,t;z) = D(ky, ky, w)A+ W(x,y,w)A + N(x, y,t)A (S14a)



where each term is implemented in the domain indicated by its arguments:
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Here, Befr and neg are the propagation constants and of the field at the center of the waveguide.

[Supplementary Section 3: Operators and attractors of cavity components]

In this section, we describe the form of the projection operations that compose the total cavity
round trip operator, C. For particular effects considered in the paper, we describe the calculation
of the attractors of each component’s operator, O, through the solution to Eqn. 2:

ACx,y,6) = lim[RO]"Eq (x,7,0) o)

In Eqgn. 2, we consider the (in general nonlinear) projection operation of O together with the
essential features of the laser cavity, renormalization by the gain, feedback (provided by the
recursive repetition of the action through the asymptotic exponent), and the guided oscillating
modes of the waveguide (or bounding mirrors, etc.) and their dispersion. The renormalization
operation R is an idealized saturating laser gain operation, which amounts to the following on an
input field E (x, y, t):

1. Calculate the total energy of the field, U = [[[|E(x, v, t)|?dt,

2. Multiply the field by /U, /U, so that the energy of the field is restored to a constant U,
regardless of the losses or gains elsewhere.

Spatial filter

In the main article, we consider the spatial filter attractor without including the spatiotemporal
dispersion of the cavity. In this case, it is easy to solve Egn. 2 by inspection, as described in the
main text.

Here, we will consider a slightly more complicated case where O = ET. Although this is not the
minimal model, it turns out to be insightful in understanding the spatiotemporal effects of the
spatial filter (elaborated in Section 5), as well as seeing how the dissected attractors behave. The
spatial filter’s attractor then represents the best solution to the optimization problem defined by
maximizing the transmission through the spatial filter, subject to the constraints of having only
the guided transverse mode basis with which to do this, and the spatiotemporal coupling due to
dispersion in T. The spatial filter is the simplest of the elements we will consider. As later
sections show, to a first approximation the saturable absorber and gain are in direct opposition,



and thus the spatial filter play an important role not only in the spatial-filter-driven regime, but
also in regimes where the saturable absorber and gain may are most important, since even a weak
spatial filter nonetheless serves to bias the eigenpulse’s steady-state.

The attractor of the filter with O = FT is still the same as in the simpler case considered in the
main article, with 0 = F. Taking F to be the filter in the transverse mode basis of the cavity,
with elements E,,,, = (@..|F (x, y)|,), where F(x, y) is the transmission function of the filter,
and @; = @;(x,y) are the transverse modes. The matrix F has eigenvectors v;, which are
complex mode coefficients for fields that pass through the filter with only a uniform loss, i.e.
Fv; = t;v;, where T; = |t;]? is the energy transmission through the filter. Since E,,,, depend only
on x and y, the solution is likewise independent of time. If the initial field E,(x,y,t) isa
uniform noise field, then the solution to Eqn. 2 for the spatial filter is its global attractor, the
highest-transmission eigenmode of the spatial filter (the eigenmode for which T; = |¢t;|? is the
largest). Thus, the attractor of the spatial filter is a field composed of, at all points in time ¢, the
complex amplitudes of the highest-transmission eigenmode of the spatial filter matrix, in the
basis of the cavity’s guided modes. Due to spatiotemporal coupling caused by T, the global
attractor of Eqn. 2 for the spatial filter is a continuous-wave field, 0, A(x,y,t) = 0 for all x, y.

The behavior of Eqgn. 2 for the spatial filter contains several simple, but potentially subtle
aspects, that illustrate features of the laser cavity’s selection of a steady-state solution. Before
moving on to other effects, we will highlight these here. Although Egn. 2 for the spatial filter is
easily solved by inspection, it is instructive to consider the convergence to the field to the
attractor with a numerical solution of the equation.

Supplementary Figure 3 shows the result of performing a numerical calculation of the solution to
Eqn. 2, for a Gaussian spatial filter of full-width-at-half-maximum shown above each plot, with
T and the mode basis the 7 modes and fiber considered throughout the rest of this work (and in
Ref. [7]). The four plots illustrate how the “attractiveness” of the spatial filter’s attractor (shown
in each plot) depends on the transmission gradient and the modal dispersion in the fiber (which
affects how much a non-CW field will distort from the attractor due to the action of T). At any
given point in time, the transmission gradient can be considered through the difference between
the highest-transmission and next-highest-transmission spatial filter eigenvalues, T; and T,
normalized to the highest-transmission, i.e., the gradient proxy is (T, — T,)/T,. For the 6 pum
filter, this value is 0.97, while for the 40 pum filter it is 0.16. As this value increases, the extent to
which the highest-transmission eigenmode of the filter (the attractor of the spatial filter in our
nomenclature) is promoted over other eigenmodes increases. As the modal dispersion in the
cavity increases, the effect of the cavity linear propagation operator T increasingly distorts pulses
which are not temporally uniform. This results in a higher loss in the spatial filter, and thus a
more rapid selection of the attractor, a temporally-uniform field across the temporal window of
the simulation.
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Supplementary Figure 3: Numerical simulations of Eqn. 2 for the spatial filter. The plots show the modal
energy fraction (note the attractor of the spatial filter is an attractor for the electric field; this representation in terms
of energy suppresses the amplitude of the modal coefficients) with each round trip, or iteration of Egn. 2. The plots
show that, for both small and large modal dispersion, the field rapidly converges to the attractor for a small, 6 um
FWHM Gaussian filter, for which the gradient proxy is 0.97. For a 40 um FWHM Gaussian filter, the attractor is
weaker as the gradient proxy is 0.16. This is evident by the much slower attraction for both modal dispersion cases
(note the x-axis in the bottom panel). However, in the case of large modal dispersion, the field nonetheless
converges much more rapidly than for small modal dispersion. For the sake of extending the number of iterations
required for convergence enough to be visible in the upper row, the field has been initialized as a noise field with a
transverse mode composition far from the attractor. SFFA = spatial filter’s field attractor.

To continue our use of the spatial filter as a simple concrete example of our approach, several
other remarks are worthwhile. These highlight nuances that are similar to those exhibited by the
other effects considered subsequently.

First, despite not depending on time, the spatial filter’s attractor nonetheless exerts an influence
on pulse-shaping in the time domain (see Supplementary Section 5). In absence of
spatiotemporal coupling in the rest of the cavity, the spatial filter’s attractor would be any field
that, at all points in time t, has the modal coefficients of the filter’s lowest-loss eigenmode.
However, modal dispersion causes the different transverse field components to disperse each
round trip, and thus a pulse, or any temporally non-uniform field initially fully matching the
attractor will diverge from it. The action of the spatial filter, in the presence of spatiotemporal
coupling, is to spatially homogenize the field across time, since at each point in time it promotes
a single modal composition. In mode-locked operation, this homogenization corresponds to a
shortening of the pulse duration, which acts as a (dissipative) compensation for modal walk-off.

Second, like all the attractors we consider, it is limited by the representational capacity of the
cavity’s guided transverse modes. The spatial filter’s attractor is the highest-transmission



eigenfunction of the filter decomposed into the transverse mode basis of the cavity. This is the
configuration of the field with maximum transmission through the filter allowed within the
representation.

Third, possible solutions to Eqn. 2 are limited to pure eigenfunctions of the filter (excepting
possible higher-order solutions where the field oscillates each round trip). The laser optimization
problem is one in which the self-consistency is an essential constraint; the minimal dissected
attractor models capture this. In this case, a field that consists of a superposition of the filter’s
eigenfunctions will, on each application of the filter, have its components in each eigenfunction
modified by the transmission eigenvalues of the eigenfunctions. All eigenfunctions except the
highest-transmission one are metastable solutions, as presuming the amplitude of the field in any
higher-transmission eigenfunctions is zero, the highest-transmission occupied eigenfunction will
dominate all others. This discrete quality to the solutions of Egn. 2 is one example that
emphasizes how the single-optimum depiction used in the EEE surface cartoons used throughout
the main article are significantly simplified (in addition to being plotted in one-dimension rather
than the 2M degrees of freedom available to the field). This discreteness of solutions emphasizes
how the apparent continuously-smooth shape of the EEE surface does not necessarily lead to
continuous changes in the eigenpulse parameters when cavity parameters are changed. Typically,
instead we observe small changes due to solution-pulling (i.e., slight perturbation of the
maximum of EEE) from a strong attractor, until a critical value of the change, where a rapid
transition to a qualitatively-distinct eigenpulse occurs. This behavior is as expected for the EEE
surface being the sum of primarily convex EEE curves from the distinct components, i.e. from
the composition of a small number of strong attractors.

Last, the spatial filter’s eigenfunctions consist of amplitudes for the electric field modal
components, meaning the relative phase between transverse modes is equally important as their
relative amplitude. This means that the spatial filter’s attractor is a phased, coherent combination
of multiple transverse modes, and so the spatial filter helps to promote coherence in the field,
whether it is multimode or not.

Spatiotemporal saturable absorber

The spatiotemporal saturable absorber’s attractor represents the solution to the optimization
problem defined as maximizing the electric field intensity (at all points in time) inside the
spatiotemporal saturable absorber, subject to the constraints of the cavity’s linear
dispersion/transmission effects, the guided transverse mode basis, and the available gain and gain
bandwidth. To a first approximation, this corresponds to forming a pulse, minimizing its duration
and establishing a transverse mode composition that minimizes (on average across the pulse in
time) the effective area,
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The spatiotemporal saturable absorber’s attractor is found by taking O in Eqn. 2 to be the
operation in Eqn. S10. To solve Eqgn. 2, we choose the saturable absorber parameters to be the
same as those used in our full simulations and vary the parameter U,. We initialize the field



Ey(x, y, t) with noise equally distributed among the modes and iterate until a converged solution
is found. For the saturable absorber function we use, we find that this calculation often leads to
an oscillatory steady-state. While this is a notable feature of the saturable absorber’s attractors,
for present purposes we are interested in static solutions. To understand the role of the saturable
absorber in STML eigenpulses that are not oscillating beyond the fundamental repetition rate
(i.e., subharmonic or multiperiodic), we will here only consider on the solutions that converge to
a pulse whose period equals the cavity period (i.e., fixed points or first-order eigenpulses).

Supplementary Figure 4 shows the transverse mode composition of the calculated spatiotemporal
saturable absorber field attractor (SAFA) versus the ratio of the peak intensity, max[I(x, y, t)] of
the attractor, to the saturable absorber’s saturation intensity. It is evident that there are roughly
two classes of SAFA, those in the unsaturated or ‘low intensity’ regime, and those in the
saturated or ‘high intensity’ regime.
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Supplementary Figure 4: Spatiotemporal saturable absorber field attractor. The plot shows the transverse
mode composition of the solution to Eqn. 2 with O the saturable absorber transfer function defined by Egn. S10, and
the linear spatiotemporal dispersion of the cavity, 0 = SAT. Solutions are found by varying the renormalization
energy but are plotted here as a function of the peak intensity of the field relative to the saturable absorber’s
saturation intensity, since this produces the most informative trend. The solid lines show the trend for solutions
characterized by static fields, while other points correspond to oscillating solutions. The solid lines show that there
are roughly two main regimes, the unsaturated attractor, and the saturated attractor, depending on whether the
pulse’s peak intensity is smaller or larger than the saturation intensity of the saturable absorber.



Gain

The gain’s attractor is the field that maximizes the extraction of the energy in the gain medium,
by maximizing the energy density of the field in its 3D volume. If Fg,.(x,y) = Fgat, then the
gain’s attractor is essentially the maximizing of A.¢ at each point in time.

Due to the integration over the temporal window associated with the slow gain dynamics, the
gain’s attractor does not depend on time except through the spectral bandwidth in the function
9o (w). In contrast to the spatial filter, the gain’s effect on the time domain occurs through this
spectral filtering, even in the presence of the spatiotemporal coupling through 7. Its slow
response means it is only sensitive to the average mode composition across the entire time
window. However, its spectral filtering causes a (relatively weak) attraction towards a CW field.
Thus, its attractor is a continuous-wave field, spectrally centered at the peak of g,(w), with a
transverse mode composition that maximizes the overlap of the field with the available energy,
described by Fg.:(x,y).

To describe the gain’s attractor, we may take O in Eqgn. 2 to be the integration of Eqn. S8 over
the fiber length fromz = 0to z = L, i.e., 0 = P(T, G) Since the gain is nonlinear and occurs
simultaneously with the linear propagation effects within the fiber, it is not necessarily a good
approximation to treat the multiplication by T as a factorable operation. Instead, we integrate the
equations described in Section 2, except neglect Kerr nonlinearity.

Supplementary Figure 5 shows the convergence of initial noise fields to the gain’s attractor. A
parameter that determines the rate at which the field converges to the gain’s attractor is the ratio
of the rescaling energy to the gain saturation energy (in a realistic oscillator model this would be
roughly the steady-state gain per round trip). When this ratio is small, the field experiences little
gain each round trip, and so the field converges towards a CW field slowly. However, gain
competition effects manifest strongly, since the gain for spatial fields different from the attractor
are strongly suppressed through cross-gain modulation that occurs when the gain is saturated.
Consequently, the transverse component of the attractor is realized quickly. For a large ratio,
significant gain occurs each round trip, and convergence to a CW field is fast. However,
saturation effects are minimal so the transverse component of the attractor manifests more
gradually. If we translate this observation to a real cavity, it implies that the importance of the
gain’s attractor in the full cavity depends on the loss of the field each round trip (e.g., the output
coupling ratio), and of course, on the gain saturation energy.
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Supplementary Figure 5: Convergence of the field to the attractor of the gain. For different values of the
rescaling energy, the convergence rate is different, but the field converges to roughly the same, area-maximizing,
continuous-wave field. For all three cases, the gain saturation fluence is 300 nJ / 1000 um?. In all three instances, we
have not taken the simulations all the way to a pure continuous wave field. However, the upper plots show that a
temporally uniform field is the asymptotic limit.

Saturable absorber and gain (SAGE)

We can also let O contain multiple effects, in order to describe attractors that depend on
interactions or competitions among multiple distinct effects in the cavity. This is explored in
greater detail in the next section, but here will apply it to the 7-mode simplified cavity to obtain
the field attractors for the SAGE regime. Here, we take O = SAP(T, G). The SAGE attractor
depends strongly on the amount of gain saturation and the intensity of the pulse formed relative
to the saturable absorber’s saturation intensity. As a result, when we vary the rescaling energy
U, relative to the 300 nJ / 1000 um? saturation fluence of the gain, we find significant
differences in the steady-state field distribution among the modes. In addition, we find that the
spatial filter influences the details of the SAGE attractor, especially in in the strongly saturated
and strongly unsaturated regimes

In our full simulations of the 7-mode cavity in the SAGE regime (see Section 5), we find that the
typical energy of the pulse entering the gain fiber is about 2-6 nJ, corresponding to the boxed
region in Supplementary Figure 6. It is from this region that we obtain our estimate of the modal
composition of the SAGE attractor for Figure 2 of the main article (specifically, we average
across the four values in the dotted box in Supplementary Figure 6 to obtain the modal
composition lines plotted in Figure 2).
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Supplementary Figure 6: SAGE attractor in the 7-mode cavity. The points show the modal energy fraction
(energy in the indicated mode family divided by the total) for varying the rescaling energy to gain saturation energy.
The saturable absorber parameters are fixed to the values considered in the previous section: modulation depth of
100%, and saturation intensity 500 kKW/Aetr = 50 GW/cm?, where Aer = 1000 um?,

Nonlinear and dispersive propagation, and the spectral filter

In this work, we do not consider the independent attractors of these effects explicitly. As is
evident in Supplementary Section 5, this neglect is justified in that these effects collectively
counterbalance one another in normal dispersion mode-locking. In each round trip, the pulse
broadens in time and spectrum, acquiring an approximately linear frequency chirp. The spectral
filter undoes the spectral broadening from nonlinearity, and, due to the frequency chirp, reduces
the pulse duration by filtering off the temporal wings of the pulse. This closed balance between
these effects means that they cancel each other out with respect to influencing the steady-state
pulse parameters. For this reason, and because the other effects are more important in
phenomenon that are novel to STML, we focus our attention on the other intracavity effects.

This neglect is however, an approximation. All three effects have roles in three-dimensional
mode-locking that are not similar to one-dimensional mode-locking. For example, nonlinear
cross phase modulation between transverse modal components causes changes in the spectral
center-of-mass in each modal component of a pulse, resulting in a change in the walk-off rate of
those components because of group velocity dispersion. Depending on the sign of the modal
dispersion, this results in either an increase in the walk-off between a pulses’ modal components,
or a reduction. In the former case, the spectral filter then effectively compensates for modal
walk-off, while in the latter it does not.

Furthermore, this approximation is likely to be very poor for other for certain interesting cases of
STML, and our consideration in this work has centered on regimes of STML where the
approximate cancellation of these effects by one another permits a focus on other effects. Many
useful and novel regimes of STML will likely make explicit use of these effects as primary



driving forces for the steady-state pulse. For example, we expect that just as in one-dimensional,
single-mode gain media, the nonlinear propagation in three-dimensional multimode gain media
should have exact or approximate attractors that correspond to three-dimensional or multimodal
nonlinear solitary waves. In space-time, multimode solitons occur for anomalous dispersion,
while in space an attractor towards the fundamental mode is expected [8-12]. Additionally,
related nonlinear waves like similaritons might also act as spatiotemporal attractors of nonlinear
propagation in dissipative multimode media.

[Supplementary Section 4: Reduced laser models]

While our primary numerical model in Section 2 combines almost all relevant effects together,
including nonlinearity, dispersion, and gain simultaneously in propagation through the medium,
we can extend the approach of the last section to build a hierarchy of more advanced, but still
approximate, efficient and insightful, laser models. These models can be advantageous for
several reasons, including that they are numerically much more efficient when many modes are
relevant. These models are also easier to interpret than more complete, but more complex,
models like those in Section 2. Last, they allow for effects like disorder to be introduced
somewhat more easily than in the models described in Section 2. In sum, they help to fill in the
gaps in understanding between our experiments and few-mode nonlinear wave equation
simulations, reconciling several complicating effects present in the experiment with the
simplified dissected attractor laser models described earlier and emphasized in the main text.

As an example, to model the experiments in Fig. 3 in the main article, we neglect the details of
the nonlinear pulse propagation, but consider all other effects. For this, we solve

A(x,y,t) = lim [RT.FSAG]"Eo (x, y, t) (S16)

where T, is the linear transmission through the cavity, including disorder. R is obviously artificial
here and is not strictly required in reduced laser models; it is applied here practically to minimize
the need to systematically vary the gain saturation energy when other parameters are modified.
Here, we use a simplified model of the gain operator to speed up calculations. We take G to be
the approximate solution to the full-field gain saturation differential equation S7:

Lg,(w)/2 | (S17)
[IE(x,y,z,t")|?dt’
Fsat(xr y)

E(x,y,z+ L w) - E(x,y,z,0) exp

1+

The expected distribution of F,; (x,y) is a constant for \/x2 + y2 < 35 um, and zero
everywhere else. When the gain is applied as per Eqn. S17, this harsh function leads to sharp
edges that are not observed if equation S7 is integrated across the fiber. To compensate for this,
we take F,,; (x,y) to be a constant, and multiply g, (w) by a spatial distribution correction

function, Gs(x,y) = exp [—(\/x2 + y2)4/W§opant]-



Disorder is implemented in T, by multiplying the vector of modal coefficients at each frequency
before and after applying the spatiotemporal dispersion by a matrix Mp = [ + rX, where [ is the
M by M identity matrix, r is a parameter characterizing the strength of disorder (between 0 and
1) and X is a random complex matrix (drawn from a uniform distribution from -1 to 1 for real
and imaginary components). As experimental disorder manifests both in conservative (coupling
between guided modes) and dissipative coupling (coupling to radiating modes), X is not
symmetric. We implicitly assume disorder only couples transverse modes, and take the disorder
to be fixed across the timescale of the simulation. Thus, we apply two different, fixed matrices

M]gl) and M]()Z) before and after applying the spatiotemporal dispersion each round trip. For the
simulations shown in Fig. 3, we additionally take the output field to be the rejected light from the
saturable absorber, as in the experiment.

We find that disorder is necessary to adequately describe experiments. Supplementary Figure 7
illustrates this, showing how the pulses formed in the broad-filter regime only come to resemble
the experimental pulses (see Supplementary Figures 16 and 18) once a significant amount of
disorder is included. We note that experimentally such a large value of r is surprising. However,
we attribute significant linear mode coupling to the clamps used to hold the fiber firmly fixed to
alignment stages. We find that even when clamps are maintained at the minimum tightness
required to hold the fiber in place, they still introduce noticeable coupling among many modes.
In the future, we anticipate that use of large end caps on the fiber will eliminate this source of
distorting linear mode coupling. However, as-is, the strong mode coupling induced by the clamps
illustrates the surprising adaptability and robustness of STML.

Although we find for reasonable parameters, we obtain qualitatively similar results as
experiments, we found that somewhat different parameters led to the best match with
experiments in each regime. This is not unexpected, given that, e.g., we expect stronger disorder
among high-order modes (in contrast to the uniform assumption of the model), we
experimentally need to adjust the pump power and saturable absorber conditions to achieve
mode-locking in each regime, resulting in slightly different parameters in each case. For the
reduced model simulations in Fig. 3, for the narrow spatial filter simulation we used a 6 um
FWHM Gaussian spatial filter, offset from the center by 1 um, a 40 um gain dopant width, r =
0.05, and a saturable absorber saturation intensity of 40 GW/cm?, and gain saturation fluence of
3 mJ/cm?. For the intermediate filter simulation, these parameters were respectively 50 pm, 2.5
um, 35 pm, 0.15, 30 GW/cm?, and 3 mJ/cm?. Finally, for the broad filter simulation, the
parameters were were 1000 pum, offset by 270 um, 35 um, 0.2, 25 GW/cm?, and 10 mJ/cm?. We
plot a series of additional visualizations of the eigenpulses predicted by the reduced model in
these regimes in Supplementary Figure 8.
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Supplementary Figure 7: Example calculation from a reduced model for a broad spatial filter, with varying
random linear mode coupling and all 90 transverse modes. In each subpart, the plots show (from top left
clockwise to bottom right) the x-integrated spatiotemporal intensity, the beam profile, the mode-resolved temporal
intensity (only the 7 modes considered in most of our GMMNLSE sims are shown for clarity), the mode-resolved
spectral intensity, the space-integrated temporal intensity, the space-integrated spectrum, and the distribution of
energy and spectral center of mass among the modes.
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Supplementary Figure 8: Example calculation from a reduced model including linear random mode coupling
and all 90 transverse modes, for three different spatial filter sizes. In each subpart, the plots show (from top left
clockwise to bottom right) the x-integrated spatiotemporal intensity, the beam profile, the mode-resolved temporal
intensity (only the 7 modes considered in most of our GMMNLSE sims are shown for clarity), the mode-resolved
spectral intensity, the space-integrated temporal intensity, the space-integrated spectrum, and the distribution of
energy and spectral center of mass among the modes.



Analysis of experimental fiber parameters with respect to SAGE attractor

To understand these results (as well as the experimental results they resemble), we examine the
gain fiber’s properties to estimate the characteristics of the attractors of the SA and gain in the
full experimental fiber, and so the eigenpulses in the SAGE regime. Supplementary Figure 9
shows the calculated effective area, the effective area overlapping the doped region, and the
modal dispersion parameter, for all 90 transverse modes of the fiber used in our experiments.
These calculations are based on our best-estimate of the fiber profile. The areas illustrate that,
while the lowest-order modes (up to about 25) exhibit a high overlap with the doped region,
many much higher-order modes, up to mode 90, exhibit a roughly similar overlap. We thus
expect the gain’s attractor for such a fiber to contain a large number of modes, predominantly
lower order modes up to about mode 25, but also non-negligible contributions from many other
even higher-order modes.

The modal dispersion shows that, while the lowest-order modes do comprise a set of relatively
low-modal-dispersion modes, their average velocity is not especially different from many much
higher order modes. In the SAGE regime, the saturable absorber’s influence is to promote the
eigenpulse composition with a minimal temporal broadening rate, and thus to comprise modes
with as little relative modal walk-off as possible. While in a few-mode fiber without disorder, a
degenerate mode family is the natural choice, in a fiber with many modes and non-negligible
linear mode coupling between them, the saturable absorber instead chooses a pulse in a mode
configuration that might be thought of as resembling a cavity principal mode, or perhaps a cavity
“super principal mode” [13-16].

Integrating these considerations together, in the 90-mode experimental fiber, the SAGE pulses
manifest as large-area, highly-multimoded pulses that, while dominated by the low-order modes,
also contains a large amount of energy distributed among the highest-order modes. Since the
modal dispersion experienced by the pulse is minimal, the effects of cross-phase and cross-
amplitude do not produce asymmetric spectral broadening/filtering, as would occur if the pulse
was comprised of modal components moving away from each other. This is evident by the
relatively small variation of the spectral center-of-mass across the modes.
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Supplementary Figure 9: Calculated characteristics of modes in the fiber used in our study. The top plot
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[Supplementary Section 5: Characteristics and pulse evolutions in the different regimes of

STML for varying spatial filter size]
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oscillating SAGE pulses are the most common steady-state.



Steady state eigenpulses in different regimes
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Supplementary Figure 11: Steady-state pulses in 4 distinct operating regimes of the STML oscillator
considered in the few-mode numerical model outlined in Section 2. Each quadrant shows, for each regime, the
mode-resolved spectrum and pulse intensity at steady-state, the corresponding beam profile (integrated over time)
and the space-time intensity (integrated along one spatial dimension).
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Supplementary Figure 12: Examples of route to steady state from noise. The two sets of plots illustrate
examples of the route to steady-state from an initial noise field for similar cavities with different spatial filter sizes.
The top part of each plot shows the temporal intensity (integrated over both spatial dimensions), while the bottom
shows the energy in each transverse mode. For the MM SAGE, several collisions occur prior to a single pulse
remaining, similar to what occurs during the formation of single-mode SAGE pulses. For MM SAGE pulses,
oscillations occur in the steady-state solution, which can be observed in the energy plot. See also the second part of
the Supplementary Movie.



Steady-state evolution in the spatial filter dominant regime
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Supplementary Figure 13: Intracavity spatiotemporal pulse evolutions in the 4 regimes. The top section shows
the steady-state pulse evolution in the spatial-filter-driven regime. The left plot shows the evolution of different
parameters of the field across the round trip. The round trip is broken up into 14 ‘pages’, with the first 10
corresponding to equally-spaced segments within the gain medium, and the last 4 the field after the indicated effect
has taken place. The right plots in this section show the temporal intensity and spectral intensity in each transverse
mode at relevant points in the evolution. The bottom section shows the steady-state pulse evolutions for the other
four regimes considered. While the MM SAGE regime does exhibit oscillations beyond a single round trip, the
details of the evolution do not change significantly, so only a single round trip is shown.



[Supplementary Section 6: Other Supplementary Figures]
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Supplementary Figure 14: Examples of experimental STML states ranging from the very narrow filter
regime (a-c) through narrow-intermediate filter sizes (d-h) and large/no spatial filter (i-j). The panels (left to
right) show the modal energy distribution, the whole-field spectrum, and the measured beam profiles. The
reconstructed beam profiles obtained from the 3D field modal decomposition are shown to help qualify the mode
decomposition. Overall, we see similar trends as in the few-mode simulations. In the narrow-filter regime, STML
states concentrate energy into radially-symmetric modes and a small number of low-order modes. The spectra in this
regime also resemble the narrow, asymmetric spectra observed in simulations. For intermediate filter sizes, we see



STML states with intermediate features, still tending to concentrate energy into radially-symmetric modes, but with
a broader distribution of modes and with broader and less asymmetric, more rectangular spectra. Finally, for the
largest spatial filter (here, meaning no spatial filtering besides that occurring in the optical isolator and fiber
coupling) we see the experimental manifestation of the SAGE regime: broad symmetric spectra with a broad
distribution of modes that is most heavily weighted to low-order modes. The absence of radial symmetric features in
the beam profiles also evidences the transition from radially-symmetric low-order modes to the degenerate mode
families of less-symmetric higher-order modes that occurs in the SAGE regime. Considering that 90 transverse
modes are present in the oscillator, and that disordered linear mode coupling is important especially for low-
symmetry modes, the agreement with the few-mode trends is significant. The experimental results also agree well
with the predictions of the reduced models in Section 4. Although the neglect of Kerr nonlinearities obviously
means that the spectra do not show much resemblance, the modal distributions and typical properties of the beam
profiles are in good agreement.
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Supplementary Figure 15: Effect of changing the spatial filter’s attractor relative to the saturable absorber
attractor, starting from the regime with strong competition between SFFA and SAFA. In Fig. 2, a regime from
6 to 14 um filter FWHM occurs where, due to the proximity of the attractors of the spatial filter and saturable
absorber in their optimal pulse parameters, the eigenpulse exhibits strong pulling from each, bistability and so on.
By changing the coordinates of the spatial filter field attractor (the location of its attractor in EEE) by offsetting the
filter position in the transverse plane, this solution pulling is reduced and eventually the spatial filter driven regime
is recovered (evident by the much closer correspondence of the SFFA and the full cavity’s eigenpulse for filter
offset’s above about 10 pm). The plot shows the spatial filter field attractor, and the steady-state eigenpulse obtained
by full simulation. The gradient proxy for the spatial filter field attractor is also shown. Here, the 12.5 um FWHM
filter is offset by the amount shown on the x-axis, in both x and y directions, relative to the center of the fiber. This
plot illustrates how solution pulling depends critically on the proximity of attractors in solution space, which can be
intuitively understood through the view of the EEE surface of C resulting from the addition of the independent EEE
surfaces of each component.
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Supplementary Figure 16: Full 3D and mode-resolved measurements for two exemplary experimental results.
The figures show the FROG traces and retrieved fields for the spatially-filtered reference pulse, the intensity of the
3D field (in each plot, the intensity was integrated over the unplotted dimension), and the mode decomposition
result, including the spectral-center-of-mass and the measured and reconstructed near-field beam profiles. The left
(right) side plots correspond to a narrow (no, i.e. very large) intracavity spatial filter.
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Supplementary Figure 17: Full 1D measurements for two exemplary STML states. The figures show the radio
frequency spectrum, the optical spectrum, the long-range autocorrelation, and measurement of the pulse train using a
fast photodiode and oscilloscope. Similar to the previous figure, the left (right) side plots correspond to the narrow
(no) spatial filter example. For additional details, demonstration of self-starting behavior, and a tour of the
experiment, see the Supplementary Movie.
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Supplementary Figure 18: Schematics and more details on the experimental setup. a shows the schematic of
the STML oscillator, b shows the imaging system inside the cavity, ¢ shows the implementation of MM nonlinear
polarization evolution for spatiotemporal saturable absorption, d shows a photo of the laser cavity, with the beam
path and fiber highlighted, e shows a schematic of the delay-scanning off-axis digital holography setup used to
measure the 3D field, and f shows a photo of the device with beam path indicated. For more details on all, see
Methods and the Supplementary Movie.
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Supplementary Figure 19: Distribution of relative uncertainty versus mode for the mode decompositions
presented in the main paper. These errors are equal to the difference (normalized to the mean modal weight)
between the modal weight for a decomposition with the nominal correct image calibration and a decomposition with
the fiber center position and transverse scale adjusted by the maximum deviation observed over the course of our
experiments, and across multiple methods of obtaining the calibration. The mean values are 8% and 4% uncertainty
for the narrow and no filter examples respectively.

[Supplementary Section 7: Multiperiodic states]

STML oscillators also support a variety of states which exhibit more complex periods than the
single-period states mainly considered so far. We mention these here because they are a common
phenomenon, visible in the results we present here in one instance and noted also in Ref. [7].
While a detailed examination of these states is beyond the scope of the current work, here we
give a brief summary and provide first hypotheses for the integration of these states into the
theoretical framework that is the main subject of the article.

As a first relevant example, in the SAGE regime, many MM SAGE pulses exhibit multiperiodic
behavior (see, e.g. the oscillating energy visible in the route-to-steady state plot shown in
Supplementary Figure 12). MM SAGE pulses often display regular oscillations with a period that
is not necessarily a subharmonic of the cavity repetition rate. In these pulses, no particular
driving force affects the phase at a particular longitudinal position in the cavity, since the gain
efficiency is maximized for any intermode phase. Consequently, free beating between modes
occurs.

These non-harmonic multiperiodic states should be contrasted with other STML states that we
observe: subharmonic oscillations, which correspond to higher-order eigenpulses of the cavity
operator, such that C'E;(x,y, t) = E;(x, y, t) for [ an integer. Finally, we note that noise-like, or
partially-mode-locked, pulses are also easily observed in both simulation and experiment.



These more complex states could be, hypothetically (i.e., more work is needed), integrated into
our theoretical framework as follows. Multiperiodic states, and noise-like pulses, represent
situations where, with respect to optimizing EEE:

a)

b)

Through some form of symmetry in the cavity operator, the optimum of EEE does not
depend on one or more parameters of the steady-state field, even though certain
intracavity components, like the saturable absorber, are optimized for a coherent pulse.
An example occurs in the previously-mentioned MM SAGE regime. In this case, a
coherent mode-locked pulse forms, and the unconstrained parameters freely oscillate due
to mode beating (hon-harmonic multiperiodic states).

The EEE surface, being comprised of effects with different attractors, may simply be
maximized better by a subharmonic state than a non-harmonic one. As an example, for an
offset spatial filter, a certain phased combination of modes will minimize the filter loss.
However, simultaneously, a different set of modal coefficients may optimize the gain
efficiency, or saturable absorber. A suitable spatiotemporal evolution may satisfy both by
extending the period of its self-consistency.

The laser simply cannot satisfy the constraints imposed by various effects to achieve
mode-locking but can nonetheless approach mode-locking. This results in a noise-like
pulse: a nearly-mode-locked pulse mode that might be thought of as frustrated mode-
locking.

Supplementary Figure 20 illustrates a typical experimental observation of these multiperiodic
states. Starting from an initially mode-locked state, we find that multiperiodic states (both
subharmonic and not) can usually be observed by adjusting adiabatically one or more
parameters of the cavity, such as the pump power or the spatial filter location.
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Supplementary Figure 20: Example experimental results illustrating different regimes of STML observed
when varying a single parameter (the pump power here), including subharmonic mode-locking. At low pump
power, the field operates in multiple transverse modes and a small number of longitudinal modes. As the pump
power is increased, a pulse with a multi-peaked autocorrelation emerges (k). As the pump power is increased
further, a single pulse is visible on the autocorrelation (k), while the beam profile and spectrum (d,c) exhibit minor
changes. Finally, at the highest pump power, the beam profile exhibits a significant change (b) while the pulse train
measured on a fast photodiode shows subharmonic mode-locking. The subharmonic mode-locking is also seen in the
RF spectrum shown in j.



[Supplementary Section 8: STML design guidelines and calculation of step-index few-mode
fiber for STML]

Guidelines for STML: an overview
For STML to be observed in general, one requires:

1. Multiple transverse modes to be guided and amplified in the laser cavity

2. A spatiotemporal saturable absorber which couples both longitudinal and transverse
modes

3. Phase-sensitive nonlinear interactions (e.g., Kerr nonlinearity) between transverse and
longitudinal modes

4. By some mechanism or mechanisms, net balance of group velocity and modal
dispersion to establish an eigenpulse/dissipative soliton.

In the situations we have considered so far, these requirements usually mean that the group
velocity dispersion should be larger than, or at most comparable to, the modal dispersion. When
the dispersions meet this requirement, the broadening of pulses in each transverse mode is
sufficient to ensure that, even though the pulses in each transverse mode walk-off from one
another due to modal dispersion, they may still interact strongly through nonlinear interactions
through the spatiotemporally-local nonlinear effects that allow STML to occur. If modal
dispersion is much larger than the group velocity dispersion, then pulses in each transverse mode
quickly separate in time and have little temporal overlap, thus making coupling virtually
impossible. In this case, the presence of higher-order transverse modes tends to lead to a
reduction in the single-pulse energy, or to instabilities of the pulse [17].

We can quantify this condition as follows. For a steady-state mode-locked pulse with a total
bandwidth of A¢, the broadening of the pulse in each mode due to group velocity dispersion is
A¢Lf,, where L is the cavity length, and S, is the average group velocity dispersion across the
cavity, and across the transverse modes of interest. If the average maximum walk-off across the
pulse and over the cavity’s length is §5; | max, then the maximum net modal walk-off is
6B | maxL- The STML condition is then:

8B1lmaxLl < 2A7LB, (S18)
where the factor of 2 arises because the group velocity dispersion broadens pulses in each mode.

Of course, this inequality is meant as a rule of thumb. One might in general have a group
velocity dispersion map in the cavity (e.g., by use of media with different dispersions, or
geometric dispersive elements like grating pairs), or a modal dispersion map [18-20], if multiple
media supporting different modes are used, or modally-dispersive elements are employed. We
are also assuming normal group velocity dispersion and normal modal dispersion (meaning 8, >
0 and, §; = 0 for all modes). Although we expect that the qualitative nature of STML for
different signs of either dispersion may be quite different (e.g., in the case of anomalous 3, and
either sign of §,, one expects MM solitons similar to Refs. [21-23]), the condition mentioned
above Eqn. S18 is probably still a reasonable guideline for any combination of dispersion signs.
The condition would also be significantly affected by the presence of linear coupling among



modes, induced by perturbation in the fiber, or by an intracavity element like a spatial filter or
phase plate. In this scenario, energy among transverse modes is redistributed within the cavity as
a part of the linear cavity action T. If coupling of this kind is significant, the assumption of
separability between the transverse and longitudinal components of the cavity eigenmodes is
clearly violated. Intuitively, the coupling means that even if two modes walk-off quickly, their
continuous mixing will act to prevent the breakup of the multimode pulse into multiple pulses. In
the case of fiber lasers, use of other mode-like entities, like cavity or fiber principal modes,
might be most appropriate in this case. Finally, in scenarios with many modes, Eqn. S18 will
clearly overestimate the required bandwidth for STML to occur, since if the energy is distributed
over many modes with group velocities between the minimum and maximum, modes will still
efficiently nonlinearly couple to one another. A better estimate in this case might be to take

&1 max @S the largest walk-off rate between any two significantly-occupied modes.

As a reference point, for the 7 low-order modes of the experimental fiber considered for most of
our simulations, 85 | max is 0.4635 ps/m, while 3, is 19 fs>/mm, so Eqn. S18 is satisfied for
pulses with bandwidth exceeding 12 THz, or about 40 nm at 1030 nm. These bandwidths are
comparable to what we observe in simulations and experiments.

Application to step-index few-mode fiber

In step-index fibers with a few modes, and at around 1030-nm, modal dispersion is typically
large compared to the group velocity dispersion. The walk-off due to modal dispersion in typical
few-mode step-index Yb-doped fibers (sold often as ‘large mode area’ fibers, since when coiled
tightly higher-order modes are attenuated) is 1-10 ps/m. The group velocity dispersion for most
modes in these fibers is close to the material dispersion, so even for a broadband pulse, the
chromatic pulse broadening is much smaller than the modal walk-off. Assuming a typical value
of B, at 1030 nm to be 20 fs?/mm in fused silica fibers with minimal waveguide dispersion, for
the STML rule-of-thumb condition to be satisfied, one requires a significant pulse bandwidth of
50-500 THz (50 THz corresponds to about 180 nm at 1030 nm). 180 nm is at the extreme edge of
results in single-mode ultrafast fiber lasers [24-27].

The few-mode step-index design is far from optimal for STML but can be easily tweaked to
support it readily. Many design improvements (both obvious, as well as subtler) could be made
by employing multiple layers, multiple coupled cores [28-30], manipulation of the fiber
birefringence, or graded-index sections to the design. An optimal fiber design could improve the
single-pulse energy, robustness, and ease of control of the operating modes. However, most
manufacturing processes are optimized for step-index fibers. Therefore, while a detailed study of
fiber design for STML is a worthwhile future study, for present purposes we consider strictly
step-index fiber designs. As we show below, by proper selection of the step-index fiber
parameters, designs supporting a small number of guided transverse modes, that still satisfy the
STML condition for modest bandwidths, appear possible.

Supplementary Figure 21 shows how the magnitude of §; and the required bandwidth varies for
the transverse modes in step-index fibers with identical V-numbers but varying radius. The V-
numberisV = NA - k - a, where NA is the numerical aperture of the fiber, k = 2m /A is the
vacuum wavenumber, and a is the radius of the step-index fiber. We choose V = 5.5 to



concentrate on few-mode fibers, for which the study of STML would be experimentally
simplified compared to many-mode fibers. In this case, we find that typically the lowest-order 6
(12, counting polarization) are sufficiently localized to the core to be considered guided. We
consider the others to probably be neglectable in practice due to their high propagation loss in
real fibers.

Q)
O

Maximum walk-off Bandwidth (THz) for max

_\
2

Mean walk-off 200 - ~— Bandwidth (nm) for max
E- Numerical aperture o Bandwidth (nm) for mean 4x1 02
@ £ E
= 2 1s0 £
a L
o @ I 2 =
S 5 E 210 g
5 5 < :
= 100; g 7 00} o2
© - 1x10° m
= z
50 . )
5
1005 — 0.5x10
5 10 15 20 5 10 15 20
Radius (zm) Radius (um)

Supplementary Figure 21: Variation of relevant parameters in a step-index few-mode fiber for fixed V-
number, but varying radius. a shows the walk-off parameters (the maximum of the 6 LP modes, and the mean
across the 6 LP modes), and the numerical aperture of the fiber. b shows the rule-of-thumb bandwidth in frequency
and wavelength units. As an additional reference, the rule-of-thumb bandwidth is shown, applied for the mean walk-
off.

As an example of STML in a few-mode step-index fiber, Supplementary Figure 22 shows a
cavity based on a 20 pum radius step-index fiber as above, operating in the SAGE regime (spatial
filter size 40 um FWHM). All other parameters are similar to the cavity considered in the main
text, except the spectral filter bandwidth is 4 nm. The final single-pulse energy is 487 nJ.

This value should be compared to what is possible in a single-mode oscillator with a comparable
effective area fiber mode. When simulations are performed with the same cavity including just
the fundamental mode (which is, for this fiber, the mode with the largest area), the maximum
pulse energy for which single pulsed operation is observed is 61 nJ, while the maximum single
pulse energy (with multiple pulses coexisting) is 300 nJ. In other words, despite having a smaller
average effective area, when multiple modes of this fiber are considered, the laser’s maximum
single-pulse energy is significantly improved over a single mode oscillator (approximately 10-
fold here). This enhancement of laser performance by multimode operation is considered in the
next section in more detail.
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Supplementary Figure 22: Example result showing SM SAGE mode-locking resulting from strong interpulse
interactions in a few-mode step-index fiber. a and b show the evolution of the field (the space-integrated temporal
intensity a, and the energy in each transverse mode b) toward the steady-state, which is shown in c-f (the temporal
and spectral intensities, mode-resolved, the spatiotemporal pulse intensity integrated over x, and the beam profile
integrated over t, respectively).

Guidelines for design of high single-pulse energy STML few-mode fiber oscillators

To investigate STML oscillators in few-mode fiber compared to single-mode fiber, we chose to
study a simplified, artificial scenario that would allow many simulations to be performed. We
considered the three lowest-order radially-symmetric modes of a step-index fiber with a 0.143
NA and 35 um radius. This fiber was chosen as one whose spatial mode structure is typical (in
contrast to the somewhat unusual multi-layered design of the fiber we used in much of this
article).

As simulating the laser’s stabilization to steady-state typically takes 1000 or more round trips,
particularly when multiple pulses collide prior to the final steady-state, the fiber length was set to
25 cm, and the group velocity dispersion for all modes was set to 100 fs2/mm, in order to provide
similar dispersion to a typical fiber cavity despite the short length. The walk-off for LP02 was
0.56 ps/m, and for LP03 1.55 ps/m. Thus, the first STML condition is satisfied for pulse
bandwidths larger than 7.75 THz (27 nm at 1030 nm). Thus, the vast majority of pulses obtained
in our simulations are well within the regime where STML is expected to occur easily (and
accordingly, subsequent conclusions should be interpreted in this context; outside of this regime
different conclusions are drawn [17]).

While it should also be emphasized that this scenario is artificial, both in the restricted number of
modes and the artificially-increased group velocity dispersion, these simulations support several
conclusions that are intuitively plausible and represent a reasonable starting point for the design
of future, high-power few-mode STML oscillators. We briefly summarize these design
conclusions, and a few representative supporting results from our simulations here.

STML oscillators based on a relatively small number of modes may provide a net advantage in
terms of single-pulse energy over single-transverse mode oscillators for several key reasons.
These are:



1. The effective area of the fibers used may be much larger than a single mode fiber, by an
amount that is roughly proportional to the number of guided modes (since the mode area

in a step index fiber, as well as the number of modes, M = VZ/Z ,are both proportional to
a?).

2. Pulses within STML oscillators may experience a stronger linear broadening than pulses
in single-transverse mode oscillators, since they have both modal and group velocity
dispersion.

3. Pulses within STML oscillators may annihilate and absorb one another, since they have
different EEE, and since they have different velocities permitting them to collide.

It should be noted that many other interesting advantages may be possible in specific fiber
designs, or especially in the limit of many modes. However, for the present purposes, few-mode
STML oscillators with conventional mode structures, these are not considered. In addition, our
simulations neglect several physical effects, such as stimulated Raman scattering, linear mode
coupling, and end facet damage. While we expect that design choices will allow STML
oscillators to achieve super-single-mode performance even with these effects (e.g., by fiber
design, spectral-filter-based artificial saturable absorbers, and end caps), but nonetheless these
effects will need to be accounted for.

The advantages discussed above can easily be taken into account in a laser design by ensuring
that pulses may experience strong total spatiotemporal pulse broadening and/or that pulses may
efficiently collide and annihilate each other, and that the fiber used has the largest possible mode
area. To permit strong spatiotemporal broadening, we choose to use a narrow spectral filter of 4
nm, as well as a strong spatiotemporal saturable absorber with a modulation depth of 100%
(while this is unrealistic as has been noted earlier, it corresponds somewhat closely to nonlinear
polarization rotation, and is possible with other saturable absorbing mechanisms like the
Mamyshev mechanism [31-34] ). Compensating strong spatiotemporal pulse broadening by use
of a narrow spatial filter is intuitively a good way to maximize pulse energy according to the
conditions above. In our simulations, however, we find that the SAGE regime is typically the
regime in which the highest single pulse energy is obtained, due to the multi-pulse absorption
effect. SM SAGE pulses are also readily dechirped without spatiotemporal considerations, and so
are the most promising form of STML pulses for competing directly with conventional sources.

Supplementary Figure 23 summarizes several sequences of simulations based on these initial
parameters. While other conclusions may be tentatively drawn, the clearest conclusion is that, for
an oscillator for which STML readily occurs (i.e., approximately within the bounds of modal-
group velocity dispersion discussed earlier in this section), modal dispersion confers a
significant boost to the stable single pulse energy.
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Supplementary Figure 23: Single pulse energy obtained in various simulations of an artificial few-mode fiber
laser. The top plot show the single-pulse energy obtained with a cavity that has a 4-nm spectral and 25-um spatial
filter, other parameters noted above. The subsequent plots show the effect of reducing the spatial filter size,
reversing the sign of modal dispersion, broadening the spectral filter, and turning off the modal dispersion. The most
important trend easily observed is that removing the modal dispersion significantly reduces the maximum single
pulse energy. Note in some instances multiple identical pulses form at the final steady-state. Here, we obtain the y-
axis value as the energy per pulse. In all plots, the highest single pulse energy corresponds to a single-pulsing state.

Since the benefit of STML for allowing larger fiber mode areas is straightforward, it is
worthwhile to compare the single-pulse limit of the oscillator just described to an identical
oscillator with a single transverse mode whose area is equal to the fundamental mode of the
STML oscillator. In a step-index fiber, this mode has the largest area of all guided modes.
Supplementary Figure 25 shows the single-pulse energy in the STML and SM oscillators for
increasing saturation energy in the fiber. Since the fundamental mode in the step-index fiber is
the largest mode supported, this means that this imaginary single-mode oscillator has, on
average, a larger effective area in this comparison. Thus, the benefit of STML must arise solely
from causes 2 and 3 above. Supplementary Figure 25 shows the transverse mode composition of
the multimode steady-state pulses in Supplementary Figure 24. Pulses with super-single-mode
energy take on a variety of modal compositions, but the highest energy pulse contains a
substantial fraction of multiple modes. Nonetheless, for slightly lower powers the pulse obtained
is a SAGE pulse primarily occupying almost exclusively the fundamental mode (which as the
largest mode of the fiber, represents an ideal mode to efficiently extract the available gain

energy).
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Supplementary Figure 24: Single pulse energy obtained in a large-mode-area single-mode fiber laser
compared to a multimode fiber laser with the design mentioned in the text. The multimode oscillator produces
significantly higher single-pulse energy, even though the single-mode fiber laser simulated has a mode area
(artificially) equal to the largest mode in the multimode fiber laser. Note that up to 800 nJ, but especially beyond, the
multimode laser does not consistently form a single pulse. Instead, for different initial noise conditions, the result of
competition and collisions among multiple pulses results in a different final number of pulses. For the SM oscillator,
beyond ~180 nJ saturation energy, virtually all mode-locked states are multipulsing, so the y-axis value is the energy
per pulse at the steady-state. Likewise, for some points in the MM case beyond 800 nJ, the steady-state contains
multiple identical pulses, and so the y-axis value is the energy per pulse. Nonetheless, our main interest in this
section is in the maximum single pulse energy, not the maximum energy that can be obtained in a single pulse in
multipulsing operation. Here, the STML oscillator here has about 7 times higher maximum single pulse energy than
the SM oscillator, while the maximum energy per pulse for the saturation energies considered is just slightly less
than 7.
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Supplementary Figure 25: Modal composition of the steady-state pulses in the previous figure.



[Supplementary Section 9: Supplementary References]

1.
2.

10.

11.

12.

13.
14.

15.

A. E. Siegman, Lasers (Univ. Science Books, 1986).

P. Horak and F. Poletti, "Multimode Nonlinear Fiber Optics: Theory and Applications,” in
Recent Progress in Optical Fiber Research, M. Yasin, ed. (2012), pp. 3-24.

A. Mafi, "Pulse Propagation in a Short Nonlinear Graded-Index Multimode Optical
Fiber," J. Light. Technol. 30, 2803-2811 (2012).

F. Poletti and P. Horak, "Description of ultrashort pulse propagation in multimode optical
fibers,” J. Opt. Soc. Am. B 25, 1645 (2008).

L. G. Wright, Z. M. Ziegler, P. M. Lushnikov, Z. Zhu, M. A. Eftekhar, D. N.
Christodoulides, and F. W. Wise, "Multimode Nonlinear Fiber Optics: Massively Parallel
Numerical Solver, Tutorial, and Outlook," IEEE J. Sel. Top. Quantum Electron. 24, 1-16
(2018).

W. H. Renninger, A. Chong, and F. W. Wise, "Pulse Shaping and Evolution in Normal-
Dispersion Mode-Locked Fiber Lasers.," IEEE J. Sel. Top. Quantum Electron. 18, 389—
398 (2012).

L. G. Wright, D. N. Christodoulides, and F. W. Wise, "Spatiotemporal mode-locking in
multimode fiber lasers," Science 358, 94-97 (2017).

K. Krupa, A. Tonello, B. M. Shalaby, M. Fabert, A. Barthélémy, G. Millot, S. Wabnitz,
and V. Couderc, "Spatial beam self-cleaning in multimode fibres," Nat. Photonics 11,
237-241 (2017).

Z. Liu, L. G. Wright, D. N. Christodoulides, and F. W. Wise, "Kerr self-cleaning of
femtosecond-pulsed beams in graded-index multimode fiber," Opt. Lett. 41, 3675 (2016).

R. Guenard, K. Krupa, R. Dupiol, M. Fabert, A. Bendahmane, V. Kermene, A. Desfarges-
Berthelemot, J. L. Auguste, A. Tonello, A. Barthélémy, G. Millot, S. Wabnitz, and V.
Couderc, "Nonlinear beam self-cleaning in a coupled cavity composite laser based on
multimode fiber," Opt. Express 25, 22219 (2017).

R. Guenard, K. Krupa, R. Dupiol, M. Fabert, A. Bendahmane, V. Kermene, A. Desfarges-
Berthelemot, J. L. Auguste, A. Tonello, A. Barthélémy, G. Millot, S. Wabnitz, and V.
Couderc, "Kerr self-cleaning of pulsed beam in an ytterbium doped multimode fiber,"
Opt. Express 25, 4783 (2017).

L. G. Wright, Z. Liu, D. A. Nolan, M.-J. Li, D. N. Christodoulides, and F. W. Wise, "Self-
organized instability in graded-index multimode fibres," Nat. Photonics 10, 771-776
(2016).

S. Fan and J. M. Kahn, "Principal modes in multimode waveguides," Opt. Lett. (2005).

P. Ambichl, W. Xiong, Y. Bromberg, B. Redding, H. Cao, and S. Rotter, "Super- and anti-
principal-modes in multimode waveguides,” Phys. Rev. X 7, 041053. (2017).

M. B. Shemirani, W. Mao, R. A. Panicker, and J. M. Kahn, "Principal Modes in Graded-
Index Multimode Fiber in Presence of Spatial- and Polarization-Mode Coupling,” J. Light.



16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

217.

28.

29.

30.

Technol. 27, 1248-1261 (2009).

J. Carpenter, B. J. Eggleton, and J. Schrdder, "Observation of Eisenbud-Wigner-Smith
states as principal modes in multimode fibre," Nat. Photonics 9, 751 (2015).

E. Ding, S. Lefrancois, J. N. Kutz, and F. W. Wise, "Scaling Fiber Lasers to Large Mode
Area: An Investigation of Passive Mode-Locking Using a Multi-Mode Fiber.," IEEE J.
Quantum Electron. 47, 597-606 (2011).

T. Sakamoto, T. Mori, T. Yamamoto, and S. Tomita, "Differential Mode Delay Managed
Transmission Line for Wide-band WDM-MIMO System," in Optical Fiber
Communication Conference (OSA, 2012), p. OM2D.1.

M.-J. Li, B. Hoover, S. Li, S. Bickham, S. Ten, E. Ip, Y.-K. Huang, E. Mateo, Y. Shao,
and T. Wang, "Low delay and large effective area few-mode fibers for mode-division
multiplexing,” in 2012 17th Opto-Electronics and Communications Conference (IEEE,
2012), pp. 495-496.

W. Fu, L. G. Wright, P. Sidorenko, S. Backus, and F. W. Wise, "Several new directions
for ultrafast fiber lasers [Invited],” Opt. Express 26, 9432-9463 (2018).

W. H. Renninger and F. W. Wise, "Optical solitons in graded-index multimode fibres.,"
Nat. Commun. 4, 1719 (2013).

L. G. Wright, W. H. Renninger, D. N. Christodoulides, and F. W. Wise, "Spatiotemporal
dynamics of multimode optical solitons.,” Opt. Express 23, 3492-506 (2015).

Z. Zhu, L. G. Wright, D. N. Christodoulides, and F. W. Wise, "Observation of multimode
solitons in few-mode fiber," Opt. Lett. 41, 4819 (2016).

Y. Lan, Y. Song, M. Hu, B. Liu, L. Chai, and C. Wang, "Enhanced spectral breathing for
sub-25 fs pulse generation in a Yb-fiber laser,” Opt. Lett. 38, 1292 (2013).

P. Sidorenko, W. Fu, L. G. Wright, M. Olivier, and F. W. Wise, "Self-seeded, multi-
megawatt, Mamyshev oscillator,”" Opt. Lett. 43, 2672 (2018).

A. Chong, H. Liu, B. Nie, B. G. Bale, S. Wabnitz, W. H. Renninger, M. Dantus, and F. W.
Wise, "Pulse generation without gain-bandwidth limitation in a laser with self-similar
evolution," Opt. Express 20, 14213 (2012).

Y. Tang, Z. Liu, W. Fu, and F. W. Wise, "Self-similar pulse evolution in a fiber laser with
a comb-like dispersion-decreasing fiber,” Opt. Lett. 41, 2290 (2016).

T. F. S. Bittner, D. D. Hudson, E. C. Mégi, A. C. Bedoya, T. Taunay, and B. J. Eggleton,
"Multicore, tapered optical fiber for nonlinear pulse reshaping and saturable absorption,”
Opt. Lett. 37, 2469-2471 (2012).

X.-H. Fang, M.-L. Hu, B.-W. Liu, L. Chai, C.-Y. Wang, and A. M. Zheltikov, "Generation
of 150 MW, 110 fs pulses by phase-locked amplification in multicore photonic crystal
fiber,"” Opt. Lett. 35, 2326 (2010).

X. Fang, M. Hu, C. Xie, Y. Song, L. Chai, and C. Wang, "High pulse energy mode-locked
multicore photonic crystal fiber laser,” Opt. Lett. 36, 1005 (2011).



31.

32.

33.

34.

P. V Mamyshev, "All-optical data regeneration based on self-phase modulation effect,” in
24th European Conference on Optical Communication. ECOC "98 (IEEE Cat.
N0.98THB8398) (Telefonica, 1998), Vol. 1, pp. 475-476.

M. Piché, "Mode locking through nonlinear frequency broadening and spectral filtering,”
in Proc. SPIE, M. Piche and P. W. Pace, eds. (1994), pp. 358-365.

S. Pitois, C. Finot, L. Provost, and D. J. Richardson, "Generation of localized pulses from
incoherent wave in optical fiber lines made of concatenated Mamyshev regenerators," J.
Opt. Soc. Am. B 25, 1537 (2008).

Z. Liu, Z. M. Ziegler, L. G. Wright, and F. W. Wise, "Megawatt peak power from a
Mamyshev oscillator,” Optica 4, 649 (2017).



	sheet1
	1911.09702

