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Abstract. In this paper, we identify conditions, based solely on the observed data, for the
global well-posedness, regularity, and the asymptotic tracking property of solutions of the Newtonian
relaxation (nudging) algorithm for data assimilation for the three-dimensional incompressible Navier—
Stokes equations (3D NSE). A rigorous analysis of this algorithm for dissipative partial differential
equations was first provided by Azouani, Olson, and Titi [J. Nonlinear Sci., 24 (2014), pp. 277—
304] in the context of the two-dimensional Navier—-Stokes equations. In that analysis, as also in
each of the subsequent ones of other dissipative systems including the 3D Boussinesq system with a
large Prandtl number, the primitive equations of the ocean and atmosphere, and several a-models
of turbulence, a crucial role is played by the known uniform H!'-norm bound of the absorbing ball
(i-e., an eventual H!-norm bound on a solution of each of these systems). However, in the 3D case,
even for a globally regular solution, no such (eventual) uniform H'-norm bound is known. The
starting point of our analysis is a Leray—Hopf weak solution, satisfying a certain condition based on
observations, which subsequent work has shown to imply eventual regularity (and regularity in case
the solution is on the weak attractor). To the best of our knowledge, this is the first such rigorous
analysis of the Azouani—Olson—Titi data assimilation algorithm for the 3D NSE for which an a priori
eventual uniform H'-norm bound is unknown, even if the solution is regular.
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1. Introduction. For a given dynamical system, which is believed to accurately
describe some aspect(s) of an underlying physical reality, the problem of forecasting is
often hindered by inadequate knowledge of the initial state and/or model parameters
describing the system. However, in many cases, this is compensated by the fact that
one has access to data from (possibly noisy) measurements of the system, collected on
a much coarser spatial grid than the desired resolution of the forecast. The objective
of data assimilation and signal synchronization is to use this coarse scale observational
measurements to fine tune our knowledge of the state and/or model to improve the
accuracy of the forecasts [24, 45].

Due to its ubiquity in scientific applications, data assimilation has been the sub-
ject of a very large body of work. Classically, these techniques are based on linear
quadratic estimation, also known as the Kalman filter. The Kalman filter has the
drawback of assuming that the underlying system and any corresponding observation
models are linear. It also assumes that measurement noise is Gaussian distributed.
This has been mitigated by practitioners via modifications, such as the ensemble
Kalman filter, the extended Kalman filter, and the unscented Kalman filter, and
consequently, there has been a recent surge of interest in developing a rigorous math-
ematical framework for these approaches; see, for instance, [5, 39, 45, 46, 48, 57] and
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the references therein. These works provide a Bayesian and variational framework
for the problem, with emphasis on analyzing variational and Kalman filter based
methods. It should be noted, however, that the problems of stability, accuracy, and
catastrophic filter divergence, particularly for infinite dimensional chaotic dynamical
systems governed by PDEs, continue to pose serious challenges to rigorous analysis
and are far from being resolved [15, 16, 39, 65, 66].

An alternative approach to data assimilation has recently been rigorously ana-
lyzed in the context of dissipative PDEs in [7, 8]. Motivated by earlier work, mainly in
the context of finite dimensional dynamical systems governed by ordinary differential
equations and early work in meteorology [4, 6, 14, 42, 54, 64, 62, 68], this algorithm
employs a feedback control paradigm via a Newtonian relazation scheme (nudging).
This was in turn predicated on the notion of finite determining functionals (modes,
nodes, volume elements) for dissipative systems, the rigorous existence of which was
first established in [35, 36, 37, 43]. Due to the fact that it was first studied rigorously
in fluid dynamics in [7, 8], we henceforth refer to the system associated to the nudg-
ing algorithm as the Azouani-Olson—Titi (AOT) system. The AOT system was later
generalized to include various other models and convergence in stronger norms (e.g.,
the analytic Gevrey class) [2, 13, 28, 30, 31, 32, 33, 51, 55|, as well as to more gen-
eral situations such as discrete in time and error-contaminated measurements and to
statistical solutions [10, 12, 34]. This method has been shown to perform remarkably
well in numerical simulations [3, 29, 38, 40, 41, 47] and has recently been successfully
implemented for the first time for efficient dynamical downscaling of a global atmo-
spheric reanalysis [25]. Recent applications include its implementation in reduced
order modeling (ROM) of turbulent flows to mitigate inaccuracies in ROM [67], and
in inferring flow parameters and turbulence configurations [26, 18].

We will now give a schematic description of the AOT system. Assuming that the
observations are generated from a continuous dynamical system given by

d
U= F(u),u(0) = ug,
the AOT algorithm entails solving an associated system
d
(1.1) 7= F(w) — p(Ipw — Inu), w(0) = wy (arbitrary),

where I}, is a finite rank linear operator acting on the phase space, called an interpolant
operator, constructed solely from observations on u (e.g., low (Fourier) modes of u
or values of u measured in a coarse spatial grid). Here h refers to the size of the
spatial grid or, in case of the modal interpolant, the reciprocal of h stands for the
number of observed modes. Moreover, p > 0 is the relazation/nudging parameter. An
appropriate choice of u is crucial in establishing that the AOT system (1.1) is well-
posed and that its solution tracks the solution of the original system asymptotically,
ie, |lw—ul| — 0 as t — oo in a suitable norm.

Here, we consider the well-posedness, stability, and convergence/asymptotic track-
ing property of solutions of the AOT system for the three-dimensional incompressible
Navier—Stokes equations (3D NSE). Although numerical simulations demonstrating
the efficacy of the AOT algorithm for the 3D NSE have recently been demonstrated
in [27], to the best of our knowledge, this is the first such rigorous analytical result
for the 3D NSE. Our starting point in the analysis is observations on finitely many
modes or volume elements (more generally, type 1 observations [7]) of a given solu-
tion u of the 3D NSE with an arbitrarily large Grashoff number and with either space
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periodic or Dirichlet boundary conditions. We consider a Leray—Hopf weak solution,
satisfying a certain condition based on observations (more precisely (1.6) in case of
modal observations or (3.8) for volume element observation), which subsequent work
has shown to imply eventually regularity (and regularity in case the solution is on the
weak attractor). More importantly from our perspective, unlike in data assimilation
for the 2D NSE or the a-models of turbulence in the 3D case [1, 2, 7, 28, 33] we do
not know the bound
(1.2) M= sup |lus (T >0),

[To,00)
where T} is the time beyond which the solution is regular. Note that global regularity
simply means that supjy 7y [lul[m < oo for all T' < oo, and unlike in the 2D case, it
is quite possible for a globally regular solution to satisfy limsup,_, . ||ullm = oo (i.e.,
M = oo, where M is asin (1.2)). Furthermore, in all the cases mentioned before where
a rigorous analysis of the AOT system is available, including the 3D cases such as
the Navier-Stokes-a models [1, 2, 33] and the Boussinesq system with a large Prandtl
number [28], it is known that an absorbing ball exists with an explicit estimate (in
terms of the physical parameters) of a uniform bound of its H!'-norm. This in turn
means that not only M as in (1.2) is finite for a sufficiently large Tp, an estimate of it
in terms of the physical parameters of the system is available. This fact is critical in
setting the value of the parameter p in (1.1) that guarantees well-posedness, stability,
and the asymptotic tracking property of solutions of the AOT system. Moreover,
these bounds are used in providing an upper bound on the spatial resolution h of the
observations (or lower bound on the number of observed low modes) necessary for
data assimilation. Such a bound M is unknown for the 3D NSE, even for a globally
regular solution.

In this work, we circumvent this difficulty by identifying a condition on the ob-
served data (e.g., (1.6) for modal observations or (3.23) for a more general type 1
observation operator) which leads us to appropriately set the value of x in (1.1) such
that the AOT system is well-posed and its solution asymptotically tracks the solution
u exponentially. We note further that unlike in the 2D case where one uses the 2D
embedding inequalities, the global well-posedness of the AOT system does not follow
from the usual Sobolev embedding inequalities in three dimensions; instead it cru-
cially depends on the choice of p, which in turn depends on condition (1.6) or (3.23).
Moreover, our condition does not depend on any a priori knowledge of the regularity,
or the bound M in (1.2), which may not even be finite. We further emphasize that
our result applies quite generally to an arbitrarily large Grashoff number.

1.1. Connection to regularity. At the time of submission of this manuscript,
it was unknown whether the conditions (1.6) or (3.23) imply regularity, although as
noted in the discussion below, an (eventual) uniform bound as in (1.2) implies our
condition. In a follow-up work [9] of the first author (together with another collabo-
rator), we have established that (1.6) and (3.23) are in fact new, observable regularity
criteria on the weak global attractor of the 3D NSE. This result, which is obtained a
posteriori, and without any a priori assumption of regularity on the Leray—Hopf weak
solution u, essentially uses the techniques developed in this paper. Additionally, for
general Leray—Hopf weak solutions not necessarily on the weak attractor, it is now
known that our conditions also imply eventual regularity. More precisely, if either of
(1.6) or (3.23) holds with T' = 0o, then there exists a time T such that the solution of
the 3D NSE u is regular on [Ty, 00), i.e., supip, p) [[ullm < oo for all fixed 77 satisfy-
ing Ty < Ty < oo. This result was obtained by Cheskidov and Titi [21] and involves a
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contradiction argument that crucially makes use of the asymptotic tracking property
(e.g., Theorems 3.3 and 3.6) obtained here.

Examples of nonstationary 3D flows with an arbitrarily large Grashoff number
which are either regular or eventually regular include Navier—Stokes equations in a
thin 3D domain [52, 53, 56], large Prandtl number flows in case of the Boussinesq
system [69, 70], as well as 2D flows which can be considered as “embedded” in 3D
flows.

1.2. Overview. We will give a brief description of our results in the case of the
modal interpolant (observable), even though our results are applicable to the more
general case of a type 1 interpolant operator (see section 2 or [8, 7] for a definition).
Let A denote the Stokes operator (see section 2 or [23, 63]) with either the space
periodic or the homogeneous Dirichlet boundary condition. It is well-known that A is a
positive self-adjoint operator with a compact inverse (on appropriate functional spaces

as described in section 2) with eigenvalues 0 < Ay < Ay < -+, with Ax — oo. Let
the modal interpolant Px be orthogonal projection on the (finite dimensional) space
spanned by eigenvectors corresponding to eigenvalues A1,...,Ax. Let the Navier—

Stokes equations be given by (2.1) (or in its functional form (2.2)) and let G denote
the (nondimensional) Grashoff number

o Il
1/2/\:13/47

where v is the kinematic viscosity and f is the body force. Let u be a Leray—Hopf weak
solution of the 3D NSE (see Definition 2.1), satisfying the energy bound ||u(t)||r2 <

GVAI1/4 for t > t, [23]. Henceforth, a < b means a < Cb and a 2 b means a > Cb, for
some nondimensional constant C' which may depend on the Sobolev constants (i.e.,
the domain), but not on any other physical parameters. Moreover, the notation a ~ b
means that both a < b and b < a hold.

Following Theorem 3.2 (see (3.7)), define

2
Mz, =8 ||J;HL2 + sup ||Px(u)||Z: |, where to < T < oo.
’ 2081 te[to,T)

We first proceed to show that Mg ,, as defined above is finite. To that end, using the
fact that [23, 63]
| Preullss ~ [AY? Preull 2 < Alul] 2,

we have
sup || Preullsn SN sup ullze S AAT G,
t€[to,00) t€[to,00)
where in the last inequality, we used the uniform bound on the L?-norm of a Leray—
Hopf weak solution u noted before. We thus conclude that in the definition above,
MK,u < 00.

With the above notation, our sufficient condition for the AOT algorithm (1.1)
to be well-posed, admitting a “regular” solution w, and possessing the (exponential)
tracking property (i.e., ||w —ul|r2 < e7#!) on the time interval [tg, T) with tg < T <
00, is given by (see (3.8))

2eM% A
(1.3) Vmax{ CV4K,)\1} < V4K.
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This is equivalent to
2v/2cM?
R < 0% and 4 <
v

In other words, denoting ¢; = 16v/2c and using the definition of Mk, above, we need
K satisfying

(1.4)

I1£113- | SUPrefto.1) 1 Prc (w)|31
Nt V2

) < A% and4x; < Ak

Let Ky be the smallest natural number such that we have

21| £1Z:

1/2
%, < A% and 4X < Ag V K > K.

(1.5)
Since A\ is strictly increasing in K and Axg — oo as K — oo, the existence of such a
Ky (which in fact is unique since A is strictly monotone) is guaranteed. Note that
no smallness condition on f is necessary for this to hold. However, a larger value of

[I£llz2 will necessitate a larger value of Ky. Now, once Ky is thus defined, provided
there exists K > K which satisfies

21 SUP¢e(ty,T) | Pk (u)”%ﬁl
1/2

< A2

then Ag satisfies (1.4) and, consequently, (1.3). Thus, with Ky as in (1.5), one may
reformulate (1.3) as

—1/4

(1.6) J K € N,K > Ky such that “£— sup || Pgul[m <
Vo [te,T)

o

A similar condition can be formulated for a more general type 1 interpolant (e.g.,
volume element) as well (see Theorems 3.5 and 3.6).

Remark 1.1. We now note the following concerning condition (1.6), and more
generally concerning Theorems 3.2, 3.3, 3.5, and 3.6.
1. The size of || f||z2 (i-e., the Grashoff number G) occurring in the definition of
Mg ,, above can be arbitrarily large. A larger Grashoff number will in turn
necessitate a larger value of Ky in (1.5). We note that in the 2D case, where
regularity of w is known, with |Julm < V)\}/ZG in the space periodic case,
(1.6) holds for K ~ K. This is indeed the case due to

(L.7) 1Prcullsn ~ A2 Preull 2 < |AY?ull 2 ~ Jfuls.

Therefore, in the 2D space periodic case, (1.5) and (1.6) simplify to a single
condition, namely A > C), ,\1G4. A similar bound for the number of modal
observations necessary for the AOT algorithm to converge in the 2D case
was obtained in their seminal work by Azouani, Olson, and Titi [7] (though
their bound is much sharper for the 2D space periodic case, namely, A\ >
C(v,\1)G"?, due to the fact that they used 2D Sobolev embedding inequali-
ties in their derivation). Thus, (1.3) may be viewed as a generalization of the
2D result in [7] to the 3D setting.
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2. The condition (1.6) depends only on the observed part of the data Pru (i.e.,

the low modes) and does not involve the high modes. This ensures that we
can construct the data assimilation system (1.1) based only on the observed
data, provided (1.6) holds, which can in turn be verified from the observations.
Moreover, the value of the tuning parameter p, crucial in setting up (1.1),
can be determined from the observed data as prescribed in (3.8).

. Denote

(1.8) Kiny = min{K : K satisfies (1.3) (or (1.6))}.

Suppose that u is regular on the interval [tg,T) where tg < T < oo and
satisfies

(1.9) sup ||uljm < oo.
[t07T)

Due to (1.7) and the fact that Ax — oo as K — oo, clearly, in this case, we
have K,y < co. However, K,y (equivalently Af,,,) as defined in (1.8) may
be much smaller than the one determined by the upper bound provided by
(1.9).

. At the time of the submission of the manuscript, the converse direction of part

3 above was unknown. Subsequently, using the techniques developed here, we
have shown in [9] that (1.6) implies regularity on the weak attractor of the 3D
NSE. More precisely, if {u(t) : t € R} is a Leray-Hopf weak solution on the
—1/4
weak global attractor of the 3D NSE satisfying )‘Ku/ SUp(_ oo, 1] [ Prrullm <c,
then u is regular on (—oo, T|. Additionally, it is now also known that condition
(1.6) with T' = oo implies eventual regularity, i.e., if (1.6) holds with T' = oo,
then there exists T such that u is regular on [Tp, 00), i.e., for all T3 satisfying
To < T1 < 00, supir, 1 [[ullmr < oo. This result, which uses a contradiction
argument and the asymptotic tracking property established here in Theorems

3.3 and 3.6, was obtained by Cheskidov and Titi [21].

. Assume that v satisfies (1.6) with 7" = co. Then, due to the eventual reg-

ularity result due to Cheskidov and Titi [21], we know that u is regular
on some interval [Tp,00) and supr, ) llullm < oco. An interesting ques-
tion that arises here is whether it is possible for supp, . [[u(t)|[m: = oo for
a solution that is regular on [Ty, oc0). Although we do not know the an-
swer to this question, we note that if such a regular solution u exists, then
there exists another solution @ of the 3D NSE with initial data 4o € H*
and a finite time Ty < oo such that @ is regular on [tg, Tp) but not at Tj
(i.e., limsup, ~7, [|u(t)[[m = oo) [23]. In other words, if solutions of the
3D NSE are globally regular for all initial data in H', then in fact (1.9)
holds.

. It is shown in Theorem 3.4 that the wave number K, ¢ identified in (1.8) is a

determining wave number for the 3D NSE. A different notion of a time-varying
determining wave number A(t) for the 3D, space periodic NSE is given in
[19, 20]. One crucial difference between them is that K, can be determined
by observing finitely many modes while determining the time dependent wave
number in [19, 20] requires the knowledge of all Fourier modes of u; a detailed
discussion and comparison is provided in Remark 3.4. However, A(t) is known
to be a determining wave number for any Leray-Hopf weak solution. On the
other hand, the pointwise analogue of Kj, ¢ is not known to be a determining
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wave number for a possibly non-regular Leray—Hopf solutions (if they exist)
at this point.

The organization of the paper is as follows. In section 2, we establish the requisite
notation and state preliminary results and facts. In section 3, we state and prove
our main results, while in section 4, we provide an adaptive version of our algorithm
which might be useful for computational purposes when the flow is turbulent in certain
intervals of time.

2. Notation and preliminaries. The 3D NSE on a domain 2 with time inde-

pendent forcing (assumed for simplicity) is given by

ou
(2.1) E—I/Au—i—(wa)u—i—Vp:f,V-u:()forte((),oo),
with the initial condition w(0) = ug. Here u denotes the velocity of the fluid, p denotes
the pressure, v is the kinematic viscosity, and f is the body force. Concerning the
boundary conditions, we assume either that Q C R? is bounded with boundary 99 of
class C? and u|pq = 0 or that Q = [0, L]? and u is space periodic with space period
L in all variables with space average zero, i.e., fQ u = 0. For simplicity, we also take
the body force f to be time independent with f € (L2(£2))3.

We briefly introduce the functional framework for (2.1); for a more detailed dis-
cussion see [23, 63]. For a > 0, we will denote by H*(2) the usual Sobolev space of
order a. In the case of the periodic boundary conditions we consider V as the set of all
L-periodic trigonometric polynomials from R3 to R? that are divergence free and have
zero average. In the case of the no-slip Dirichlet boundary conditions we consider V
as the set of all O vector fields from  to R? that are divergence free and compactly
supported. Then H is the closure of V with respect to the norm in (L?(£2))? and V is
the closure of V with respect to the norm in (H!(2))3. The inner products in H and
V are given by

(u,v) = /Qu(x) ~v(z)dx YV u,v € H

and s
ou Ov
= . d v V
((u.0) /Zax e Vv eV,
and the corresponding norms are given by |u| = (u,u)'/? and |jul|= ((u,u))*/?, re-

spectively. We also denote by P, the Leray—Hopf orthogonal projection operator from
L?(Q2) to H. The Stokes operator is given by

Av =Py (—A)v,v € H*(Q)NV.

We recall that A is a positive self-adjoint operator with a compact inverse and
D(A) = {u € V : Au € H}. Moreover, there exists a complete orthonormal set
of eigenfunctions ¢; € H such that A¢; = A\;¢; where 0 < Ay < Ag < A3 < -+ are
the eigenvalues of A repeated according to multiplicity. In case u € D(A%),a > 0,
then v € H?**(Q) and ||ul|g2e ~ |A%u|. With the notation above, by applying the
projection P, to (2.1), we may express the NSE in the functional form as

d
(2.2) d—z +vAu+ B(u,u) = f, V-u=0 fort e (0,00),u(0) = up,

where B(u,u) = Py (u - V)u an for simplicity and where, by an abuse of notation, we
denote P, f by f.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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We denote by Hy the space spanned by the first IV eigenvectors of A and the
orthogonal projection from H onto Hy is denoted by Py. We also recall the Poincaré
inequality

(2.3) Aol < Jloll,v € V.

Let V' denote the dual space of V. The bilinear continuous operator B from
V x V to V' is defined by

<B(’U,7’U),U}> = Z/ ui(aivj)wjvuvvvw € Vv
i 78

where (-, -) denotes the duality between V and V’. The bilinear term B satisfies the
orthogonality property
(B(u,w),w) =0 Yu,w € V.

Moreover, the bilinearity of B implies
(2.4) B(u,u) — B(w,w) = B(u — w,u) — B(w,w —u) = B(w,u) + B(w,w).

We recall some well-known bounds on the bilinear term in the 3D case which appear
in [58, 63].

PROPOSITION 2.1. Ifu €V, v € D(A) and w € H, then B(u,v) € H and

(2.5) |(B(u,v),w)| < ellulgsl|Vollzs|lw] 2 < ellullo]]'?]Av]"/2 uw].

Moreover, if u,v,w € V, then B(u,v) € H and

(26)  |(B(u,v),w)| < ellull ol Vol z2llwlle < el full > [lv][[w] 7/ [lw]|*/2.
DEFINITION 2.1. wu is said to be a weak solution of (2.2) if for all T > 0, u belongs

to L>([0,T]; H)NL*([0,T;; V)N C([0,T; V)N C([0, T]; Hy), G € L'((0,T); V') and
satisfies a.e. t

%(u,v) + v((u,v)) + (B(u,u),v) = (f,v) Yo € V and u(0) = ug.

In the above definition, H,, denotes the Hilbert space H equipped with its weak topology.
A weak solution u is said to be a Leray—Hopf weak solution if it additionally
satisfies for a.e. ty € [0,00), including at to = 0, the energy inequality

@1 ShOF -+ [ P < g + [ () ds ¢

as well as the global (in time) energy bound

2
(2.8) lu(t)]? < e Mt ug|? + ‘{/'\2 (1—e M) ¢t >0.
VeAL

A weak solution is said to be a strong solution if it also belongs to L*°((0,T); V)N
L*((0,T); D(A)).
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Note that the equality u(0) = up makes sense as u € C([0,T];V"). Moreover, it
follows immediately from (2.8) that for any Leray—Hopf weak solution, there exists a
time ¢, = t.(up) such that

/1

(2.9)  |u@®))* < 2G22\[ Y2V ¢ > ., where the Grashoff number G = .
1 ,2)\3/4
1

The Galerkin approximation corresponding to (2.2) is given by the solution uy
of the following Galerkin system:

d
% + vAuy + PNB(UN,UN) = Py f,

(2.10) Vouy =0,

The following theorem due to Leray [23, 58, 63] gives us the existence of weak solutions
to (2.2) in three dimensions.

THEOREM 2.1. Let T > 0 and f € L? ([0,T);V*). Then if ug € H, there is a
weak solution of (2.2) such that

u € L*°([0,T); H) N L*([0, T]; V),

and the equation holds as an equality in L*/3([0,T); V'). Moreover, there exists a sub-
sequence {uy, } which converges to a weak solution u, in the topology of L?([0,T]; H)N
C([0,T;; V)N C([0,T); Hy), as well as weakly in L*([0,T];V).

DEFINITION 2.2. Following [49], we will say that u is a restricted Leray—Hopf
weak solution if it is obtained as a subsequential limit of a Galerkin system where the
convergence s as given in Theorem 2.1. We will denote by 20,,, the set of all restricted
weak solutions of (2.2) with initial data ug € H and we denote 2 =, < i W, -

It can be shown [23] that any u € 20 is in fact a Leray—Hopf weak solution, thus
justifying the terminology in Definition 2.2.

Remark 2.1. The existence of weak solutions via the Galerkin construction shows
that the class 20,,,, which is contained in the set of all Leray—Hopf weak solutions, is
nonempty. It is presently unknown whether the class of restricted weak solutions (and
therefore Leray—Hopf weak solutions) are unique, i.e., whether or not the cardinality
of 29, is one. However, recent results in [17] (see also [50] for the hyperdissipative
NSE) show that weak solutions are not unique, although the problem of uniqueness for
Leray—Hopf weak solutions (i.e., weak solutions which additionally satisfy the energy
inequality (2.7)) remain open as of this writing. On the other hand, the well-known
weak-strong uniqueness result of Sather and Serrin [61] says that if a strong solution
of (2.2) exists on [0, 7], then all Leray—Hopf weak solutions coincide with the strong
solution.

2.1. Interpolant operators.

DEFINITION 2.3. A finite rank, bounded linear operator Ij, : H — L?({2) is said
to be a type 1 interpolant observable if there exists a dimensionless constant ¢ > 0
such that

(2.11) [Ipv| < clv| Vv e H and [Ipv —v| < chl|jv]| Vv eV.
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The orthogonal projection operator Pk, also known as the modal interpolant,
provides such an example. Indeed, it is easy to check that it satisfies (2.11):

1
AL

(2.12) |Prv| < |v] Vv e H and |Pgv—v| < lo| Vv e V.

Thus (2.11) is satisfied with h = \/%

Another physically relevant example of a type 1 interpolant, which is important
from the point of view of applications, is the volume element interpolant [7, 43]. For
the case of the periodic boundary conditions, the volume element interpolant is given

by

N 3
@13 D)) =Y 6 (xa, @) = 5] where &= g5 [ oty

j=1

where the periodic domain with side length L has been divided into equal cubes @; of
side length h and yg denotes the characteristic function of a Borel set . As shown
in [37, 43, 44], the volume element interpolant satisfies (2.11). One can analogously
define the volume element interpolant in case of the homogeneous Dirichlet boundary
condition, with appropriate modifications.

3. Well-posedness and the tracking property of the data assimilation
system. For the remainder of the paper, we will assume that v € 9 is a restricted
global weak solution of (2.2) corresponding to initial data ug € V, i.e., u can be approx-
imated by a sequence of solutions {uy} of the Galerkin system in the following way:
un — u weakly in L2(0,7T;V), strongly in L?(0,7; H), and in C(0,T; V") (equipped
with the sup-norm on [0,7]). We begin by describing the AOT data assimilation
system that we consider here. The observations are given by

(3.1) Observation O = {Ipu(t) }i>o0

where I, is a type 1 interpolant (e.g., either a modal or volume interpolant). Since I},
is of finite rank and u € C([0,T]; V'), the mapping t — Ipu(t) from [0, 00) to L*(Q)
is continuous.

Our data assimilation algorithm is given by the solution w of the equation

c(szzj +vAw+ B(w,w) = f — uPeIp(w — u),

(3:2) V-w=0,
w(0) =0,

where, as in (2.2), f is time independent and f € (L?(Q))3. Furthermore, since u(-)
is weakly continuous in ¢, i.e., u € C([0,00); Hy,), it follows that Ipu(-) is well-defined
and continuous in ¢ with values in L?(2). We made the choice w(0) = 0 for specificity.
However, the AOT data assimilation system can be initialized by any initial value.
Recall that for notational simplicity, we have assumed that f is time independent.
The Galerkin approximation of w is given by the solution of the equation

dwN

— vAwy + PyB(wy,wy) = Py f — pPyIn(wy — u),

wN(O) = PN’UJ(O) =0.
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3.1. Global existence of a weak solution. We will now show existence of
a global (in time) weak solution of (3.2), where the definition of a weak solution is
similar to Definition 2.1. As in the case of the 3D NSE, we proceed by establishing
a priori bounds on the Galerkin system (3.3). Henceforth, by translating time if
necessary, we will assume that the weak solution u € 2 satisfies (2.9) for all ¢ > 0.

THEOREM 3.1. Let uw € 20 satisfy (2.9) for all t > 0 and let I}, be any type 1
interpolant satisfying (2.11). Then, provided

(34) U)\l < IS <

e h2 (c as in (2.11)),

there is a weak solution w of (3.2) such that for any T > 0,
w € L>®(0,T; H) N L*(0,T; V) with |w(t)|* < G**\, Vt >0,

and the equation holds as an equality in L*/3(0,T;V'). Moreover, there exists a sub-
sequence {wy, } which converges to a weak solution w weakly in L*([0,T]; V), strongly
in L*([0,T); H), and in C([0,T); V').

Proof. We will start by establishing a priori estimates on the Galerkin system.
Taking inner product of (3.3) with wy, we readily obtain (after some elementary
algebra)

1d_ ,
22 o2 + vl
= (f,wn) — plon? + p(Ihwy — wy, wy) + p(Ihu, wy)
A
< UL 4 2 4 Bul? + el P
(3.5) + plTpul? + Z|wN|2 — plwy?,

where to obtain (3.5), we used Cauchy—Schwarz and Young inequalities, in conjunction
with the second inequality in (2.11). Using the inequalities (2.3), (2.9) and the first
inequality in (2.11), we readily obtain

|f|

d
(3.6) £|w1\/|2 + pluy)? + vljwy|? < +cuG2 2).

Dropping the last term from the left and applying Gronwall inequality together with
(3.4) and recalling wy (0) = 0, we get

|U} | |f| +CG2 2/\ <G2 2)\1
112
Integrating both sides of (3.6) and inserting the above bound, we immediately obtain
T
v [l S @ uT) G
0

The remainder of the proof is similar to the proof of existence of weak solutions of
the 3D NSE [23, 63]. d
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3.2. Global existence of a strong solution and tracking property. Thus
far, no assumption on the solution u was necessary to establish existence of a weak
solution of (3.2). In order to ensure global existence of a (hence the) regular solution
of (3.2) and to establish the tracking property (i.e., to show that it tracks u asymptot-
ically), we need to impose conditions on the observed data coming from the solution
u. For clarity of exposition, we will consider the case of modal interpolant first before
proceeding to a more general type 1 interpolant.

3.2.1. Modal interpolant case (i.e., I, = Pk). Before we proceed, we first
note that sup, || Prul| < co. Indeed,

|Prull < M2 Prul S MPG22N,

where the last inequality follows from (2.9). However, as we will see below (see Remark
3.3 and (3.17)), this bound is insufficient to guarantee that w tracks u. We require a
more stringent bound as given in (3.8) or, equivalently, as in (3.17).

THEOREM 3.2. Suppose I, = Pk is a modal interpolant which satisfies (2.12).
Let 0 < T < oo and denote

2
3 it (U o ).
1 te[0,T)
Assume that
20M4 V)\K
3.8 EXNp<p< .
(3.9 v {200\ } <<

Then any weak solution of (3.2) constructed in Theorem 3.1 as a subsequential limit
of wy satisfying (3.3) is regular on [0,T], i.e., it satisfies

(3.9) lw(t)]| < My, t € 0,T].
Additionally, any two strong solutions wi,wy of (3.2) on the interval [0,T] (i.e.,
solutions satisfying sup,c(o 1) [wi(t)lv = supsepo, 7 [|wi ()| < 00,i=1,2) coincide.

Proof. As is customary, we will obtain a priori estimates on the Galerkin system
and then pass to the limit. We begin by rearranging (3.3) with the assumption N > K
to first obtain

dwN

5 +vAwy + PyB(wn,wy) = f — uPn(Pg(wy) — wy) + pPr (1) — pwy.

Now taking the inner product with Awy yields

1d
2 |+ vl 2+ o
= (f,AU)N) - (B(U)N,U}N),AIUN)
(3.10) — (P (wn) —wy, Awn) + p( Pk (u), Awn).

Each term on the right-hand side is estimated below. First, using Cauchy—Schwarz
and Young’s inequalities, we have

1 v
(F, Aww)| < 517 + 2] dwn .
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Next, using (2.5) and Young’s inequality, we obtain

] c v
|(B(wy, wn), Awy)| < clwy||*?|Awy]*? < —lon]®+ 7 [Awy .
Observe now that from (2.12) and Young’s inequality, we obtain

1/2|

pl(Pr(wn) — wy, Awn)| < plPr(wn) — wn||[Awn| < pAg " oy ]| Awy|

2 v y
< L lun P + 14wy < Elwx | + FlAwy ]

o
V)\K
Moreover,
11| (P (u), Awy )| = p| (A2 P (u), A wy)|
1
< pl| Pre (u) [ lwn || < pell P (w)]|* + ZIIWNllz-

Inserting these estimates into (3.10), we obtain

d c 2
31wl + (= Slenl*) llow |2 < 21512 + 20] Px @)%

Let [0, T1] be the maximal interval on which ||wy (t)|] < Mg holds for ¢ € [0, T;] where
My as in (3.7). Note that 77 > 0 exists because we have wx(0) = 0. Assume that
Ty < T. Then by continuity, we must have ||wy(T}1)|| = Mk. Using the lower bound
for p in (3.8), for all ¢ € [0, T3], we obtain

d W 2
SilenlP + Slhonl® < “1f + 20 sup |[Prc(u(s))]*,
s€[0,T]

Since wy (0) = 0, by the Gronwall inequality we immediately obtain

4 1
5 |f|2 +4 sup ||PK(u(s))||2 < fMIQ( vt € [0,Ty).
A1 s€[0,T) 2

lwn|* <
1%

This contradicts ||wy(T1)|| = Mk. Therefore we conclude Ty > T, and consequently,
lwn(®)|| < Mg for all t € [0,7]. Passing to the limit as N — oo, we obtain the
desired conclusion for w, i.e., w satisfies the bound in (3.9).

We will now prove uniqueness of strong solutions. Observe that ||B(w,w)|v: <
w]2, < |w]'/2|lw|[3/2. Tt is now easy to see from (3.2) that if w is a strong solution
on [0,7], then Lw € L2([0,7]; V') and consequently, [w(t)|? is differentiable a.e. on

[0,T]. Let w = wy —w;. Then w satisfies

d . - - _ ~
(3.12) %w—i-vAw—FB(wQ,w)—i—B(w,wl) = —ulpw.
Let
(3.13) M = sup |lw || < oo.
[0,7]

By taking inner product with w with (3.12), using the properties of the type 1 inter-
polant in (2.11) and the estimate of the nonlinear term in (2.6), we readily obtain

d, . ~
Sl + vl
< a2 | - plaf? + per?| @l + & laf?
I

M\ o Vo My ~2
§?|w| +§||7«UH +§Hw|| —§\w|,
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where to obtain the inequality in the line above, we used Young’s inequality together
with (3.13) and the condition on p in (3.4). Since w(0) = 0, using the Gronwall
inequality, we readily conclude that w = 0 on [0,7], i.e., w; and wy coincide on
[0,T7. |

Remark 3.1. Observe that in the proof of the uniqueness presented above, the
bound in V' of only one of the two solutions appears explicitly. Indeed, one can prove
a weak-strong uniqueness as in the case of the 3D NSE, a result due to Sather and
Serrin [61]. More precisely, if there exists a strong solution w of (3.2) on [0, 7], then
it coincides with any other Leray—Hopf weak solution of (3.2). The proof is similar
to that of the Sather—Serrin result [61].

We will now prove the tracking property of the solution given in Theorem 3.2.

THEOREM 3.3. Assume that the hypotheses of Theorem 3.2 hold. Let w = w — u.
Then |w(t)|?> < e 541w(0)|? for all t € [0,T]. In particular, if in the statement of
Theorem 3.2, T = oo, then

tliglo lw(t)|* = 0.

Proof. Since u € B, there exists a Galerkin sequence {un, }32, converging to u in
the sense of Theorem 2.1 (in particular, in the topology of L2([0, T]; H)NC([0,T]; V')).
Note that by Theorem 3.2 and Remark 3.1, w is the unique, strong solution of (3.2).
Therefore, the entire Galerkin system {wy} converges to w. (To see this, note that
any subsequence of {wy} has a further subsequence which converges (in the metric
space L2([0,T); H) N C([0,T]; V")) to a strong solution of (3.2), which by uniqueness
(see Theorem 3.2) must be w.) Therefore, by relabeling the subsequence Nj, we can
assume that {uyn} converges to the weak solution u while {wy} converges to the
unique strong solution w. We will now fix this sequence and assume N > K, where
recall that Pg is the modal interpolant.
Note that wy = wy — un satisfies
dw ~ ~
= + vAwWN + PvB(wy,wy) — PN B(un,uy) = —uPr (WnN) + pPr(u — uy),

which can be rearranged to

dw - - . . -
TtN +vAwy + PyB(wn,wy) + PNB(un, Wn) = —puQk (WN) — pn

+ pPr(u — un).
We take the inner product with wy

1d _ - - - - - -
§%|w1\f|2 +vfon|? + ploy? = —(B(oy, wy), 0n) — m(Qk (Wn), Wn)

(3.14) + w(Px (v — un), wN)
and estimate each term on the right-hand side as follows:

(B(@n, wn), @n)| < clin|"/?

~ c ~ v, -
lonlllon|*? < Slloy @y + 5 o],

S I [T
w(@k (wn), wn)| < pl@x (wn)[lwn| < WHU/NH\‘U}M
K
B~ 2 B~ 2oV~ 2, B~ 2
< B s <Z B
< ol + Zlon ™ < o™ + lon |,
pl(Pre (u = un), )| < pl P (u = un)l[@n| < p| Pre(u = un)|* + %|@N|2-
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Inserting the estimates into (3.14),
d . o c a4\ |~ 2 2
Sl 4+ (n = s lwonll*) Iy [? <l Prc(u = uy) 2

Since p satisfies (3.8), we get

d, . ~
Zlan? + Sl <l Prcu —un)[
Applying Gronwall, for all ¢ € [0,7T], we get
(3.15) [@n () < e W@ (0)] +2 sup |P(u—un)l>.
t€[0,T]

Recall that uy — w in C(0,T; V') for all T < co. Therefore, denoting by ¢; the ith
eigenvector of the Stokes operator A (which implies that ¢; € V'), we have for each i,
limsup y_, o SUpPjo 7y [(u — un, ¢i)| = 0. Therefore,

K

(3.16) limsup sup |Pg(u—uy)|* <limsup sup Z |(u—un,¢;)]* =0.
N—oo te[0,T) N—oo tel0,T] ;2

Since wy converges to w in L2([0,T]; H), there exists a subsequence wy, which con-
verges a.e. t € [0,T]. Now taking the limit and using (3.15) and (3.16), it follows that
a.e. t, we have

[@(t)? < e /Do),
This proves the result. ad

Remark 3.2. The fact that u is a restricted Leray—Hopf weak solution, i.e., u is
obtained as a suitable limit of a Galerkin system (or some other appropriate limiting
procedure), is used only in the proof of Theorem 3.3. This technicality is due to
the fact that it is unknown whether for an arbitrary Leray—Hopf weak solution, the
quantity |u(t)|? (and hence |w(t)|? = |(w — u)|? is differentiable, although |w(t)|? is
due to its being a strong solution. However, subsequently in [9], we have been able
to extend this result to the case of an arbitrary Leray—Hopf weak solution (i.e., in
Theorem 3.3, the assumption that u is a restricted Leray—Hopf weak solution can
be relaxed to u being an arbitrary Leray-Hopf weak solution). Since w is a strong
solution, the proof is an appropriate (but nontrivial) modification of the Sather—Serrin
weak-strong uniqueness theorem for the Navier—Stokes equations.

Remark 3.3. Note that the conclusions of Theorems 3.2 and 3.3 rest on the choice
of p satisfying (3.8). This is possible if there exists K such that

= M

(3.17) C>Xg max{lﬂ,)\l},
where M is as defined in (3.7) and for suitable C > 0. We emphasize that this
condition is expressed purely in terms of the observed data which in this case are the
low modes of the solution u and does not involve information on the unknown high
modes.

Suppose now that the solution w is regular on [0, T]. For initial data ug € V, it is
well-known (see, for instance, [60]) that this happens if for some 1 < § <1 (here we
take 6 < 1 as ug € V = D(AY/?))

sup |A%%u| = My < .
te[0,T]
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In this case,
||PK’LLH = |PKA1/2U| S A%*@)/2|A9/2u| S )\(;79)/2]\4

Therefore,

M2 S < |f‘ )\(1 0)M9>

Since 0 > = , a choice of A satisfying (3.17) is indeed possible if K is chosen large
enough. In the borderline case 6 = %, by proceeding in an analogous manner, we get
that (3.17) can be satisfied if My = supc( 1 |A'/*4| is small. Tt should be noted

that it is well-known that in case f is small and |A'/%ug| is small, then the solution
u is globally regular and additionally |AY/%u| remains small for all times. Thus we
conclude that (3.17) holds for sufficiently large K for T' < oo when the solution is
regular on [0,7]. We show below that this condition when T' = oo also implies that
K satisfying (3.17) is asymptotically determining.

THEOREM 3.4. Letuy,ug be two restricted Leray—Hopf weak solutions with M 4, ,1

1,2 defined as in (3.7). Assume moreover that on [0,00), we have

ML M
(3.18) AszaX{ Koun — Kous Al}

vt vt
where Mg .,,1=1,2, as defined in (3.7) with T = oco. If
(3.19) tlggo | Prc (ug — ug)| =0,

then limy_, o |uq (t) — ua2(t)| = 0.

Proof. Let w; and ws be two strong solutions of the data assimilation equation
(3 2) corresponding to u; and wug for u satisfying (3.8) for both u; and us. Denote
W; = w; — us, ¢ = 1,2. Then by Theorem 3.3, lim; o |W;] = 0. Let w = wy — ws.
Proceeding exactly as in the proof of Theorem 3.3, and noting that ||w;|| < Mg and
that u satisfies (3.8), we conclude

d, . .
1B+ S < ul Prc(u = wn)[?,

which yields, upon integrating between s to T', that

(T S e 20 |a(s)* + S | P (uz — ug)].
€ls,

Letting T' — oo and using (3.19), we conclude that lim; . |w| = 0. Thus, lim;_, |u1—
’U,2| =0. 0

Remark 3.4. Due to Theorem 3.4 and the discussion in the introduction, K;, s as
given in (1.8) defines a notion of a determining wave number in the 3D case. This
definition applies both to the space periodic as well as the homogeneous Dirichlet
boundary conditions. A different notion of a time-varying determining wave number
for two Leray—Hopf weak solutions, based on the Littlewood—Paley decomposition
and applicable to the space periodic boundary condition on the domain Q = [0, L]3,
is provided in [19, 20]. It is given by

A(t) = min{\, : (LAp_q)° V2| lupllLe < cov ¥V p > ¢ and
(3.20) 2 Vgl < cov},
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where recall that A, = 29/L, u, = Ayu, where A, is the Littlewood-Paley projection,
while ucg = > <, Aqu (see, e.g., [22] for a description of the Littlewood-Paley
decomposition). In case u is regular, the set over which the infimum is being taken in
(1.8) is nonempty. It should be noted that A as defined in (3.20) is in L'[Ty,T»]) for
any Leray—Hopf weak solution and its time average is bounded by the Kolmogorov’s
dissipation wave number. Additionally, A is bounded on [T}, T5] if and only if v is
regular on that interval.

However, in order to verify whether a Ax satisfies (1.6), we only need all lower
modes of u (i.e., Pxu). On the other hand, in order to verify the first condition in
(3.20), namely

(LAp—q)’ 2 lupll o < cov ¥ p > g,

one needs the knowledge of all the higher modes of u. This is an important point
from the data assimilation perspective as the choice of p in the AOT algorithm (3.2)
depends on this wave number and should be verifiable from observed data (i.e., low
modes only). We cannot define the AOT algorithm (3.2) based on (3.20) (at least
as expounded in [20]), because in order to define A in (3.20), we need to observe all
modes. A similar comment holds for the definition of the determining wave number
presented in [19] which is based on the L"-norm instead of the L>-norm as discussed
here in (3.20).

We also note that our approach results in a suitable definition of determining
volume elements in the 3D case (Theorem 3.7), no analogue of which exists in [19, 20].

3.2.2. General type 1 interpolant. In this section, we assume that v and w
satisfy the space periodic boundary condition. Thus, the Stokes operator A = (—A)
on V = H!(Q). Moreover, we also assume that in addition to (2.11), I, satisfies the
condition Ran(I,) C V =H(Q) and

(3.21) 1ol < Cllv| Yo € V.

This is clearly satisfied for the modal interpolant Pr. In case of the volume inter-
polant, one may apply a suitable mollification procedure to obtain a modified volume
interpolant, I, that satisfies both (2.11) and (3.21). In fact, this is achieved by

replacing the term (xq,(z) — Z—z) by (¢;(x) = [ ¢;(y)dy), where 1; = pe * xq, for

_ Kyexp (ﬁ) for €] < 1,
) { 0 for el =1,

- 1
w7 = [ o (=) e

The mollification parameter € is chosen to be a fraction of h. I, is a C°° function and
it can be show that it satisfies (3.21). For more details see the appendix of [7], which
proves the corresponding result for the type 2 case.

and

THEOREM 3.5. Assume that u as in (2.2) and w as in (3.2) satisfy the space
periodic boundary condition. Suppose Ij, is a general type 1 interpolant and satisfies
(2.11). Let 0 < T < oo and denote

1
(3.22) Mp =M}, =8 ——If*+ sup [In(u)]?].
Vi t€0,T)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/23/23 to 130.85.193.30 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

6714 ANIMIKH BISWAS AND RANDY PRICE

Assume that

2cM}!
(3.23) max{ c h,V/\1}</J,< v

v3 4ch?’

Then any weak solution of (3.2) constructed in Theorem 3.1 as a subsequential limit
of wy satisfying (3.3) is regular on [0,T), i.e., it satisfies

(3.24) [w(t)|| < My, t € [0,T).
Proof. We proceed as in Theorem 3.2 by rearranging (3.3)
dwp
- +vAwy + PvB(wy,wy) = f — pPn(In(wn) — wn) + pPnIp(u) — pwy
and taking the inner product with Awy
Sl + vl Awnl? + ]

= (f7 A’LUN) — (B(wN,wN),AwN)
(3.25) —u(Ip(wy) — wy, Awn) + p(Ih(u), Awy).

Each term on the right-hand side is estimated below as in Theorem 3.2. First, we
have by Cauchy—Schwarz and Young’s inqualities,

(> Awn)] < 11l Aw] < 217+ | Awn .
Next, the nonlinear term is estimated using (2.5) and Young’s inequalities as
|(Blwn,wy), Awy)| < clwy|*?Adwy P? < o] + 7| Awy]
Next, using (2.11),
pln(wy) —wn, Awn)| < plln(wy) — wy|[Awy|
(pch)?

14
< pchllwn|[[Awy| < ~——|lwy|* + Z\AWN

‘ 2
1%

< Ellww? + 2| Awn ?,

where to obtain the last inequality, we used (3.23). Observe now that since A = (—A)
in the space periodic case, we can integrate by parts to obtain

I
pl(In(w), Awn)| < pllIn(W)[lon]l < pl In(@)[* + F w1,

Inserting the above estimates into (3.25) we obtain

d 2 ¢ 4 2 _ 2 0 2
— - — < = .
w2 + (p = Sl |*) lwxl? < S1FP + 25l (w)]

Let [0,77] be the maximal interval on which ||wy (t)|| < M}, holds for ¢ € [0, 7T;] where
My, as in (3.22). Note that T3 exists because we have wyn(0) = 0. Assume that
T, < T. Using the lower bound for p in (3.23) and the Gronwall inequality we obtain

4

2
<
ol < 25

1
IfI>+4 sup ||[In(u(s)|* = EM;% Vtelo,Ty].
s€[0,T]

Arguing as in Theorem 3.2 by contradiction, we obtain the desired conclusion for w,
ie., [lwt)| < My, for all t € [0,T]. O
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We now can deduce the following result regarding the tracking property of w.
THEOREM 3.6. Assume that the hypotheses of Theorem 3.5 hold. Let w = w — u.
i

Then |w(t)|? < e= Yw(0)|?> for all t € [0,T). In particular, if in the statement of
Theorem 3.5 we have T = oo, then

lim |@(t)|? = 0.

t—o00

Proof. We proceed as in the proof of Theorem 3.3 by considering Galerkin se-
quences {uy} and {wy}. Note that the difference wy satisfies

dw - ~
TtN <|>’UAU)N<|>P]\713(w1\/7 wN) — P]\/l?(’ll,]\/7 UN) = — /LPNIh(wN) -+ ,LLPNI}L(U — UN),
which can be rearranged to
dwy . - ~ ~ ~ ~
— vAwy + PnB(wn,wn) + PnB(uy, wn) = —p(Ip(WN) — wN) — pon

+ uPNIh(u — UN).
We take the inner product with wy

1d, . ~ ~ ~ ~ ~ SO
5 g/ [+ VO] 4 plan | = —(B(@y, wy), @x) = p(In(@y) — B, D)

(3.26) + p(Ip(u—un), Wn)
and estimate each term on the right-hand side as follows:

1/2

~ ~ _ ~ C — vV, -
(B(@n, wn), Wn)| < clin]? oy |l|ay|*? < §||w1v||4|wzv|2 + §||wN||2

|
pul(In(wn) = wn, )| < plIn(0n) — wnl[on] < pehllwn||[wy]
~ ~ v, ~ ~
< | + Llan]? < Zllanl” + flan ]

| (In(u — un), wn)| < pln(u — un)||on| < pln(u —un)]* + %WNF-

Inserting the estimates into (3.26),

d, . c ~
N[+ (1= Slhww*) o [? < (- ux)
and since p satisfies (3.23) we get

d, . .
SB[ 4+ Slan]? < pll(u = )l

Applying Gronwall, for all ¢ € [0, T, we get

|wn (1)]? < ef(“/2)25|1ﬂ(())|2 +2 sup |[Ip(u— uN)|2.
te[0,t]

Recall uy — w in C(0,T; V') and the range of I, is a finite dimensional vector space
with a basis {¢}. Therefore,

K/
o _ < Timi _ N
1}\r[ri>1£10f|fh(u uy)| < l}gigif;Ku un, ;)| =0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/23/23 to 130.85.193.30 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

6716 ANIMIKH BISWAS AND RANDY PRICE

Since wy converges to w weakly,
[@(t)* < e a(0)?

which proves the result. ]

So far, we have not used the bound on the interpolant assumed in (3.21) in the
proof of the above results. Its role is clarified in the remark below. More precisely,
we show using (3.21) that in case the solution u from which the observations are
obtained is regular, then a parameter u satisfying the condition (3.23) can be chosen,
thus ensuring that the corresponding data assimilation solution given by (3.2) tracks
u.

Remark 3.5. A choice of p satisfying (3.23) exists provided the condition

2c M} 1

(3.27) max{ ¢ h,)\l} < =
14

holds. Due to (3.21), this is clearly satisfied for sufficiently small h if u is regular
and Supyey, o) [|ull < co. Thus global regularity and uniform boundedness in V' of
u guarantee the existence of a globally regular solution for the AOT algorithm (3.2)
and the unique solution w tracks u.

We now show that Theorem 3.6 implies the existence of asymptotically determin-
ing volume elements, similar to the modal case.

THEOREM 3.7. Let wuy,us be two restricted Leray-Hopf weak solutions with
My ;i =1,2, defined as in (3.22). Assume moreover that on [0,00), we have

3.28 h? 2 Misy M, A

( . ) < max [ 10
where My, ;.7 = 1,2, as defined in (3.22) with T = oco. If
(3.29) Jim [T (ur — ug)| =0,

then limy_ o0 |1 (t) — uz(t)] = 0.

Proof. Let wy, and ws be two strong solutions of the data assimilation equation
(3.2) corresponding to u; and ug for p satisfying (3.23) for both u; and us. Denote
W; = w; — ui, @ = 1,2. Then by Theorem 3.6, lim; ,o |W;| = 0. Let w = wy — ws.
Proceeding exactly as in the proof of Theorem 3.6, and noting that |Jw;| < M}, and
that p satisfies (3.23), we conclude

d, . ~
B+ 211 < pln (s = )P,
which yields, upon integrating between s to T, that

l(T))? < e 2T=)w(s)]? + sup |In(ug — us)l.
te(s,T) ]

Letting T' — oo and using (3.29), we conclude that lim;—, o |w| = 0. Thus, lims_, o |u1—
’U,2| =0.
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4. Adaptive algorithm. Since (3.2) becomes stiff for larger values of g, in this
section we define an adaptive algorithm so that the value of the nudging parameter
can be adjusted to a higher value only in the time intervals where the flow is turbulent.
This data assimilation algorithm is iteratively defined by

dw
o +vAw+ B(w,w) = f — ppr1In(w —u), t € (T, Tit1],

(4.1) V.-w=0,
w(Ty) = lim w(t), w(Tp) =0
t—)Tk

for k€ {0,1,...,5}.

Although the following theorems can be proven for a general type 1 interpolant
I, for simplicity of exposition, we take I, = P.

THEOREM 4.1. Suppose I, = Pk is a modal interpolant (and consequently satis-
fies (2.12)). Denote for k € {0,1,...,5}

2
(42) M, =2 max{ oo, (A5 4202, ) )
where
(4.3) M= sup ||Pxu(t)].
te[Tk,Th41]

Suppose a choice of {uk}f:l exists satisfying

2 A
(4.4) max{ng,‘j,u)\l}gukgng, ke{l,...,j+1}
Then the solution of (4.1) satisfies
(4.5) [w®)||? < M2, Yt € [Tp, Tit), k€{0,1,...,5},
and
8| £|2 2)\1/2
@8 < WL rax wp Pl < 05 v [T T

t€(To,Tj+1]

Proof. We restrict time to be in an arbitrary interval [T}, Ty+1] and take the inner
product of (4.1) with Aw

2dt||w||2JFV\A7«U|2Jruk+1||wH = (B(w,w), Aw) + (f, Aw)
(4.7) + pi1 (@i w, Aw) + pr41 (Pru, Aw).

Each term on the right-hand side is estimated as before:
|(B(w, w), Aw)| < cl|w]|*?| Aw[*/? < |Aw\2 + *glleG
Aw)| < 2|12 + Z|Aw)?
(F, Aw)] < 2IFP + ) Auf?,

1%
tie+1|(Qrw, Aw)| = piy1]|Qrwl|® < %Mw\ §|Aw|2

Hr4+1 Hr+1
prt1|(Pru, Aw)| < 2+ ||PKU||2+T+HUJ||2-
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Inserting the estimates into (4.7),

d 2 ¢ 4 2 _ 202 2
w2+ (s = <5 lol*) ol < S 1A + o | Pl

Assume [T}, T*], T* < Tj41, is the largest interval starting from 7T}, such that ||w| <
Mj.+1 holds. Note by construction we have ||w(T)|| < Mg41 so T* exists. Then using
the lower bound for g1 in (4.4) and defining 7 = ¢ — T}, we obtain by the Gronwall
inequality for all t € [Ty, T*],

1
O < el (| + (1 o) (UE 4 ovg ) < Tagg,

a contradiction, thus ||w(t)|| < Mgy for t € [Tk, Tk+1], k € {0,1,...,5}. The bound
in (4.6) is obtained by finding an upper bound of the collection {M}} and using (4.4)

as follows. Recall M} = Slflj + 4AM2.

V2

/P
M7, < maX{Mj <y2>\ +4M?,

8| f|? 8f2
Smax{MjQI’<V|>\ + M2) (VL)] MJ2Jr1

U 4 u sp [1Pru.
2\ tE€[To, T 41]

2
_ 8]

2N

+4x max{ﬂf, . .71\"4’]2+1} =

We finish by noting that (4.4) implies S‘fklj + 4 x max{Mf,...,]\/Zj?H}
VZA}KM
a

— 4c
Remark 4.1. In order for this iterative construction to work up to time interval

[T Tj11], i.e., for a choice of {uy } satisfying (4.4) to exist, we need to satisfy M\ <

15> k €{1,...,j+1}. Using the upper bound on {M}}, such a choice of {uk}fcﬂl is

possible if we assume

4

1284 ) v
4.8 sup < + 32|| Pru <
(43) o (S B ) N < g

The theorem below establishes the tracking property of the solution w.

THEOREM 4.2. Suppose I, = Pk is a modal interpolant and satisfies (2.12). As-
sume the same conditions from Theorem 4.1. Then the solutions of (2.2) and (4.1)
satisfy

[(t)]? < e= /Dt G(Ty))? Yt € [Ty, Teya), Yk € {0,1,...,5},
where W = w — u.
Proof. Assume N > K, t € [Ty, Tp+1], and Wy satisfies

dw
% +vAuwN + PnB(wn, wy) — PnB(un, un)

= —pp+1Pr (WN) + prt1 P (u — un),
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which can be rearranged to

dw . . ~
TtN +vAwy + PNB(’U)N,IUN) + PNB(UN,’LUN)

= — 1 QK (WN) — pr1WN + ppt1Pr (v — un).
We take the inner product with wy

1d,._ ~ N
§£|wzv|2 + @) + g [On ]

= —(B(wn, wn), Wn) = pr1 (Qr (WN), Wn)
(49) +/Jk+1(PK(u—UN),'U7N).

We now estimate each term on the right-hand side as follows:

1/2 |3/2

[(B(wy,wn),wn)| < clon]™=|lwy]|||oy]
C ~ V., -
< ;llwz\fllzllun\rl2 + §||UJN||27

P 1| (Q (0N ), WN)| < pr1|Qr (W) |[WN]

HE+1 | ~ ~ Hk+1 | ~ Hk+1 ) ~
< S llonlllon] < 5= lloy|)? + == o ?
A / AK 4
K
<

S| + E @iy P,

prt1|(Pre (v —un), wn)| < prjv1|Pr (v — un)|[wn|

Mk+1|
4

< priogr | P (u — un)[* + wn .

Inserting the estimates into (4.9),

d . . c -
@\wzﬂz + (kg1 — 3 lwn[|)@N[* < prr1| P (u— un)?,

and since p satifies (4.4),

d

Hk+1
i [alhaty
dt

5 [N [* < pirgr | P (v — up) .

N|2 +
By the Gronwall inequality,

@y ()] < e PNG(T)P+2  sup [P (u—uy).
te[Ty,Thy1]

Recall uy — u in C(0,T; V') and ¢; is the ith eigenvector associated with A. There-

fore,
K

liminf — < liminf - i) = U.
im in | Prc (u uN)|_}\Ilri>lglo Z_ZIKU un, ;)| =0

Since wy converges to w weakly,
@ (t)]* < e P/ DNG(Ty)|? Ve € [T, Ty,

which proves the result. 0
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Remark 4.2. In certain applications, particularly for noisy observations, replacing
the scalar damping operator pgy1 (i.e., pr1l) in (4.1) with a positive semidefinite
operator X1 may be beneficial. This is precisely the case in 3D Var or variants of the
ensemble Kalman filter; see [15, 16, 46]. For instance, in the context of the 2D Navier—
Stokes equation, a convergence analysis for 3D Var is presented in [15] for modal
observations where the damping operator is uPyA2%?* = pPyA%*Py for adequate
« and where A is the Stokes operator. One can suitably modify our techniques to
address this situation for the 3D case as well [11].
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