This work was written as part of one of the author's official duties as an Employee of the United
States Government and is therefore a work of the United States Government. In accordance
with 17 U.S.C. 105, no copyright protection is available for such works under U.S. Law. Access to
this work was provided by the University of Maryland, Baltimore County (UMBC)
ScholarWorks@UMBC digital repository on the Maryland Shared Open Access (MD-SOAR)
platform.

Please provide feedback

Please support the ScholarWorks@UMBC repository by
emailing scholarworks-group@umbc.edu and telling us
what having access to this work means to you and why
it’s important to you. Thank you.



mailto:scholarworks-group@umbc.edu

PHYSICAL REVIEW E 69, 057601(2004

Electromagnetic density of modes for a finite-size three-dimensional structure
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The concept of the density of modes has been lacking a precise mathematical definition for a finite-size
structure. With the explosive growth in the fabrication of photonic crystals and nanostructures, which are
inherently finite in size, a workable definition is imperative. We give a simple and physically intuitive defini-
tion of the electromagnetic density of modes based on the Green’s function for a generic three-dimensional
open cavity filled with a linear, isotropic, dielectric material.
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Several attempts have been made to generalize the notioial? These questions have no easy answers fundamentally
of the local density of moded.DOM)—or local density of because the electromagnetic problem is no longer Hermitian
states—and the density of modéBOM)—or density of and the cavity does not admit eigenmodes in the usual sense
states—to the case of open cavities—i.e., structure of finitgf the word. As a consequence, the Green'’s function does not
size where electromagnetic energy can flow in and out of thedmit a straightforward expansion in terms the cavity modes
volume bounded by the surfa@eof the cavity[1-6]. Quite  [7,9] and the very notion of the LDOM would seem to lose
surprisingly, the concept of the density of states for a finiteits validity. In other words, can a LDOM still be defined
size structure still lacks a simple, concise definition. In thewhen the problem is not Hermitiaithe case of open cavity
words of Felbacq and SmaafiSuch notions as that of the or material absorption and what is its physical meaning in
density of states or local density of states, which are cruciathis case10]?
in the description of the coupling between field and matter, To answer these deceptively simple but crucial questions
cannot be straightforwardly defined for finite structurd$]. we go back to the usual starting place—that is, Maxwell’'s
In our estimation, the most likely reason why the concepts okquations, which we write in MKSA units, in the frequency
the LDOM and DOM have not yet found straightforward domain, assuming a harmonic time dependence of the type
extensions to the case of three-dimensi@B8al), finite struc- e-ie Y gnd nonmagnetic materialg, =1):
tures is probably due to the fact that most approaches have
focused on the mathematical rather than the basic physical
aspects of the problem. Furthermore, due to their basic sim-
plicity, 1D and 2D open cavities filled with nonabsorbing L _ © R
materials remain the subject of choice of most researchers. V X B, = uody() —i5e,(NE,, (1b)

If we have a closed cavity such that the field vanishes at c

the edges or a cavity where periodic boundary conditions can here J . | densi is th
be applied(such as a multilayer stack of infinite length W"ere (1) is a complex current density,,(r) is the spa-

filled with a nonabsorbing medium, we can expect that thdially dependent, reIathve, (_:olmplex dielectric function of the
electromagnetic energy will be conserved inside the cavityMaterial, ande, () =,(f) +is,(f). Note that we use a ge-
and the problem in Hermitian. In this case, the LDOM standderic, linear, and isotropic dielectric material. Equatioij
for the number of eigenmodes per unit volume and unit fredescribe the steady-state case; i.e., we assume that both the
quency at a poinf inside the cavity. If the electromagnetic electromagnetic field and the sourdg(r) oscillate with a
field can be specified by a single field compon@rE or TM  harmonic time dependence. Taking the curl of Eg) and
polarization, then the scalar Green’s function can be ex-using Eq.(1b), we arrive at the following equation for the
panded in terms of the eigenmodes of the cavity and thelectric field:

LDOM can be calculated through the imaginary part of the )

scalar. Green’s fgnct|onpw(F)oc—Im[Gw(r,F)] [1.1,7:&. The SV XV X éw+ “’_st(r»)éw: _ iw,uojw. )
DOM is then defined as the average LDOM inside the vol- c

umeV of the cavity. So we ask) what happens if the cavity

is open, such that electromagnetic energy can flow in and o&t?t us now COF‘Sider a _cavity (.)f volu_m(aand _surfacé;filled
of the volume bounded by the surfaSeof the cavity?(ii) with a dielectric material of dielectric functios,(r), where

What happens if the cavity is filled with an absorbing mate-a known current density,(r) is present. Multiplying Eq(2)
by E;, integrating over the volum¥, using the vector ana-
log of Green’s first identity[11], and using Eq(1a, we

*Electronic address: giuseppe.daguanno@timedomain.com arrive at the equation

X E,=iwB,, (1a)
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— 2 — —
—V XV X G, (F,fo) + %sw(F)Gw(F, Fo) = 18(F = Fy), (6)

where

o ()= {aﬁ(r*) +iel (M) inV,

gout  OUtsIdeV,

and g,; Is the real dielectric constant of the homogeneous
medium that surrounds the cavity. The appropriate boundary
conditions that apply in our case are those of an outgoing
wave; i.e., no electromagnetic energy is flowing from outside

FIG. 1. Schematic representation of a point dipole embedded i#to the cavity through the surfac®@ Herel is the unit dy-

a cavity of volumeV and surfaces filled with a generic linear and ~ @dic. As a particular case, from E() we can calculate the
isotropic dielectric material. power emitted by a point dipole in free space. In that case

and for the boundary conditions just described, the dyadic
Green'’s function solution of Eq6) is [12,13

1 e % 1 ->
- —Ref J,-E dV= —wsof & |E,|2dV
2 Jy 2y

G

o = A fo
1 E xXB,| . w.ap
+—Ref [‘”—“’} -AdS.  (3)
2 Jsl  mo

free spaces - 1 [ 1 32 :|6X|:[ik0|F— l?0|:|
5 (LR =———| 8,

7=l

+
k3dadp

. . (aiﬂ):xiyizi (7)
Equation(3) makes a statement about energy conservation. It

says that the mean electromagnetic power emiibedn any whereko=w/c is the vacuum wave vector anil; is Kro-

case lost by the sourceiw (left-hand sidg is equal to the necker’s delta. From Eq$5) and(7) we obtain
mean power dissipated in the volurie(first term on right-

hand sidg plus the mean power flowing through the surface _ 10| Bol2
S (second term on right-hand sider Wenitted free spacs 2 Foltot. (8)
’ 127mc
Wemiteq™ Waissipatea inv *+ Wrowing trough s (4) " This is the power emitted, or lost, by an electric dipole in

) o free space, and it is the classical result we are all familiar
The assumption of a steady state implies the presence ofgip, [14]. Now, from Eq.(5) and (8), we obtain
generator, or forcing term, in order to maintain the current

density under harmonic oscillation. In short, this means that
Wenmite—1/2 R\, E,,dV=7Wyeneraior Where 0< <1 is
the efficiency of the generator.

Let us now suppose that the source of the electromagnetic

radiation is located in a very small region inside the cavityFrom Eq.(9) we deduce that the mean power emitted by a
and that it is centered near the pofigt We emphasize that Q;garmonically driven oscillating electric dipole oriented along

_ Wemited ) _ oG, 50 ()

Wemitted,free space

we are not discussing an extended source, but a very W& and located at a positioninside a generic, 3D cavity of
localized one. Let us also suppose that the Source 1S a SIMpiR1ymev, filled with a generic linear and isotropic dielectric
electric dipole of momentp,. It follows that J,(F)=  material, is modified with respect to the power emitted by the
—iwPod(r—ry) (point dipole, a situation which is depicted in  same dipole in free space by a factor proportional to the
Fig. 1. The mean power emitted by the dipole can be calcuimaginary part of thexx component of the dyadic Green’s
lated by using Eq(3) and by exploiting the properties of function. Note that this factor does not depend on the

Dirac’s ¢ function: strength of the dipole momeng,|, but still depends on its
orientation, a fact that is often neglected, or unneeded, in
— . @10l Pol? .. lower-dimensional systems.
Wemitted Fo) = = TIm[Gw,;(;((ro,ro)], 5 What one should generally require from the LDOM is that

(i) it account for the modification of dipole emission rates

with respect to emission rates in vacuum giglit give the

= correct limiting value for the DOM of free space when cal-

function G,(f,fo) calculated atr=r,, whereX is the unit culated for an empty cavity whose dimensions go to infinity.
vector along which the dipole is oriented. The dyadicThe simplest way to satisfy these two requirements is to
Green'’s function satisfies the equation write the LDOM as

whereG,, 35(fo, o) is thexk component of the dyadic Green’s
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Weo (P caution should be exercised in extending the meaning of in-

Pu(F) = Portree spacs—— o —— trinsically three-dimensional quantities, such as the LDOM,
Wemitted,free space to lower-dimensional problems. We will expand on this sub-

6mC ject separately. Finally, when the dielectric is nonabsorbing,
= = —— o, free spackM[Go (1.1 (100  both the LDOM and DOM become directly measurable

) physical quantities by monitoring the power radiated by a
Consequently, the DOM will be poin_t dipole outside the surfa@ . L
Finally, a note about electric multipole and magnetic di-

<V_Vemmeo(F)> pole sources. In this work we have explicitly referred to the

Po= Pofree space— case of a simple point electric dipole. Should the source con-

Wenmitted free space sist of an electric quadrupolé&ipole forbidden, for ex-

6mC ample, or even a magnetic dipole, things then appear to be-

===, Poiree spacdIM[G,, s(F,1)]), (11  come more complex from a computational point of view.

Conceptually, however, the problem retains its simplicity. In

where the symbo{ ) denotes a spatial average over the vol-fact, our results suggest that the LDOM may be generally
umeV of the cavity. We note that for a closed cavity filled defined as

with a nonabsorbing materiaWioning throughs=0, and B V_Vemitte {7
Wiissipated inv=0. From Egs.(4) and (10) it follows that Pu(F) = pofree spacg
p,(N=0; i.e., dipole emission rates are inhibitgid]. In this emitted free space

regard, we note that the quantum spontaneous emission i ere V_Vemmeo(F) is the mean power emitted by the point

of an atom embedded in a dielectric microcavity is propor- : o .
. . o source, regardless of its specific nature. What is also remark-
tional to the total classical radiation energy of a correspond=

ing dipole current in the same dielectric microcayig,17. able is that while in the case of an electric dipole the LDOM

In the case of an open cavity filled with a nonabsorbingcan be directly linked to the imaginary part of the Green’s

. . . _— dyadic[see Eq(10)], in other cases the connection with the
material we arrive at anperational definition O.f the LDOM Green’s dyadic is not obvious, and its application should be
From Eg. (4), in the case of no absorption, we have

T explored on a case-by-case basis, depending on the particular
Wemitted™ Whiowing throughss @nd the LDOM is directly propor-  npature of the source. Of course, whether a connection to a
tional to the mean power radiated by a harmonically drivengreen function can be made or not is only relevant from a
point dipole: mathematical point of view. Such a connection, or lack
— thereof, would take nothing away from the simplicity of the
(F) = WI(F)fiowing throughs concept that we advance here: that for finite, 3D structures
Po Pofree space == .y ’ the LDOM can always be thought as being proportional to
B emitted.iree space the ratio between the power emitted by a point source lo-
where W )souing throughs IS @ physical quantity that can be cated inside the cavity and the power emitted by the same
directly measured in an experiment point source in free space. .

Our discussion shows that despite the prevailing view, !N conclusion, we have shown that the physical concepts
concepts of the LDOM and DOM can easily be defined anc?f the LDOM and DOM can be extended to 3D structures of
understood for a finite, 3D, open cavity filled with a generic finite size without conceptual difficulties. The results suggest
linear and isotropic dielectric material in terms of tais-  that the LDOM is directly linked to the power emitted by a
sion rates of a single-point dipaland not extended sources, Point source inside the cavity, regardless of the particular
as is normally done in lower-dimensional systems, where th8ature of the source. On the other hand, while the extension
symmetry of the source is usually exploited to reduce thd® 3D presents us with few conceptual obstacles, calculation
complexity of the problem. By extended source here wePf the Green's dyadic function found in E@6) for the
mean a dipole layer that may be found inside 1D multilayer€l€ctric-dipole case or the calculation of the power emitted

stacks[1-3,§ or a dipole current that runs along an infinitely PY the point source in the most general case is a task that can
long wire in the so-called “forest of rod$#,5]. In this latter only be accomplished numerically, an undertaking that takes

context, Fussellet al. [18] have recently calculated the Nothing away from the simplicity of the underlying concepts
Green’s dyadic for a 2D photonic crystal composed of a fi-°f the DOM and LDOM.

nite cluster of circular cylinders having infinite length, in the
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