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Abstract: An elastic transmission error (TE) compensation method for a rotary vector (RV) speed
reducer is proposed to improve its transmission accuracy based on error sensitivity analysis. Elastic
and geometric TEs of the RV speed reducer can be compensated by tooth surface modification of
cycloidal gears. Error coefficients of the TE of the RV speed reducer are derived to determine error
factors with positive effects on TEs based on error sensitivity analysis. A total TE, including the elastic
TE, is obtained by using Adams. The elastic TE compensation method is developed to calculate
modification values of error factors with positive effects on the TE to decrease the elastic TE of the
RV speed reducer. TE simulation results show that the elastic TE accounts for 25.28% of the total
TE, and calculation results show that the maximum contact force and normal deformation of the
modified prototype are obviously improved. The feasibility and accuracy of the proposed elastic
TE compensation method for RV speed reducers were verified by TE experiments. TE experiment
results showed that the TE of the modified RV speed reducer is 47.22% less than that of the initial RV
speed reducer.

Keywords: RV speed reducer; elastic transmission error compensation; error sensitivity; tooth
profile modification

1. Introduction

Since rotary vector (RV) speed reducers can achieve high transmission accuracy and large torque
conversion, they are widely used in elbow joints of robots that are key components in the high-precision
manufacturing industry. Due to manufacturing errors of parts, assembly errors, load deformation,
and thermal deformation of a gear transmission, a transmission error (TE) of the gear transmission is
unavoidable [1,2]. The TE is one of the main factors that cause vibration of an RV speed reducer, and is
the primary indicator for its transmission accuracy. The TE is a deviation between an actual output
rotation angle of a gear transmission and its theoretical output rotation angle. Hence, the TE of a gear
transmission can describe the fluctuation situation of its speed ratio [3].

TEs of the gear transmission are mainly caused by manufacturing errors of its components
and contact deformation of loaded tooth surfaces [4,5]. TEs of the gear transmission can increase
vibration and noise in its driving condition, and reduce the life of the gear transmission [6]. Therefore,
the reduction of the TE of the gear transmission can effectively improve its contact performance.
A nonlinear dynamic model of the gear transmission with side and radial clearances was proposed in

Appl. Sci. 2020, 10, 481; doi:10.3390/app10020481 www.mdpi.com/journal/applsci

http://www.mdpi.com/journal/applsci
http://www.mdpi.com
https://orcid.org/0000-0003-1521-7838
https://orcid.org/0000-0003-2793-4615
https://orcid.org/0000-0003-2707-2533
http://dx.doi.org/10.3390/app10020481
http://www.mdpi.com/journal/applsci
https://www.mdpi.com/2076-3417/10/2/481?type=check_update&version=3


Appl. Sci. 2020, 10, 481 2 of 22

Refs. [7,8]. Byrtus and Zeman [9] analyzed influences of clearances, time-varying meshing stiffness,
and other nonlinear factors on the dynamic performance of the gear transmission. Chen [10] simulated
free and forced vibrations of the gear transmission during acceleration and gear shifting processes.
Li et al. [11] proposed an active modification method for cylindrical gears based on a fourth-order TE
model and an error sensitivity analysis model, and used this method for the form-grinding process to
improve the dynamic performance of the gear transmission. Wang et al. [12,13] developed a high-order
TE model to reduce vibration and noise of cylindrical helical and herringbone gears.

Many preliminary works of RV speed reducers focus on their transmission accuracy. Blanche
and Yang [14,15] studied the transmission accuracy of a single-stage cycloidal gear transmission by
using a geometric model and discussed the relationship between backlash and speed ratio fluctuations
and the relationship between backlash and torsional vibrations. The geometric model that they
analyzed considered transmission accuracy of the cycloidal gear transmission that has single-stage
and single-cycloid reels, while transmission accuracy of a two-stage RV speed reducer with cycloids
and cranks cannot be analyzed. Only the relationship between the influence of the radius error of a
pinwheel and torsional vibrations was analyzed in previous studies, influences of manufacturing and
assembly errors on transmission accuracy of the two-stage RV speed reducer with cycloidal gears,
cranks, and other components were not studied. Hidaka et al. [16–18] proposed a TE analysis method
by using a mass-spring equivalent model to analyze the transmission accuracy of the two-stage RV
speed reducer with two cycloidal gears and three cranks.

Recently, static and dynamic transmission accuracy considering the influences of more error
factors of the RV speed reducer was gradually studied in some works. For calculation of tooth profile
modifications of pinwheels, Yu and Yi [19] developed a non-Hertz flexibility matrix to analyze contact
failure of cycloidal gear transmissions with heavy loads. The load distribution of a tooth profile of the
cycloidal gear can be quickly and accurately analyzed, and axial modifications of pinwheels can also be
calculated to improve contact conditions. Li et al. [20] proposed a loaded tooth contact analysis model
to predict contact conditions on various components of cycloidal gear transmissions with clearances
and eccentricity errors. Effects of radial clearances of pin-holes and eccentricity errors on dynamic
performance of cycloidal gear transmissions, such as contact stresses, TEs, speed ratios, and loads on
bearings, were investigated. Loaded tooth contact analysis results showed that the maximum contact
stiffness of cycloidal gear transmissions occurred with positive equidistance and negative shifting
tooth profile modifications. Ambarisha et al. [21] and Yi et al. [22] studied nonlinear vibration, tooth
contact performance, and dynamic TEs of planetary gears.

TEs of a gear transmission can be divided into three categories based on reasons for their occurrence.
The first category is the geometric TE that is caused by geometric errors, i.e., manufacturing errors
and misalignments, of gear transmission components. The second category is the TE that is caused
by thermal deformation. Since the thermal deformation of the RV speed reducer is small with the
maximum operating temperature, i.e., 85 ◦C, the TE caused by thermal deformation is not considered
here. The third category is the elastic TE that is caused by normal deformation of gear transmission
components under loads. Currently, most of the previous works on TEs of RV speed reducers focused
on reducing manufacturing errors of components that cause geometric TEs. However, the elastic TE is
also an important influencing factor of transmission accuracy [23–26].

Based on previous works, some manufacturing errors of components of an RV speed reducer can
reduce its TE, which can be determined by an error sensitivity analysis [27]. The reduction of TEs is
defined as positive effects on TEs in this study. Compensation values of these manufacturing errors
with positive effects on the TE are calculated by the total TE with geometric and elastic TEs. The output
angle of the RV speed reducer can be increased by tooth surface modification of the cycloidal gear that
is obtained by the elastic TE compensation method. Therefore, tooth surface modification of cycloidal
gears can simultaneously compensate geometric and elastic TEs of the RV speed reducer. The proposed
elastic TE compensation method not only develops a reasonable geometric TE compensation model in
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actual manufacturing and assembly processes, but also proposes a tooth surface modification method
for improvement of elastic TEs of RV speed reducers.

2. TE Model of the RV Speed Reducer

The RV speed reducer is a two-stage gear transmission. The first- and second-stage transmissions
of the RV speed reducer are an involute gear transmission and a cycloidal gear transmission, respectively.
Therefore, the total TE of the RV speed reducer is composed of TEs of the first- and second-stage
transmissions. Since the TE of the first-stage involute gear transmission is much smaller than that of
the second-stage cycloidal gear transmission, the TE of the second-stage cycloidal gear transmission is
the main component of the total TE of the RV speed reducer. Therefore, this study focuses on the TE of
the second-stage cycloidal gear transmission. A structure diagram of an E-series RV speed reducer is
shown in Figure 1.
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Figure 1. Structure of an E-series rotary vector (RV) speed reducer.

2.1. Modified Tooth Surfaces of the Cycloidal Gear

Theoretically, when the standard cycloidal gear meshes with standard pinwheels without any
clearance, the number of simultaneous meshing teeth of the cycloidal gear is half of the number of
pinwheels. Due to manufacturing errors, assembly errors, and requirements of lubrication of the
cycloidal gear transmission, there must be clearances that are initial clearances between the cycloidal
gear and pinwheels. Tooth profiles of the cycloidal gear should be modified to improve its contact
performance. According to the theory of gearing, the combined use of isometric and shifting tooth
profile modification is a general modification method of cycloidal gears. Coordinate systems of the
cycloidal gear and pinwheel are shown in Figure 2. A coordinate system Oc-xcyc is fixed to the center
of the base circle of the cycloidal gear. A coordinate system Od-xdyc is fixed to the center of the rolling
circle of the cycloidal gear. A coordinate system Od-x1y1 is fixed to the center of the rolling circle of the
cycloidal gear, and the y1-axis passes through the center of the pinwheel. Coordinates of the tooth
profile of the cycloidal gear can be represented as

xC = cos(1− iH)ϕ[rp + ∆rp − (rrP + ∆rrP)Φ
(−1)(K′1,ϕ)]

−
a

rp+rrP
cos(iHϕ)[rp + ∆rp − zp(rrP + ∆rrP)Φ

(−1)(K′1,ϕ)], (1)

yC = sin(1− iH)ϕ[rp + ∆rp − (rrP + ∆rrP)Φ
(−1)(K′1,ϕ)]

+ a
rp+rrP

sin(iHϕ)[rp + ∆rp − zp(rrP + ∆rrP)Φ
(−1)(K′1,ϕ)], (2)

where iH is the transmission ratio of the cycloidal gear and pinwheels, 4rrp is the isometric tooth
profile modification, 4rp is the shifting tooth profile modification, rp is the radius of pinwheels, a is the
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eccentricity, ϕ is the meshing phase angle of the cycloidal gear, zp is the number of pinwheels, K′1 is the
short-range coefficient after shifting tooth profile modification that can be represented as

K′1 =
azp

rp + ∆rP

, (3)

and
Φ(−1)(K′1,ϕ) = (1 + K′1

2
− 2K′1 cosϕ)

(− 1
2 ). (4)
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2.2. Geometric TE Analysis Model of the Cycloidal Gear Transmission

The initial clearance is an internal factor of the geometric TE. Main factors of component errors
that affect the geometric TE of the cycloidal gear transmission are as follows:

a. Isometric and shifting tooth profile modifications of the cycloidal gear;
b. TE caused by a radius error of the center circle of pinwheels;
c. TE caused by an eccentricity error;
d. TE caused by a radial runout error of the cycloidal gear;
e. TE caused by a radius error of a pinwheel and the clearance between a pinwheel and its groove;
f. Clearance caused by a cumulative error of the circumference of the cycloidal gear and

circumferential position errors of pinwheel housing;
g. Clearance caused by a modification error of the cycloidal gear; and
h. Rotor bearing clearance.
Since a parallelism error between axes of the eccentric shaft and rotating shaft only causes a small

clearance, it is neglected in this study. TEs caused by the above main factors of component errors that
affect the geometric TE of a cycloidal gear transmission are illustrated as follows:

A. The geometric TE caused by isometric tooth profile modification ∆rrp of the cycloidal gear can
be represented as

∆θa =
2∆rrp

azc
. (5)
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B. The geometric TE caused by shifting tooth profile modification ∆rp of the cycloidal gear can be
represented as

∆θb = −
2∆rp

azc

√
1−K′1

2. (6)

C. The geometric TE caused by the radius error δrp of the center circle of pinwheels can be
represented as

∆θc =
2δrp

azc

√
1−K′1

2. (7)

D. The geometric TE caused by the pinwheel radius error δrrp can be represented as

∆θd = −
2

azc
δrrp . (8)

E. The geometric TE caused by the matching clearance δ j between the pinwheel and pinwheel
groove can be represented as

∆θe =
δ j

azc
. (9)

F. The geometric TE caused by the radial runout error Fr1 of the cycloidal gear ring can be
represented as

∆θ f =
Fr1

2azc
. (10)

G. The geometric TE caused by the circumferential position error δtΣ of a pinwheel housing can
be represented as

∆θg =
2K1δtΣ

azc
. (11)

H. The geometric TE caused by the cumulative error ∆Fp of the circumference of the cycloidal
gear can be represented as

∆θh = −
K′1∆Fp

azc
. (12)

I. The geometric TE caused by tooth profile modification errors, i.e., δ∆rrp and δ∆rp, and the
eccentricity error δα can be represented as

∆θi =
2δ∆rrp

azc
−

2δ∆rp

azc

√
1−K′1

2 − 2knδα, (13)

where

kn =
∆rrp

a2zc
− (

zc∆rp

arp2
√

1−K′1
2
+

∆rp

a2zc

√
1−K′1

2). (14)

In summary, the geometric TE of the cycloidal gear transmission caused by the above factors can
be represented as

∆θ = ∆θ±
T∆θ

2
, (15)

where ∆θ is the mean value of the geometric TE of the cycloidal gear transmission that can be
represented as

∆θ =
180× 60

π

8∑
j=1

∆θ j, (16)
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and T∆θ is the tolerance of the geometric TE of the cycloidal gear that can be represented as

T∆θ =
180× 60

π

√√√√ 8∑
j=1

(T∆θ j)
2, (17)

in which T∆θ j is the tolerance of each error factor.

3. Error Sensitivity Analysis of the TE Caused by Components of the Cycloidal
Gear Transmission

In order to determine the main factors of component errors that can compensate the TE of the
cycloidal gear transmission, it is necessary to evaluate error sensitivities of TEs caused by error factors
A–I in Section 2.2.

3.1. Principle of Error Sensitivity Analysis Based on Tayler Expansion

The TE of the cycloidal gear transmission can be represented as

∆θ = ∆θ j(δ1, δ2, · · · , δ j), (18)

where δ1, δ2, · · · , δ j are errors, clearances, and modifications in Equations (5)–(13). The corresponding
relationship between θ j and δ j is shown in Table 1.

Table 1. Main factors of the geometric transmission error (TE).

Geometric TE θ j θa θb θc θd θe θ f θg θh θi

Main factors δ j ∆rrp ∆rp δrp δrrp δ j Fr1 δtΣ ∆Fp δ∆rrp and δ∆rp

When a main factor δ j has a small deviation ∆δ j, Equation (18) can be expanded based on Tayler
expansion and its high-order items can be omitted [28]. Equation (18) can be written as

∆θ = ∆θ j(δ1 + ∆δ1, δ2 + ∆δ2, · · · , δ j + ∆δ j)

= ∆θ j(δ1, δ2, · · · , δ j) + ( ∂∆θ1
∂θ1

∆δ1 +
∂∆θ2
∂θ2

∆δ2 + · · ·+
∂∆θ j
∂x j

∆δ j).
(19)

The deviation of the TE ∆θ = ∆θ j(δ1, δ2, · · · , δ j) can be represented as

δ∆θ =
∂∆θ1

∂δ1
∆δ1 +

∂∆θ2

∂δ2
∆δ2 + · · ·+

∂∆θ j

∂δ j
∆δ j. (20)

A sensitivity index is defined as

S j =
∂∆θ j/∂δ j

∂∆θ0/∂δ0
, (21)

where ∂∆θ0/∂δ0 is a reference input error parameter.
Influences of TEs due to different error factors ∆δ j on the TE ∆θ are analyzed by using a sensitivity

index matrix, and the error factor that causes the maximum TE can be determined [29]. When the
value of δ j is determined, the partial derivative ∂∆θ j/∂δ j is a constant. The sensitivity index can be
written as

S j =
g j

g0
, (22)
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where g j = ∂∆θ j/∂δ j and g0 = ∂∆θ0/∂δ0. By substituting Equations (21) and (22) into Equation (20),
Equation (20) can be written as

δ∆θ = g1∆δ1 + g2∆δ2 + · · ·+ g j∆δ j. (23)

Error coefficients of error factors are obtained by substituting Equations (5)–(13) into Equations (18)–(22),
as shown in Table 2. By substituting the parameters of the initial RV speed reducer prototype into error
coefficients, numerical solutions of sensitivity indices can be obtained, as shown in Table 3. The initial
RV speed reducer prototype contains a tooth profile modification due to the lubrication requirement.
Assume the numerical solution of the pinwheel center circle radius error δa as the basic number that is
equal to 1; other items are changed to a multiple of δa. Hence, the sensitivity index of the TE caused by
components of the cycloidal gear transmission can be deduced, as shown in Table 2.

Table 2. Error coefficients and sensitivity indices of error factors.

Error Factor Error Coefficient Sensitivity Index

Pinwheel center circle radius error δa

√
1−K′1

2 1

Pinwheel housing radius error δb −1 −1.6308
Pinwheel groove matching clearance δc 0.5 0.8154

Cycloidal gear ring radial runout δd 0.25 0.4077
Pinwheel housing circumferential position error δe K′1 1.2882

Isometric tooth profile modification error δ f 1 1.6308

Shifting tooth profile modification error δg −

√
1−K′1

2 −1

Cumulative error of circumference δh −K′1/2 −0.6441
Eccentricity error δi kn −0.00024

Table 3. Parameters of the initial rotary vector (RV) speed reducer prototype.

Parameter Value

Pinwheel center circle radius rp/mm 76
Pinwheel radius rrp/mm 3
Cycloid tooth number zc 39

Number of pinwheel teeth zp 40
Number of center teeth z1 22

Number of planetary gear teeth z2 60
Eccentricity a/mm 1.5

Isometric tooth profile modification ∆rrp/mm −0.022
Shifting tooth profile modification ∆rp/mm −0.0437

Short-formed coefficient K′1 0.78993

The sensitivity index of the eccentricity error is the smallest one that is only 0.024% of the sensitivity
index of the reference value, as shown in Table 2. The influence on the TE caused by the eccentricity
error is neglected in this study. If the sensitivity index of an error factor is negative, it indicates that the
error factor can decrease the TE of the RV speed reducer. The most important innovation of this study
is to decrease the TE of the RV speed reducer by modifying error factors with negative sensitivities.
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3.2. Error Compensation Model of the Cycloidal Gear Transmission

According to the error sensitivity analysis method of the influence of error factors that affect the
TE of the cycloidal gear transmission, error coefficients in Table 2 are represented as

A =



2
√

1−K′1
2 0 0 0 0 0 0 0 0

0 −2 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0.5 0 0 0 0 0
0 0 0 0 2K′1 0 0 0 0
0 0 0 0 0 2 0 0 0

0 0 0 0 0 0 −2
√

1−K′1
2 0 0

0 0 0 0 0 0 0 −K′1 0
0 0 0 0 0 0 0 0 2kn



. (24)

An error distribution model can be represented as

δ =
(
δa δb δc δd δe δ f δg δh δi

)T
. (25)

A mean TE vector can be represented as

∆θ = (∆θa∆θb∆θc∆θd∆θe∆θ f ∆θg∆θh∆θi)
T

. (26)

By substituting Equations (19)–(23) into Equations (11) and (12), the error compensation model can be
represented as

δ =
πazc

180× 60
A−1∆θ. (27)

It can be known from Table 2 that error coefficients of the pinwheel radius error, the shifting
tooth profile modification error, and the cumulative error of the circumference of the cycloidal gear
are negative. These three error factors can decrease the TE of the RV speed reducer. Error coefficients
of the other six error factors that have positive effects can increase the TE of the RV speed reducer.
The total TE of the initial RV speed reducer is assigned to three error factors with negative TE error
coefficients by using Equation (27), and the value of the corresponding component error of these three
error factors of the TE can be calculated. By modifying three-dimensional (3D) models of components
of the cycloidal gear transmission, a modified RV speed reducer prototype can be obtained by the TE
compensation method.

Since some errors in the actual RV speed reducer cannot be modeled by 3D modeling software,
modifications of these errors are set as an equivalent process [30]. Since the sensitivity index of the
circular pitch circumference error is negative, as shown in Table 2, the TE of the RV speed reducer
can be decreased by modifying tooth profiles of cycloidal gears to compensate the cumulative error
of the circumference of the cycloidal gear. Therefore, the cumulative error of the circumference of
the cycloidal gear can be replaced by its tooth profile offset. For the circumferential position error of
the pinwheel groove, the TE is increased with increments of the outward positional deviation in the
radial direction of the pinwheel groove, and vice versa. Hence, the circumferential position error of the
pinwheel groove can be replaced by a radially inward offset.

4. Calculation of Contact Forces and Normal Deformation of the Cycloidal Gear and Pinwheels

Normal deformation of the cycloidal gear transmission is the normal displacement of a contact
point of the cycloidal gear. Modifications are used to compensate the elastic TE. Modified tooth profiles
of the cycloidal gear are not theoretical tooth profiles. The number of pinwheels that simultaneously
mesh with the cycloidal gear is less than half the number of teeth of the cycloidal gear. In addition,
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the initial clearance between different pinwheels and the cycloidal gear is also different. The meshing
diagram of the cycloidal gear and pinwheels is shown in Figure 3.
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4.1. Calculation of the Meshing Tooth Number and Normal Deformation of the Cycloidal Gear

The position of the maximum contact force of the pinwheel is at the point with the maximum arm
of force lmax = r′c. By excluding small nonlinear deviation caused by the equivalent curvature, the
contact force acting on the i-th pinwheel is

Fi =
li
r′c

Fmax. (28)

Assume that pinwheels are fixed in the coordinate system in Figure 3; the torque Tc is exerted on the
cycloidal gear. Due to normal deformation between the cycloidal gear and pinwheels, the cycloidal
gear rotates an angle β. The torque Tc is

Tc =
n∑

i=m

Fili =
Fmax

r′c

n∑
i=m

l2i = Fmaxr′czp


n∑

i=m
li

2

r′c2zp

 =
1
4

Fmaxr′czp. (29)

Based on Equation (29), the maximum contact force between the cycloidal gear and pinwheels is

Fmax =
4Tc

zpr′c
=

4Tc

K1zcr′p
. (30)
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Due to the manufacturing error, the torque T transmitted by the RV speed reducer is not equally
divided on two cycloidal gears. Equation (29) can be simplified as Tc = 0.55T. Equation (30) can also
be written as

Fmax =
2.2T

K1zcr′p
. (31)

There is no simultaneous meshing of multiple pairs of cycloidal gears and pinwheels after tooth profile
modification if normal deformation is not considered. Tooth profile modification leads to an initial
normal clearance ∆(ϕ)i in the normal direction between a cycloidal gear and a pinwheel, which can be
represented as

∆(ϕ)i = ∆rrp(1−
sinϕi√

1 + K1
2 − 2K1 cosϕi

) −
∆rrp(1−K1 cosϕi −

√
1−K1

2 sinϕi)√
1 + K1

2 − 2K1 cosϕi
, (32)

where ϕi is the angle between the i-th pinwheel and arm of force. Let ∆(ϕ)i = 0; one has

cosϕi = K1, (33)

ϕi = ϕ0 = arccosK1. (34)

The implication of this result is that the initial normal clearance is zero at this angle. The cycloidal gear
and pinwheels begin to mesh at this angle.

When the cycloidal gear transfers the torque Tc, contact deformation of the cycloidal gear w and
that of the pinwheel f occur. The maximum contact stress of cycloidal gears and pinwheels is obtained
by using Abaqus [24,31], as shown in Figure 4. This is a quasi-static simulation. The hexahedral mesh
is adopted to divide the model. Pinwheels are fixed and only two cycloidal gears can rotate around the
central axis. The torque of the cycloidal gear transmission acts at the geometric center of cycloidal
gears. Finite element meshes of the cycloidal gear transmission are shown in Figure 5. The simulation
result shows that the maximum magnitude of the contact stress of the cycloidal gear is 1.102 × 104 Pa,
while that of the pinwheel is 4.89 × 10−26 Pa. The contact deformation of the pinwheel f is produced
by its contact stress. Since the maximum magnitude of contact stress of the cycloidal gear is 1030 times
that of pinwheels, contact deformation of the pinwheel f is neglected here.

Normal deformation of the contact point with the torque Tc can be represented as

δi = liβ, (35)

where i = 1, 2, · · · , zp/2, β is the angle of the cycloidal gear caused by contact deformation, and li is the
distance in the normal direction from the i-th contact point to the center of the cycloidal gear Oc that
can be represented as

li = r′c cosαi = r′c
sinϕi√

1 + K2
1 − 2K1 cosϕi

, (36)

in which r′c is the radius of the cycloidal gear and αi is the meshing angle of the i-th contact point.
At the contact point with the maximum contact force between the cycloidal gear and pinwheels,

Equation (36) can be simplified as lmax = r′c
sinϕ0√

1+K2
1−2K1 cosϕ0

≈ r′c. The rotation angle of the contact point

with the maximum contact force isϕ0 = arccosK1. Substituting lmax = r′c into Equations (32)–(36) yields

δi = liβ = li
δmax

lmax
=

li
r′c
δmax =

sinϕi√
1 + K2

1 − 2K1 cosϕi

δmax, (37)
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where δmax is the maximum normal deformation that can be represented as

δmax =
2Fmax(1− µ2)

πEb
(

2
3
+ In

16rrp
∣∣∣ρ∣∣∣

c2 ), (38)

in which

c = 4.99× 10−3

√√
4(1− µ2)Fmax

∣∣∣ρ∣∣∣rrp

Eb(
∣∣∣ρ∣∣∣+ rrp)

, (39)

with µ and E being Poisson ratio and the elastic modulus of the cycloidal gear and pinwheels,
respectively, and ρ being the curvature radius of tooth profiles of the cycloidal gear at the position
ϕ0 = arccosK1, which can be represented as

ρ =
rp(1 + K1

2
− 2K1 cosϕ0)

3
2

K1(zp + 1) cosϕ0 − (1 + zpK1
2)

+ rrp. (40)

If δi is greater than ∆(ϕ)i, this pair of the cycloidal gear and pinwheel is in the meshing state.
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4.2. Calculation of the Number of Meshing Gears and the Contact Force

Since initial clearances ∆(ϕ)i are different after modification of the cycloidal gear, the relationship
between Fi and δi = liβ is nonlinear. However, since changes in Fi and δi − ∆(ϕ)i are small, the
relationship between Fi and δi − ∆(ϕ)i is assumed to be linear. Based on the above analysis, pinwheels
in the simultaneous meshing state are classified as pinwheels from the m-th to the n-th pinwheel.
The contact force of the i-th pinwheel is

Fi =
δi − ∆(ϕ)i
δmax

Fmax, (41)

where Fmax is the maximum contact force at the position where the pinwheel is at or close to the
position ϕi = ϕ0 = arccosK1. Based on the moment equilibrium equation, Tc can be represented as

Tc =
n∑

i=m

Fili, (42)

where δi = liβ and δmax = r′cβ. Submitting Equation (41) into Equation (42) yields

Tc = Fmax

n∑
i=m

(
li
r′c
−

∆(ϕ)i
δmax

)li. (43)

Therefore, the maximum contact force Fmax on the pinwheel with tooth profile modification can be
derived as

Fmax =
Tc

n∑
i=m

( li
r′c
−

∆(ϕ)i
δmax

)li
=

0.55T
n∑

i=m
( li

r′c
−

∆(ϕ)i
δmax

)li
. (44)

One can calculate Fmax by giving an initial value of Fmax that is Fmax0 , which can be represented as

Fmax0 =
1
2
(F1 − F2). (45)

According to Equation (31), F1 can be represented as

F1 =
2.2T
zcr′p

. (46)

By assuming that there is only one pair of cycloidal gear and pinwheel meshing at the position
ϕi = ϕ0 = arccosK1 with tooth profile modification, F2 can be represented as

F2 =
0.55T

r′p
. (47)

By substituting Fmax0 into Equations (37)–(44), the initial value of δmax can be obtained as δmax0 .
Substituting Fmax0 and δmax0 into Equations (37)–(44), one can calculate the number of meshed
pinwheels that are from the m-th to the n-th pinwheel. The maximum contact force calculated in each
iteration is denoted as Fmaxk . The value of Fmax1 at the first iteration is obtained by substituting δmax0

into Equation (44). By comparing Fmax0 with Fmax1 , if the absolute value of the difference between
Fmax0 and Fmax1 is greater than 0.1% of Fmax1 , it is necessary to calculate δmax1 by substituting Fmax1

into Equations (37)–(44). The second iteration result of Fmax2 can be obtained by substituting δmax1

into Equation (44). The iteration is implemented many times until the result of the k-th iteration Fmaxk

satisfies the above condition. Finally, the exact Fmax can be obtained by

Fmax =
1
2
(Fmaxk + Fmaxk−1). (48)
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A flowchart of the tooth contact analysis method for cycloidal gear transmissions is shown in Figure 6.

1 
 

 

Figure 6. Flowchart of the tooth contact analysis method for cycloidal gear transmissions.

5. Application of the Elastic TE Compensation Method for the RV Speed Reducer

The elastic TE compensation method, which means compensating the elastic TE by modification,
is illustrated in this section. The key point of this method is the calculation of the total TE that includes
elastic and geometric TEs by using Adams.
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5.1. Modified RV Speed Reducer Prototype Obtained by TE Compensation

An RV speed reducer prototype model is used for numerical analysis of the error sensitivity index.
According to the flowchart in Figure 6 and parameters of the initial RV speed reducer prototype in
Table 3, initial clearances ∆(ϕ)i and normal deformation δi of the RV speed reducer prototype before
modification are shown in Figure 7. The m-th pinwheel is the first pinwheel in the meshing state and
the n-th pinwheel is the last pinwheel in the meshing state. There are nine pinwheels from the m-th
to the n-th pinwheel, which are in meshing states with the cycloidal gear before modification of the
cycloidal gear. The maximum contact force Fmax and normal deformation δi of the initial RV speed
reducer prototype before modification can be obtained after 22 iterations, as shown in Tables 4 and 5.
To transfer the torque Tc, the maximum contact force Fmax between a cycloidal gear and a pinwheel of
the RV speed reducer prototype before modification is 1910.3 N. The maximum normal deformation
δmax of a cycloidal gear before modification is 0.0116 mm.
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Figure 7. Initial clearances and normal deformation of the initial RV speed reducer prototype.

Table 4. Maximum contact force Fmax of the initial RV speed reducer prototype.

k δmaxk (mm) Fmaxk /N |Fmaxk−Fmax(k−1) |/N 0.1% Fmaxk /N

1 0.0303 1320.3 −1224.80 2.5451
2 0.0152 1657.3 336.98 1.3203
3 0.0081 2464.7 807.36 1.6573
4 0.0101 2121.5 −343.11 2.4647
...

...
...

...
...

19 0.0115 1914.2 5.25 1.9089
20 0.0116 1911.7 −2.42 1.9142
21 0.0116 1909.0 −2.71 1.9117
22 0.0116 1910.3 1.25 1.9090

Table 5. Normal deformation δi of meshing gears before modification.

i 3 4 5 6 7 8 9 10 11

δi/mm 0.0103 0.0113 0.0116 0.0115 0.0112 0.0108 0.0103 0.0097 0.0091

In order to verify the feasibility and accuracy of the proposed elastic TE compensation method,
the TE of the RV speed reducer is simulated by using Adams, as shown in Figure 8. The input angular
velocity of the RV speed reducer is set as a sine function V = A sin(Bt) + C, where A is 4615, B is 30,
and C is 2005. The function completes one cycle at a time, the input shaft completes one rotation
with a change of the rotation direction, and the TE completes one accumulation. The mean of the
TE is smoother, and the change of the rotation direction of the cycloidal gear is smoother. In Adams,
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cycloidal gears with normal deformation are set as flexible bodies, and the contact penetration value
between a cycloidal gear and pinwheels is set as 10−3.Appl. Sci. 2019, 9, x FOR PEER REVIEW 16 of 23 
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Figure 8. RV speed reducer prototype model with constraint settings in Adams.

The simulated input shaft rotation angle after running 0.4 s is 826.2965◦ and the simulated output
shaft rotation angle after running 0.4 s is 8.1977◦. The total TE of the initial prototype model has
accumulated twice after running 0.4 s and its value for a period is 1.4559′. The total TE is divided into
TEs that are caused by the pinwheel radius error, the shifting tooth profile modification error, and the
cumulative error of the circumference of the cycloidal gear in inverse proportion. By substituting the
TEs into Equation (26), the error compensation amount of each TE factor is obtained by Equation (27).
The 3D model of the modified RV speed reducer prototype is modified based on modifications for TE
compensation of prototype components. The parameters of the modified RV speed reducer prototype
are shown in Table 6.

Table 6. Parameters of the modified RV speed reducer prototype.

Parameter Value

Pinwheel center circle radius rp/mm 76
Pinwheel radius rrp/mm 2.9721

Number of teeth of cycloidal gear zc 39
Number of pinwheels zp 40

Number of center teeth z1 22
Number of teeth of planetary gear z2 60

Eccentricity a/mm 1.5
Isometric tooth profile modification ∆rrp/mm −0.022
Shifting tooth profile modification ∆rp/mm −0.0266

Short-formed coefficient K′1 0.7898
Modifications of cumulative error of circumference ∆δ8 −0.011
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5.2. Validation of the TE Compensation Method and Comparison between the Initial and Modified Prototypes

After TE compensation, the TE of the modified RV speed reducer is simulated by using Adams.
The simulated input shaft rotation angle of the modified RV speed reducer prototype model after
running 0.4 s is 826.2996◦. The simulated output shaft rotation angle of the modified RV speed reducer
prototype model after running 0.4 s is 8.2429◦. The TE of the modified RV speed reducer prototype
model has accumulated twice and its value for a period is 0.8538’. TE simulation results of output shaft
rotation angles of the initial and modified RV speed reducer prototype models are shown in Figure 9.
By comparing the TE of the modified RV speed reducer prototype model with that of the initial RV
speed reducer prototype model, the TE of the modified RV speed reducer prototype model is reduced
by 41.35%.
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Figure 9. Output shaft rotation angle of the initial and modified RV speed reducer prototype models.

The contact force and deformation of the modified RV speed reducer prototype and those of
the initial RV speed reducer prototype are calculated based on the tooth contact analysis method for
cycloidal gear transmissions. The maximum contact force Fmax and normal deformation δi of the
modified RV speed reducer prototype can be obtained after 17 iterations, as shown in Tables 7 and 8,
respectively. To transfer the same torque Tc, the maximum contact force Fmax between a cycloidal gear
and a pinwheel of the modified RV speed reducer prototype is 1435.9 N. After TE compensation, the
maximum contact force Fmax of the RV speed reducer prototype is reduced by 24.83%. The maximum
normal deformation δmax of the cycloidal gear after modification is 0.0088 mm. After TE compensation,
the maximum normal deformation δmax of cycloidal gear of the RV speed reducer is reduced by 24%.
The initial clearance ∆(ϕ)i and contact deformation δi of the modified RV speed reducer prototype
are shown in Figure 10. After TE compensation, the number of meshing teeth of the cycloidal gear
increases from 9 to 17.

In order to analyze the proportion of the elastic TE in the total TE, a rigid RV speed reducer
prototype model is simulated by using Adams. The simulated input shaft rotation angle after running
0.4 s is 826.2977◦ and the simulated output shaft rotation angle after running 0.4 s is 8.2056◦. The TE
of the modified RV speed reducer prototype model has accumulated twice after running 0.4 s and
its value for a period is 1.22195′. Output shaft rotation angles of the modified RV speed reducer
prototype model are shown in Figure 11. By comparing TEs of the initial and modified RV speed
reducer prototype models, the elastic TE accounts for 25.28% of the total TE. Hence, simulation results
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of TEs of the initial and modified RV speed reducer prototype models verify the feasibility of the
proposed elastic TE compensation method.

Table 7. Maximum contact force Fmax of the modified RV speed reducer prototype.

k δmaxk /mm Fmaxk /N |Fmaxk−Fmax(k−1) |/N 0.1% Fmaxk /N

1 0.0303 1068.4 −177.70 1.2461
2 0.0077 1512.0 443.55 1.0684
3 0.0066 1612.3 100.35 1.5120
4 0.0092 1403.5 −208.83 1.6123
...

...
...

...
...

14 0.0088 1437.4 8.97 1.4284
15 0.0087 1439.9 2.50 1.4374
16 0.0088 1436.8 −3.11 1.4399
17 0.0088 1435.9 −0.86 1.4368

Table 8. Normal deformation δi of the modified RV speed reducer prototype.

i 2 3 4 5 6 7 8 9 10

δi/mm 0.0078 0.0086 0.0088 0.0088 0.0086 0.0083 0.0079 0.0074 0.0069

i 11 12 13 \ 33 34 35 36 37

δi/mm 0.0064 0.0058 0.0051 \ −0.0086 −0.0088 −0.0088 −0.0086 −0.0078
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Adams simulation results of the contact force between cycloidal gears and pinwheels of the
modified RV speed reducer prototype model are shown in Figure 12. Changes of the contact force can
be observed. The simulation result of the maximum contact force Fmax is 1428 N, which is similar to
that of Fmax of the modified RV speed reducer prototype model. The maximum contact force result of
the cycloidal gear that is obtained by the tooth contact analysis method shows acceptable agreement
with the Abaqus simulation result.
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The TE of the modified RV speed reducer prototype model is obviously reduced. This is due to
the decrease of normal deformation δi and the contact force caused by the increase of meshing gears.
Therefore, it can be indicated that the proposed TE compensation method effectively improves the
transmission accuracy of RV speed reducers.

5.3. Meshing Analysis and Experimental Validation

Cycloidal gear specimens a1 and a2 were manufactured by a gear grinding machine based on
parameters of the initial and modified RV speed reducer models. Manufacturing errors of cycloidal
gears are inevitable. Tooth profiles of cycloidal gear specimens a1 and a2 were measured by using a
tooth profile meter. Measurement results with an amplification factor of cycloidal gear specimens a1
and a2 are shown in Figure 13. Curves A0, A1, and A2 are tooth profiles of the theoretical cycloidal
gear a0 without any modification, the measurement result of the initial model profile of the cycloidal
gear a1 with manufacturing errors, and the measurement result of the modified model profile the
cycloidal gear a2 with manufacturing errors and modifications, respectively.

TE tests for RV speed reducers were conducted on a TE test bench, as shown in Figure 14.
Equipment types of components in the TE test bench are listed in Table 9. The TE test result of the RV
speed reducer with the cycloidal gear specimen a1 was 1.552’ and that of the RV speed reducer with
the cycloidal gear specimen a2 was 0.819’, as shown in Figure 15. By comparing the TE test result of
the RV speed reducer with the cycloidal gear specimen a2 and that with a1, the TE test result of the
modified RV speed reducer prototype was reduced by 47.22%. TE test results showed the effectiveness
of the proposed elastic TE compensation method.

Table 9. Equipment types of components in the TE test bench.

Equipment Company Model Accuracy Sampling
Frequency

Rated
Speed Rated Load

Angle encoder Renishaw RESM ±0.38 250 Hz \ \

Motor Zhongchuang ZC80SA \ 100 HZ 3000 rpm 9.5 KW
RV speed reducer Nabtesco RV-80E-101 \ \ \ 3.26 KW
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6. Conclusions

A geometric TE analysis model is developed to determine error factors with positive effects
on the total TE of an RV speed reducer and calculate its sensitivity indices. A TE compensation
method for cycloidal gears is proposed based on modification. The maximum contact force and normal
deformation of contact points are calculated by the tooth contact analysis method. Total TEs of RV
speed reducers with elastic TEs can be compensated by tooth surface modification of cycloidal gears.
This process is called the elastic TE compensation method, the feasibility of which is validated by
simulation and experimental results. This method can quickly calculate the compensation value of the
error of each component for the total TE to improve transmission accuracy, shorten the development
cycle, and reduce the manufacturing costs of RV speed reducers. Based on the obtained results, some
conclusions can be drawn as follows:

• The TE of an RV speed reducer can be compensated by error factors of components with positive
effects that are determined by the error compensation model.

• Tooth surface modifications of a cycloidal gear transmission for its TE compensation can be
calculated by error sensitivity analysis of the RV speed reducer.

• Meshing conditions of cycloidal gears and pinwheels of an RV speed reducer can be improved
by TE compensation. The maximum contact force, normal deformation, and the meshing tooth
number of the cycloidal gear transmission can also be improved.
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