
 

 

 

 



 

 

ABSTRACT 

Title of Thesis: Modeling the pathogenesis of early-stage atherosclerosis following 

ionizing radiation exposure: A three-dimensional numerical study using COMSOL 

Ann Marie K. Weideman, Master of Science, 2016 

Thesis directed by:  

Dr. Bradford E. Peercy, Associate Professor, Department of Mathematics and 

Statistics, University of Maryland, Baltimore County 

Dr. Mark P. Little, Senior Investigator, Radiation Epidemiology Branch, Division 

of Cancer Epidemiology and Genetics, National Cancer Institute 

According to a World Health Organization 2012 report, ischemic heart disease and stroke 

top the list of the ten leading causes of death in the world. Atherosclerosis, a major cause 

of both diseases, initiates with damage to the endothelium of the arterial wall and leads to 

the formation of plaque buildup within the artery. Many lifestyle factors contribute to the 

development of atherosclerosis including history of hypertension, smoking, and high 

cholesterol. Less investigated is the contribution of radiation-induced cellular death in the 

initiation of atheroma. This research is a continuation of a 2009 study [1] in which Little 

et al. developed a nonlinear system of reaction-diffusion equations on a 2D annulus to 

model cardiovascular disease after low-dose radiation exposure. However, this model was 

limited due to simplifications in the biology and due to system instabilities, as the 

concentration of several species blew up after brief perturbation. We used COMSOL 

Multiphysics v. 4.4 [2], a finite element analysis software package, to resolve any system 



 

 

instabilities and introduce cell survival curves within the initial conditions. The results of 

this model can be used to predict the rate of lesion formation hours or days post-exposure 

in those exposed to radiological incidents (e.g. nuclear facility breach or terrorism) or 

therapeutic doses of ionizing radiation.  Our work found that there is an increase in plaque 

size, and thus increased risk of an adverse cardiac event, associated with absorbed doses of 

greater than or equal to 2.2 Gray (Gy). These results have tremendous implications on 

current radiotherapy routines, which typically employ daily conventional or hypo-

fractionated doses of 1.8-2.0 Gy, but can deliver upwards of 2.0 Gy for certain regimens. 

We expect that investigators and medical professionals will be able to modify the radiation 

dose and time scale in order to determine the effects on nine different phenomena involved 

in the initiation of atherosclerosis. 
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CHAPTER 1 

INTRODUCTORY BACKGROUND 

Atherosclerosis often starts early in life and can progress silently without clinical 

manifestation until severe and life-threatening blockages occur [3]. Although the exact 

cause is unknown, initiation of atheroma can be attributed to a variety of factors including 

endothelial cell damage and accumulation of oxidized low-density lipoprotein (oxLDL) 

and associated inflammatory processes in the intima (the innermost layer of the artery) [4-

7]. Radiation exposure is believed to contribute to the early onset of cardiovascular disease 

through DNA damage and inflammation of the exposed tissue [8].  

1.1 Pathogenesis of Atherosclerosis  

The pathogenesis of atherosclerosis is initiated by injury to the endothelial tissue of 

medium or large-sized arteries, such as those of the brain, neck, heart, or legs [9]. In the 

case of radiation-induced injury, it is believed that the endothelium suffers the brunt of the 

injury, as the endothelial cells are highly sensitive to DNA damage [10]. This damage can 

occur in the form of single or double-stranded breaks, base damage, or covalent cross-

linking of proteins to the DNA [11]. The arterial wall eventually develops a “leaky spot,” 

which permits the influx of low-density lipoprotein (LDL) into the intima and subsequent 

oxidation of the lipid by a reactive oxygen species (ROS) to form oxLDL [1]. Post-

radiation damage to the endothelium increases with growing oxLDL concentration [1], and 

dysfunctional cells release proteins including proliferation factor (e.g. macrophage colony-

stimulating factor (M-CSF)) and chemokines (e.g. monocyte chemo-attractant protein-1 

(MCP-1)). M-CSF induces the differentiation of intimal monocytes to macrophages, and 
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MCP-1 recruits monocytes and T-cells to the arterial wall [12, 13]. The influx of monocytes 

and T-cells into the intima is dependent on a threshold level of MCP-1, below which there 

is assumed to be zero flux [14].  

Atherosclerotic plaque continues to develop as the macrophages retain lipid (forming foam 

cells) and produce proinflammatory cytokines [15], which enhance receptor activity and 

promote further LDL trafficking into the intima [16]. The accumulation of dead 

macrophages, foam cells, and smooth muscle cells contribute to the growth of the necrotic 

core (lipid-rich region of necrosis within the plaque) and increase its vulnerability to 

rupture [17]. The plaque initially expands into the media (middle layer of the artery) before 

it begins to slowly occlude the artery and inhibit local blood flow [18]. Our model 

investigates the early-stages of atherosclerosis and does not consider the mechanical stress 

applied by plaque growth, resulting deformation of the membrane, or changes in laminar 

flow. However, the geometry was constructed to include all three layers (intima, media, 

and adventitia), as shown in Figure 2.2.1, with surrounding adipose tissue and a laminar 

flow module so that the model could eventually be modified to incorporate later stages of 

the disease.   
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CHAPTER 2 

MATERIALS AND METHODS 

2.1   Parameters and Software  

To complete our analyses, we gathered a list of parameters (see Appendix) from a variety 

of peer-reviewed sources, including values from the preceding work [1]. These values were 

imported into COMSOL Multiphysics v. 4.4. [2], a finite element analysis software, where 

they were converted to international system (SI) units. We modeled our system in three-

dimensions using a time dependent study within the General Form PDE and Laminar Flow 

interfaces.  

2.2 Geometry of the Human Coronary Artery 

The left and right coronary arteries, which originate from the ascending aorta, traverse 

the pericardium (outer membrane of the heart) and supply blood to the surrounding tissue 

[19]. In general, the arterial wall consists of three concentric layers: inner (intima), 

middle (media), and outer (adventitia). Many texts include the single-celled endothelial 

lining, which is in direct contact with the blood flow, as a member of the intimal layer 

[20-22]. We followed suit in our model and created a 15 mm-long segment of coronary 

artery to include the lumen (channel where blood flow occurs), arterial wall, and 

surrounding epicardial adipose tissue [23], as seen in Figure 2.2.1. As previously 

indicated, we constructed our model to scale for future elaboration on this study. 
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     A)                                                                B)  

  

Figure 2.2.1. Cross-section and numerical finite element discretization of the artery.  A) Lumen (1) with 

diameter 2.20 ×  10−3 mm, arterial wall (2) with total thickness of 8.35 × 10−1 mm (intima = 2.35 ×

10−1 mm, media = 2.00 × 10−1 mm, adventitia = 4.00 × 10−1 mm), and epicardial adipose tissue (3) 

with thickness 5.00 mm. B) Physics-controlled mesh with normal element size for artery segment (see 

section 2.6 for further details). 

2.3   Reaction-Diffusion System in General Form 

We use the reaction-diffusion system from Little et al. [1], with modifications to the initial 

and boundary conditions, and briefly summarize the important variables and mechanisms. 

As a reminder, this set of coupled equations depicts early-stage processes within the intima, 

where atherosclerotic changes are believed to take place. We present the system in the 

following general form: 

𝜕u

𝜕𝑡
+  𝛻 ∙ 𝜞 = 𝑭                                                (2.3.1) 

where u = [𝐸0, 𝐸1, 𝐶, 𝑃,𝑚,𝑀, 𝜂, 𝑇, 𝑁]𝑇 and  𝛻 = [
𝜕

𝜕𝑥
,

𝜕

𝜕𝑦
,

𝜕

𝜕𝑧
], the gradient operator. In u, 

𝐸0 and 𝐸1 represent the concentrations of undamaged and damaged endothelial cells 

respectively, 𝐶 the concentration of chemoattractant (monocyte chemoattractant protein, 

3 

2 

1 
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MCP-1), 𝑃 the concentration of proliferation factor (macrophage colony stimulating 

factor, M-CSF), 𝑚 the concentration of monocytes, 𝑀 the concentration of macrophages, 

𝜂 the concentration of macrophage-bound lipid, 𝑇 the concentration of T-cells, and 𝑁 the 

concentration of the necrotic core [1]. The conservative flux 𝜞 is represented as the 

following three-dimensional vector: 

 

              𝜞 =

[
 
 
 
 
 
 
 
 
 
 𝒙

0
0

−𝐷𝐶𝐶𝑥

−𝐷𝑃𝑃𝑥

𝑚𝜒𝑚𝐶𝑥 − 𝐷𝑚𝑚𝑋

𝑀𝜒𝑀𝐶𝑥 − 𝐷𝑀𝑀𝑥

𝜂𝜒𝑀𝐶𝑥 −
𝜂𝐷𝑀𝑀𝑥

𝑀

𝑇𝜒𝑇𝐶𝑥 − 𝐷𝑇𝑇𝑥

0

    

�̂�
0
0

−𝐷𝐶𝐶𝑦

−𝐷𝑃𝑃𝑦

𝑚𝜒𝑚𝐶𝑦 − 𝐷𝑚𝑚𝑦

𝑀𝜒𝑀𝐶𝑦 − 𝐷𝑀𝑀𝑦

𝜂𝜒𝑀𝐶𝑦 −
𝜂𝐷𝑀𝑀𝑦

𝑀

𝑇𝜒𝑇𝐶𝑦 − 𝐷𝑇𝑇𝑦

0

     �̂�
     0

     

0
−𝐷𝐶𝐶𝑧

−𝐷𝑃𝑃𝑧

𝑚𝜒𝑚𝐶𝑧 − 𝐷𝑚𝑚𝑧

𝑀𝜒𝑀𝐶𝑧 − 𝐷𝑀𝑀𝑧

𝜂𝜒𝑀𝐶𝑧 −
𝜂𝐷𝑀𝑀𝑧

𝑀

𝑇𝜒𝑇𝐶𝑧 − 𝐷𝑇𝑇𝑧

0 ]
 
 
 
 
 
 
 
 
 
 

               (2.3.2) 

 

where 𝐷𝐶 , 𝐷𝑃, 𝐷𝑚, 𝐷𝑀, 𝐷𝑇 represent the diffusion rate of each subscripted species, and 

constants 𝜒𝑚, 𝜒𝑀, 𝜒𝑇 represent the chemotactic factors of each subscripted species as 

dependent on chemoattractant [1]. We express the directional derivative by using 

subscripts x, y, or z such that [𝑓𝑥, 𝑓𝑦, 𝑓𝑧] = [
𝜕𝑓

𝜕𝑥
,
𝜕𝑓

𝜕𝑦
,
𝜕𝑓

𝜕𝑧
] for some arbitrary species 𝑓. The 

source term 𝑭 is similarly represented in vector form as: 

 



6 

 

𝑭 =

[
 
 
 
 
 
 
 
 
 

𝜏(𝐸0𝑠𝑠 − 𝐸0) −  𝜄𝐿0𝐸0𝐿0

𝜄𝐿0𝐸0𝐿0 − 𝑑𝐸𝐸1

𝜌𝐶𝐸𝐸1  + 𝜌𝐶𝑀𝑀 +  𝜌𝐶𝑇𝑇 − 𝑑𝐶𝑀𝑀𝐶 − 𝑑𝐶𝑇𝑇𝐶 − 𝑑𝐶𝑚𝑚𝐶
𝜌𝑃𝑇𝑇

𝑚[𝜌𝑚𝑃 − 𝜌𝑀]𝑃

𝜌𝑀𝑚𝑃 − 𝑑𝑀(𝜂,𝑀)𝑀

𝜌𝑖𝑛(𝜂,𝑀)𝑀𝐿0 − 𝑑𝑀(𝜂,𝑀)𝜂
−𝑑𝑇𝑇

𝑑𝑀(𝜂,𝑀)[𝜂 + 𝑑𝑀𝑀𝑀] + 𝑑𝑇𝑑𝑇𝑇𝑇 ]
 
 
 
 
 
 
 
 
 

                   (2.3.3) 

 

where the macrophage mortality 𝑑𝑀(𝜂,𝑀) and bound lipid ingestion rate 𝜌𝑖𝑛(𝜂,𝑀) are 

defined as:  

𝑑𝑀(𝜂,𝑀) = 𝑑𝑀0 +
𝑅2𝜂

𝑀
                                            (2.3.4) 

𝜌𝑖𝑛(𝜂,𝑀) = 𝜌𝑖𝑛,ℎ𝑖𝑔ℎ + [𝜌𝑖𝑛,0 − 𝜌𝑖𝑛,ℎ𝑖𝑔ℎ]𝑒−𝑅3𝜂/𝑀                         (2.3.5) 

 

where 𝑑𝑀0 is the underlying macrophage mortality rate, 𝑅2 and 𝑅3 are derived scaling 

constants, and 𝜌𝑖𝑛,0 and 𝜌𝑖𝑛,ℎ𝑖𝑔ℎ are the macrophage ingestion rates of oxidized LDL at 

zero and high concentrations of bound lipid [1]. As the preceding work found no 

experimental data regarding macrophage death rate as a function of bound lipid 

concentration, they were assumed to have a linear relationship as demonstrated in 

equation (2.3.4). An exponential curve was fit to the data in Zhao et al. [24] to derive the 

ingestion rate in equation (2.3.5) [1].  

 

In the first row of equation (2.3.3), 𝜏 is the repopulation rate of the endothelial cells, 𝐸0𝑠𝑠 

is the baseline concentration of endothelial cells,  𝜄𝐿0 is the rate of damage to endothelial 

cells per unit concentration of oxLDL, and 𝐿0 is the intimal oxLDL concentration. The 
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terms 𝑑𝐸, 𝑑𝑀, 𝑑𝑇 represent the death/degradation rates of endothelial cells, macrophages, 

and T-cells respectively. In the third row, the MCP-1 production rates 𝜌𝐶 are balanced by 

the MCP-1 degradation rates 𝑑𝐶 per unit concentration of the second subscripted species. 

Similarly, 𝜌𝑃𝑇 is the production rate of M-CSF per unit concentration of T-cells, 𝜌𝑚𝑃 is 

the proliferation rate of monocytes per unit concentration of proliferation factor, and 𝜌𝑀 

is the monocyte to macrophage conversion rate. The ratio of augmentation of the necrotic 

core by dying macrophages and T-cells are represented by 𝑑𝑀𝑀 and 𝑑𝑇𝑇 respectively [1]. 

Further details regarding the above equations may be found in the supplemental text in 

the preceding work [1].  

As an example, we can write the equation for change in monocyte concentration as a sum 

of three contributions: 

 

𝜕𝑚

𝜕𝑡
+ ∇ ∙ [𝑚𝜒𝑚∇𝐶] − 𝐷𝑚∇2𝑚 = 𝑚[𝜌𝑚𝑃 − 𝜌𝑀]𝑃                      (2.3.6) 

 

where ∇ ∙ [𝑚𝜒𝑚∇𝐶] represents an advective chemotaxis term,  𝐷𝑚∇2𝑚 describes the 

diffusion of monocytes, and 𝑚[𝜌𝑚𝑃 − 𝜌𝑀]𝑃 is a source term.  

 

2.4 Initial Conditions  

Several cell types within the intima are sensitive to ionizing radiation, and their survival 

rates can be modeled as an exponential function of dose. There exists extensive theory on 

appropriate modeling of cell-survival curves. For example, Section 2.5 of Basic Radiation 

Oncology [25] provides a general review of target theory, and Section 2.6 compares the 
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available models for single and fractionated doses. We assumed a multi-target single-hit 

hypothesis (each of “n” sites within a cell must be hit at least once to cause cell death [26]) 

for a single dose of ionizing radiation administered at time zero, a process that could be 

effectively modeled within the initial conditions for cell types 𝐸0, 𝑚, and 𝑇. Macrophages 

can survive doses as high as 10 Gray (Gy) [27] (equivalent to approximately 1,000 CT 

scans to the abdomen/pelvis [28]), so their survival after a single dose of radiation is 

assumed to be 100%.  

We define 𝐷0 as the dose necessary to reduce the surviving fraction of cells to 37%, where 

1/𝐷0 is the slope of the survival curve (subscripted depending on cell type). As inspired 

by data from Fig. 3 of Park et al. [29], the surviving fraction of undamaged endothelial 

cells (𝑆𝐹𝐸0) as dependent on dose (𝐷) can be modeled as a shouldered survival curve with 

zero initial slope:  

𝑆𝐹𝐸0 = 1 − (1 − 𝑒
−

𝐷

𝐷0𝐸0)
𝑛

                                     (2.4.1) 

Where 𝑛 is the extrapolation number such that 𝑛 = 𝐷𝑞𝐸0/𝐷0𝐸0, and 𝐷𝑞 is the quasi-

threshold dose (a measure of shoulder width), subscripted for the undamaged endothelial 

cell population. See the appendix for the parameters values and accompanying sources.  

In contrast to endothelial cells, T-cells and monocytes tend to follow biphasic survival 

curves, where a lower primary dose is required to kill a portion of the radiosensitive cells 

and a higher secondary dose is required to kill the remaining portion of radioresistive cells. 

As inspired by data from Kwan et al. [30, 31], the surviving fraction of monocytes (𝑆𝐹𝑚) 

can be described by a biphasic, shouldered survival curve with zero initial slope, and the 
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surviving fraction of T-cells (𝑆𝐹𝑇) can be described by a biphasic, exponential survival 

curve of the form: 

𝑆𝐹𝑚 =  0.25 [1 − (1 − 𝑒
− 

𝐷

𝐷0𝑚1)
𝑛1

] + 0.75 [1 − (1 − 𝑒
−

𝐷

𝐷0𝑚2)
𝑛2

]            (2.4.2) 

𝑆𝐹𝑇 = 0.30𝑒−𝐷/𝐷0𝑇1 + 0.70𝑒−𝐷/𝐷0𝑇2                                (2.4.3) 

where 𝐷0𝑚1, 𝐷0𝑚2 represent the monocyte 𝐷0 values for the radiosensitive (𝑚1) and 

radioresistive (𝑚2) populations, and 𝐷0𝑇1, 𝐷0𝑇2 represent the T-cell 𝐷0 values for the 

radiosensitive (𝑇1) and radioresistive (𝑇2) populations. The extrapolation numbers 𝑛1 and 

𝑛2 are defined as the ratio between the quasi-threshold dose 𝐷𝑞 and 𝐷0 values such that 

𝑛1 = 𝐷𝑞𝑚/𝐷0𝑚2 and 𝑛2 = 𝐷𝑞𝑚/𝐷0𝑚2. The coefficients on the front of each component 

represent the fraction of the radiosensitive and radioresistive subpopulations as obtained 

from literature [30, 31]. The three survival curves are plotted in Figure 2.4.1 for absorbed 

doses of 0-20 Gy. See the appendix for the parameter values and accompanying sources.  

It is important to note that the biphasic curves represented by equations (2.4.2) and (2.4.3) 

are composite survival curves for two subpopulations with differing sensitivities. This 

format was inspired by a similar fit to the survival of anoxic and aerobic Chinese hamster 

cells in Fig 3.12 and equation (3.23) of Chadwick and Leenhouts 2012 [32]. 

In our initial conditions, we assume a spatiotemporal equilibrium for 

𝒖0 = [𝑆𝐹𝐸0(𝐸0𝑒𝑞), 𝐸0𝑠𝑠 − 𝑆𝐹𝐸0(𝐸0𝑒𝑞), 𝐶𝑒𝑞 , 𝑃𝑒𝑞 , 𝑆𝐹𝑚(𝑚𝑒𝑞),𝑀𝑒𝑞 , 𝜂𝑒𝑞 , 𝑆𝐹𝑇(𝑇𝑒𝑞),𝑁𝑒𝑞]
𝑇
, 

where each relevant species is adjusted by survival fraction and 𝐸0𝑠𝑠 is the baseline 

concentration of endothelial cells. As assumed in the preceding work, 𝑇𝑒𝑞 = 𝜂𝑒𝑞 =
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𝑀𝑒𝑞 = 𝑃𝑒𝑞 ≈ 0. Although the equilibrium concentration of T-cells was assumed to be 

zero, we included the survival fraction from equation (2.4.3) for later use with 

fractionated doses.  

 

Figure 2.4.1. The surviving fraction of undamaged endothelial cells, monocytes, and T-cells after a single 

dose of ionizing radiation.   

 

2.5 Boundary Conditions  

Letting 𝜕𝛺𝐿 represent the boundary between the lumen and intima and 𝜕𝛺𝐼 represent the 

boundary between the intima and media [1], for the vector of species v = [𝐶, 𝑃,𝑀, 𝜂, 𝑁]T 

it is assumed that there is zero flux across both boundaries such that  
𝜕v

𝜕𝒏
|𝜕𝛺𝐼∪𝜕𝛺𝐿

= 0 

(where 𝒏 is the outward unit normal vector).  

 

The influx of monocytes and T-cells into the intima is assumed to be dependent on 

threshold levels of chemoattractant (𝐶𝑇𝑚 and 𝐶𝑇𝑇), as similarly modeled by Ibragimov et 

al. [14].  For chemoattractant concentration equal to or below threshold value (𝐶 ≤ 𝐶𝑇𝑚 
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and 𝐶 ≤ 𝐶𝑇𝑇), the monocytes and T-cells are unable to cross the barrier between the 

lumen and intima. However, when this threshold concentration is surpassed (𝐶 >  𝐶𝑇𝑚 

and 𝐶 > 𝐶𝑇𝑇), there is an immediate influx of white cells across 𝜕𝛺𝐿. Little et al. [1] 

derived volumetric source terms for each species from data in Takaku et al. and Klouche 

et al. [33, 34] in units of mol/m3s: 

𝑓𝑚(𝐶,  𝑚𝐿)|𝜕𝛺𝐿
=   {

𝐷𝑚𝑚𝐿(𝛽𝑚,0 + 𝛽𝑚,1𝐶),   𝐶 > 𝐶𝑇𝑚

0,   otherwise
                          (2.5.1) 

𝑓𝑇(𝐶,  𝑇𝐿)|𝜕𝛺𝐿
=   {

𝐷𝑇𝑇𝐿(𝛽𝑇,0 + 𝛽𝑇,1𝐶),   𝐶 > 𝐶𝑇𝑇

0,   otherwise
                                 (2.5.2) 

 

where 𝐷𝑚 and 𝐷𝑇 are the diffusion rates of monocytes and T-cells, 𝑚𝐿 and 𝑇𝐿 are the 

average lumenal concentrations, and 𝛽𝑚,0, 𝛽𝑚,1, 𝛽𝑇,0, 𝛽𝑇,1 are best-fit parameters from 

least-squares fitting [1]. We assumed zero flux across 𝜕𝛺𝐼 for monocytes and T-cells. To 

avoid convergence problems, we used the built-in, smoothed Heaviside function 

flsmhs(x, scale) available in COMSOL [2] for x = 𝐶 − 𝐶𝑇𝑚 or x = 𝐶 − 𝐶𝑇𝑇 and scale =

1𝐸-20. This function takes on the value 0 for 𝑥 < − scale and the value 1 for 𝑥 > scale. 

2.6 Time-Dependent Solver  

COMSOL Multiphysics [2] offers a large selection of direct and iterative solvers. After 

performing a mesh refinement study, we opted for a physics-controlled mesh (mesh 

adapted to the geometry of the model) with a normal element size. We selected a relative 

tolerance of 1E-7 and an absolute tolerance of 5E-4 to ensure a smooth solution. Since 

our system of equations was strongly coupled, a direct solver was the best approach to 

guarantee convergence. 
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CHAPTER 3 

RESULTS 

3.1   Time Scale and Absorbed Dose 

We ran our model for two separate time durations (90 seconds and 6 hours) for varied doses 

of acutely delivered radiation at t = 0 seconds. We chose a standard dose interval of 0 – 5 

Gy, which is representative of a single dose (out of multiple fractions) of curative or 

adjuvant radiation therapy, but does not account for the mean dose received by the large 

arteries (which would be less depending on field arrangement). For example, a patient 

suffering from breast cancer may receive a standard whole breast dose of 45-50 Gy over 

5-5.5 weeks (1.8-2.0 Gy/fraction per day) or 42.5 Gy in 16 fractions delivered in just over 

3 weeks (2.66 Gy/fraction per day) [35]. In rare instances of metastatic breast cancer with 

bone metastases to the vertebral column, a patient seeking palliative treatment may receive 

a single fraction of radiotherapy as high as 8 Gy [36, 37]; however, due to computational 

limitations we chose not to examine doses exceeding 5 Gy.  

3.2 Graphical Results 

In Figure 3.2.1, we plot the concentration of monocytes and T-cells as a function of time 

after exposure (see the appendix for corresponding convergence plots). For doses below 

2.2 Gy, it is obvious that the chemoattractant threshold (discussed in section 2.5) is not 

surpassed, as there is no evidence of monocyte or T-lymphocyte flux into the intima. The 

intimal concentration of T-cells does not increase with time (𝑇𝑒𝑞 = 𝑇𝑓𝑖𝑛𝑎𝑙 = 0), and the 

monocyte concentration is unchanged after initial perturbation due to radiation-induced 
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death. However, when a dose of approximately 2.2 Gy is met or exceeded, the risk of 

atherosclerosis increases considerably. At this point, there is a marked burst in 

chemoattractant concentration over the threshold value and subsequent influx of immune 

cells (monocytes and T-cells) into the intima. This, in turn, increases the concentration of 

proliferation factor (M-CSF), which induces differentiation of monocytes into 

macrophages. The increased number of macrophages are able to bind lipid (η) and thus 

contribute to the growth of the necrotic core, a key component in induction of 

cardiovascular disease.  

In Figure 3.2.2 A and B, the concentration of undamaged endothelial cells increases slowly 

with time as the cells repopulate after initial damage. The concentration of damaged 

endothelial cells (Figure 3.2.2 C and D) is unchanged as we did not incorporate cellular 

repair processes into our model, but rather assumed that the proliferation of endothelial 

cells is dependent on the difference between baseline concentration and concentration of 

undamaged cells (𝐸0𝑠𝑠 − 𝐸0). In Figure 3.2.2. E and F, the concentration of 

chemoattractant MCP-1 increases rapidly for absorbed doses at or above 2.0 Gy and 

decreases for sub-threshold doses. For doses of 3.0-5.0 Gy, the concentration of MCP-1 

appears to follow a log-normal distribution; however, the tail of the distribution flattens 

linearly at threshold concentration (2.16E-8 mol/m3). The concentration evolution of 

intimal MCP-1 at four different time points (0, 180, 1800, and 5400 s) can be seen in the 

volume plots in Figure 3.2.3.  

In Figure 3.2.2, the proliferation factor (G, H), macrophage (K, L), macrophage-bound 

lipid (M, N), and necrotic core (Q, R) concentrations, which are all strongly-coupled, 
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initially grow at an exponential rate and then increase as linear functions of time after 

exposure. Of note, the graphs of proliferation factor and necrotic core concentration after 

irradiation with 3.0 and 4.0 Gy are overlapping (the yellow obscures the pink curve in the 

left panel); however, we can see that the graphs eventually diverge (right panel). 

Eventually, the combined monocyte (I, J), macrophage (K, L), and T-cell (O, P) 

concentrations are sufficient to cause degradation of chemoattractant (MCP-1) (via the last 

three terms in row three of equation (2.3.3)) at approximately 0.05 hour, and between 0.5-

1.5 hours (depending on administered dose) after exposure, the MCP-1 concentration 

decays to threshold value, preventing further influx of monocytes and T-cells. It is 

important to note that although the T-cell concentration appears to asymptote at 0.5, 1.0, 

and 1.5 hours (3.0, 4.0, and 5.0 Gy), after a sufficiently long enough period the 

concentration begins to slowly decay to its equilibrium value. The proliferation factor, 

which depends exclusively on T-cell concentration, is predicted to follow a similar decay 

pattern (results not obtained due to computational limitations), and eventually the 

concentrations of macrophages (𝑀) and macrophage-bound lipid (𝜂) should also return to 

equilibrium levels.  

The brief perturbation of endothelial cells and monocytes in Figure 3.2.2 are dependent on 

their survival curves, which are modeled as shouldered exponential functions of dose. Due 

to the broad shoulder for undamaged endothelial cells (EC’s), the survival of this cell type 

is relatively unchanged for the first 0.5 Gy, but then decreases rapidly until 3.0 - 4.0 Gy, at 

which point the rate of change begins to asymptote. This trend is reflected in Figure 3.2.2 

(A-D), as the damaged EC concentration is a function of the undamaged EC concentration 

(𝐸1 = 𝐸0𝑠𝑠 − 𝐸0, for 𝐸0𝑠𝑠 the baseline EC concentration). 
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           (A)                                                                     (B) 

       
 

 

Figure 3.2.1. Monocyte (A) and T-cell (B) response to varied doses (2.1-2.7 Gy) of ionizing radiation 

(administered at t = 0 h). As can be visualized by the abrupt increase in intimal immune cells, the 

chemoattractant threshold is surpassed at approximately 2.2 Gy. 
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Figure 3.2.2 The effect of single doses of ionizing radiation (administered at t = 0 h) on the concentrations 

of nine species involved in atheroma development 0 – 90 seconds (left panel) and 0 – 6 hours (right panel) 

post-radiation. (A, B) Undamaged and (C, D) damaged endothelial cell concentrations as a function of time 

after exposure. (E, F) Chemoattractant (MCP-1), (G, H) proliferation factor (M-CSF), (I, J) monocyte, (K, 

L) macrophage, (M, N) macrophage-bound lipid, (O, P) T-cell, and (Q, R) necrotic core cocentrations as a 

function of time after exposure.  

 

      (A)                               (B)                              (C)                             (D) 

 

 

Figure 3.2.3 Intima cross sections at four different time points (A) 0 s (B) 180 s (C) 1800 s (D) 5400 s. The 

concentration of MCP-1 (color-coded) after 5 Gy rapidly reaches peak value within 180 s and then slowly 

decays to threshold (2.16E-8 mol/m3) at 5400 seconds (1.5 hour).  
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CHAPTER 4 

DISCUSSION 

4.1 Findings and Limitations 

We have extended the results of the Little et al. 2009 study [1] of early-stage 

atherosclerosis using numerical methods, with particular attention to survival fraction 

after irradiation. In our analyses, we utilized an incredibly powerful software package, 

COMSOL Multiphysics, to handle a large system of nine strongly-coupled partial 

differential equations. We constructed a three-layered, three-dimensional annular prism 

to model the geometry of the human coronary artery and defined our system within the 

intima domain.  

Our results of MCP-1 variation for doses at or below 1.0 Gy (Figure 3.2.2 E) suggest that 

the concentration of chemoattractant decreases before leveling off; whereas, Little et al. 

[1] discovered an upward trend in MCP-1 for small doses of 10 mGy (Figure 5 [1]). The 

discrepancies between our results and those found by Little et al. [1] are likely due to the 

assumed hypothesis of cell survival. Little et al. [1] adopted a single-target single-hit 

hypothesis, which assumes that cell survival is a linear function of absorbed dose. This 

model is appropriate for low doses of exposure, such as those received in occupational 

settings. However, our research focused on higher doses at the therapeutic level, which 

are more appropriately modeled under the multi-target single-hit hypothesis. Our model 

could be easily adjusted to incorporate both survival hypotheses, an endeavor that we 

plan to carry out in future analyses.  
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There are several limitations of this model that require further acknowledgement. First, 

we used a rather simplified system of equations that incorporated the major components 

of the early-stage processes, excluding other contributors such as high-density lipoprotein 

(HDL), radicals, and antioxidants present in the lumen. These simplifications were 

necessary in order to be able to solve the system with our available computing resources. 

In addition, we modeled concentration changes after a single dose, rather than multiple 

fractionated doses - which is more consistent with radiotherapy routines. Unfortunately, 

in order to effectively model fractionation effects, the doses would have to be 

administered at different time points, which adds another level of complexity to our 

system. In order to allow sufficient recovery time between doses (generally a one-day 

hiatus), we would have to run our simulation for 16-24 times the current study period (4-

6 fractions) and have enough available disk space to store the temporary solutions. 

Although it is certainly possible, it is not necessarily feasible with our current computing 

capabilities.   

4.2 Radiological Implications 

Radio-therapeutic treatment of certain cancers located within proximity to large arteries 

(such as the cerebral, carotid, or coronary arteries) increases the risk of death from 

cardiovascular disease. The Surveillance, Epidemiology, and End Results (SEER) program 

of the National Cancer Institute conducted a longitudinal cohort study of 308,861 women 

treated for breast cancer between the years 1973 to 2001, of whom 115,165 (37%) received 

radiotherapy as part of their treatment strategy. Of the patients diagnosed between the years 

1973-82, the cardiac mortality ratio of left versus right-sided cancer (95% CI) was 1.58 
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(1.2-1.95), 15 plus years after radiation [38]. Although doses administered in the 1970-80’s 

were considerably more generous than contemporary techniques, these striking differences 

in cardiac deaths due to beam placement highlight the importance of further cardiovascular 

protection measures. Total body irradiation (TBI) prior to stem cell transplant or due to 

radiological incidents (e.g. nuclear facility breach or terrorism) can involve adverse 

cardiovascular effects [39, 40], as well as radiation to other cancer types such as brain and 

spinal tumors or lung cancer [41-43].  

Our methods differ from Little et al. [1] in several ways. First, we solved the system of 

reaction-diffusion equations numerically (rather than analytically, as was done in the 

previous study). Numerical methods enable us to solve more sophisticated and spatially 

heterogeneous conditions, though in the current study we have not taken advantage of 

analyzing spatial heterogeneity.  We also incorporated cell survival curves within the initial 

conditions, considering the differing radiosensitivities of the monocyte and T-cell 

subpopulations as well as the shoulder width of each survival curve. This enabled us to 

examine doses within therapeutic range (≥ 1.8 Gy), which would not have been appropriate 

using the earlier model. Unlike the previous study, we used the volumetric source terms 

given in equations (2.5.1) and (2.5.2) within our boundary conditions, rather than 

converting to a change in concentration per unit distance as was done in Little et al. [1]. 

Finally, we updated the table of parameter values to include more current values where 

possible, the physical properties of the artery, and constants specific to the survival curves. 

We have shown that that there is an increase in atheroma size, and thus increased risk of 

an adverse cardiac event, associated with absorbed radiation doses of greater than or equal 



23 

 

to 2.2 Gy, assuming that there exist MCP-1 thresholds for monocyte and T-cell flux. These 

results have tremendous implications on current radiotherapy routines, which typically 

employ daily conventional or hypo-fractionated doses of at least 1.8-2.0 Gy, but can deliver 

upwards of 2.0 Gy for certain regimens. Investigators and medical professionals with 

access to the COMSOL software can easily modify the administered dose or time after 

exposure within the study section of the model builder under the “time dependent” tab. We 

expect that these numerical results can be used in conjunction with in vivo or in vitro studies 

to better understand the post-radiation pro-inflammatory process involved in the 

development of cardiovascular disease.    
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APPENDIX 

TABLE OF PARAMETERS  

 

Name Expression Description  Source  

𝜏 4.63E-06[1/s] Endothelial cell repopulation rate Little et al. 2009 (Table S2) [1] 

𝐸0𝑠𝑠 5.65E+08[cells/ml] Baseline endothelial cell concentration Derived from Hillebrand et al. 2007 (pg 643) [44] 

𝜄𝐿0 6.14E+01[ml/(mol*s)] Endothelial cell damage rate per unit concentration of fully-oxidized 

LDL  

Little et al. 2009 (Table S2) [1] 

𝑑𝐸 5.29E-08[1/s] Damaged endothelial cell death/degradation rate Little et al. 2009 (Derived via Eq. 20) [1] 

𝜌𝐶𝐸  5.73E-24[mol/(cell*s)] Production rates of MCP-1 per unit concentration of damaged 

endothelial cells 

Little et al. 2009 (Table S2) [1] 

𝜌𝐶𝑀 1.96E-25[mol/(cell*s)] Production rates of MCP-1 per unit concentration of macrophages Little et al. 2009 (Table S2) [1] 

𝜌𝐶𝑇  0.00E+00[mol/(cell*s)] Production rates of MCP-1 per unit concentration of T-cells Little et al. 2009 (Table S2) [1] 

𝐷𝐶  3.89E-11[m^2/s] MCP-1 diffusion rate  Little et al. 2009 (Table S2) [1] 

𝑑𝐶𝑀 1.29E-05[ml/(cell*s)] Degradation rate of MCP-1 per unit concentration of macrophages Little et al. 2009 (Table S2) [1] 

𝑑𝐶𝑇  1.29E-05[ml/(cell*s)] Degradation rate of MCP-1 per unit concentration of T-cells Little et al. 2009 (Table S2) [1] 

𝑑𝐶𝑚 1.29E-05[ml/(cell*s)] Degradation rate of MCP-1 per unit concentration of monocytes Little et al. 2009 (Table S2) [1] 

𝜌𝑃𝑇 9.15E-25[mol/(cell*s)] Production rate of M-CSF per unit concentration of T-cells Little et al. 2009 (Table S2) [1] 

𝐷𝑃 1.82E-11[m^2/s] M-CSF diffusion rate Little et al. 2009 (Table S2) [1] 

𝜒𝑚 3.00E+00[m^2*ml/(mol*s)] Monocyte chemotactic factor Little et al. 2009 (Table S2) [1] 

𝜒𝑀 3.00E+00[m^2*ml/(mol*s)] Macrophage chemotactic factor Little et al. 2009 (Table S2) [1] 

𝜒𝑇  3.00E+00[m^2*ml/(mol*s)] T-cell chemotactic factor Little et al. 2009 (Table S2) [1] 

𝜌𝑚𝑃 1.39E+07[ml/(mol*s)] Proliferation rate of monocytes per unit concentration of proliferation 

factor 

Derived from Becker et al. 1987 (Figure 1) and 

Knowles 2001 [45, 46] 

𝜌𝑀 8.00E+06[ml/(mol*s)] Conversion rate of monocytes to macrophages Derived from Becker et al. 1987 (Figure 1) and 

Knowles 2001 [45, 46] 

𝐷𝑚 3.03E-15[m^2/s] Monocyte diffusion rate Little et al. 2009 (Table S2) [1] 

𝐷𝑀 2.87E-15[m^2/s] Macrophage diffusion rate Little et al. 2009 (Table S2) [1] 

𝐿0 3.08E-10[mol/ml] Concentration of oxidized LDL within the intima Geometric mean of Napoli et al. 1997 & Bing et al. 

2004 [47, 48] 

𝑑𝑇 6.94E-07[1/s] T-cell degradation rate Little et al. 2009 (Table S2) [1] 

𝐷𝑇  6.21E-15[m^2/s] T-cell diffusion rate Little et al. 2009 (Table S2) [1] 
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𝑑𝑀𝑀 1.50E-08[mol/cell] Ratio of the augmentation of necrotic core by macrophage death Little et al. 2009 (Table S2) [1] 

𝑑𝑇𝑇 2.05E-10[mol/cell] Ratio of the augmentation of necrotic core by T-cell death Little et al. 2009 (Table S2) [1] 

𝑚𝐿 3.00E+05[cells/ml] Concentration of monocytes within the lumen Little et al. 2009 (Table S2) [1] 

𝛽𝑚0 1.72E+08[1/m^2] Best fit parameter in function 𝑓𝑚(𝐶,𝑚𝐿) Little et al. 2009 (Table S2) [1] 

𝛽𝑚1 2.53E+19[ml/(mol*m^2)] Best fit parameter in function 𝑓𝑚(𝐶,𝑚𝐿) Little et al. 2009 (Table S2) [1] 

𝐶𝑇𝑚 2.16E-14[mol/ml] Threshold concentration of MCP-1 required for monocyte flux into 

intima 

Derived from Gonzalez-Quesada et al. 2009 and 

ThermoFisher Scientific [49, 50]a 

𝑇𝐿  2.50E+06[cells/ml] T-cell concentration within the lumen Little et al. 2009 (Table S2) [1] 

𝛽𝑇0 7.33E+07[1/m^2] Best fit parameter in function 𝑓𝑇(𝐶, 𝑇𝐿) Little et al. 2009 (Table S2) [1] 

𝛽𝑇1 8.85E+18[ml/(mol*m^2)] Best fit parameter in function 𝑓𝑇(𝐶, 𝑇𝐿) Little et al. 2009 (Table S2) [1] 

𝐶𝑇𝑇 2.16E-14[mol/ml] Threshold concentration of MCP-1 required for T-cell flux into intima Approximated equal to C_Tm 

𝐶𝑒𝑞  1.15E-14[mol/ml] Equilibrium concentration of MCP-1 within the intima Little et al. 2009 (Table S2) [1] 

𝑚𝑒𝑞  1.05E+04[cells/ml] Equilibrium concentration of monocytes within the intima Derived from Joris et al. 1979 and ScienCell [51, 52]b 

𝐸0𝑒𝑞  4.48E+08[cells/ml] Equilibrium concentration of endothelial cells Derived from Hillebrand et al. 2007, Harvey et al. 

2010, He et al. 2000, Staiger et al. 2004 [44, 53-55]c 

𝐸1𝑒𝑞  1.17E+08[cells/ml] Equilibrium concentration of damaged endothelial cells 𝐸0𝑠𝑠 − 𝐸0𝑒𝑞  

𝑁𝑒𝑞  0.00E+00[mol/ml] Equilibrium concentration of the necrotic core Assumed prior to plaque formation 

𝑃𝑒𝑞  0.00E+00[mol/ml] Equilibrium concentration of M-CSF within the intima Little et al. 2009 (Table S2) [1] 

𝑀𝑒𝑞  0.00E+00[cells/mm^3] Equilibrium concentration of macrophages within the intima Little et al. 2009 (Table S2) [1] 

𝜂𝑒𝑞 0.00E+00[mol/ml] Equilibrium concentration of macrophage-bound lipid within the 

intima 

Little et al. 2009 (Table S2) [1] 

𝑇𝑒𝑞  0.00E+00[cells/mm^3] Equilibrium concentration of T-cells within the intima Little et al. 2009 (Table S2) [1] 

𝑅2 7.66E+13[cell/(mol*s)] Derived scaling constant in function 𝑑𝑀(𝜂/𝑀)  Little et al. 2009 (Table S2) [1] 

𝐸 1.48E+06[Pa] Young’s modulus for coronary artery tissue Karimi et al. 2013 [56] 

𝜈 4.95E-01 Poisson’s ratio for coronary artery tissue Karimi et al. 2013 [56] 

𝜌𝑎 1.07E+00[g/ml] Density of arterial wall (canine) Armentano et al. 1995 [57] 

𝑇𝐿𝐴𝐷  1.10E+00[mm] Anterior/Posterior wall thickness of LAD  Perry et al. 2013 [58] 

𝐷𝐿𝐴𝐷  2.20E+00[mm] Luminal diameter of the LAD Perry et al. 2013 [58] 

ℎ𝐿𝐴𝐷 1.50E-02[m] Height of LAD User Chosen 

𝑇𝐸𝐴𝑇  5.00E+00[mm] Epicardial adipose tissue thickness  Bertaso et al. 2013 [59]d 

𝜌𝐸𝐴𝑇  1.55E+00[g/cm^3] Density of epicardial adipose tissue Derived from Marcus et al. 2007, Duchesne et al. 

2009 [60, 61]e 

𝜌𝑏 1.05E+03[kg/m^3] Density of blood Hinghofer-Szalkay et al. 1987 (Fig. 1) [62]f 
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𝜇𝑏 3.63E+00[cP] Dynamic viscosity of blood at 37°C Chandler et al. 1986 [63] 

𝑣𝐿𝐴𝐷  2.70E+01[cm/s] Resting average peak blood velocity in the LAD Anderson et al. 2000 (Table 3.) [64] 

𝑝𝐿𝐴𝐷 9.05E+01[mmHg] Diastolic Pressure in the LAD Dole et al. 1984 (TABLE) [65]g 

𝐼𝑇 2.35E-01[mm] Intimal thickness of the human coronary artery Mukherjee et al. 2010 (pg 356) [66] 

𝑀𝑇 2.00E-01[mm] Media thickness of the human coronary artery Mukherjee et al. 2010 (pg 356) [66] 

𝐴𝑇 4.00E-01[mm] Aventitia thickness of the human coronary artery Mukherjee et al. 2010 (pg 356) [66] 

𝜌𝑖𝑛,0 5.34E-10[ml/(cell*s)] Macrophage ingestion rate of oxidized LDL at zero concentration of 

bound lipid  

Little et al. 2009 (Table S2) [1] 

𝜌𝑖𝑛,ℎ𝑖𝑔ℎ 2.67E-10[ml/(cell*s)] Macrophage ingestion rate of oxidized LDL at high concentration of 

bound lipid  

Little et al. 2009 (Table S2) [1] 

𝑅3 2.09E+02[cell/mol] Derived scaling constant in function 𝜌𝑖𝑛(𝜂/𝑀) Little et al. 2009 (Table S2) [1] 

𝑑𝑀0 9.26E-07[1/s] Macrophage death rate Little et al. 2009 (Table S2) [1] 

𝜙𝑚1 2.50E-01 Percent radiosensitive monocytes Kwan and Norman 1978 [31] 

𝜙𝑚2 7.50E-01 Percent radioresisitve monocytes Kwan and Norman 1978 [31] 

𝐷0𝑚1 5.50E-01[Gy] The required dose necessary to kill 63% of the radiosensitive 

monocyte population 

Kwan and Norman 1978 [31] 

𝐷0𝑚2 6.50E+00[Gy]  The required dose necessary to kill 63% of the radioresistive 

monocyte population 

Kwan and Norman 1978 [31] 

𝐷𝑞𝑚 2.50E-01[Gy] The quasi-threshold dose for the monocyte population  Estimated from data in Fig 1. of Kwan and Norman 

1978 [31] 

𝑛1 1.58E+00 Defined as exp (
𝐷𝑞𝑚

𝐷0𝑚1
) Derived using equations in Chapter 2 of Beyzadeoglu 

et al. 2010 [25] 

𝑛2 1.04E+00 Defined as exp (
𝐷𝑞𝑚

𝐷0𝑚2
) Derived using equations in Chapter 2 of Beyzadeoglu 

et al. 2010 [25] 

𝜙𝑇1 3.00E-01 Percent radiosensitive T-cells Kwan and Norman 1977 [30] 

𝜙𝑇2 7.00E-01 Percent radioresisitve T-cells Kwan and Norman 1977 [30] 

𝐷0𝑇1 5.50E-01[Gy] The required dose necessary to kill 63% of the radiosensitive T-cell 

population 

Kwan and Norman 1977 [30] 

𝐷0𝑇2 5.50E+00[Gy] The required dose necessary to kill 63% of the radioresistive T-cell 

population 

Kwan and Norman 1977 [30] 

𝐷0𝐸0 1.69E+00[Gy] The required dose necessary to kill 63% of the undamaged endothelial 

cell population 

Park et al. 2012 [29] 

𝐷𝑞𝐸0 2.12E+00[Gy] The quasi-threshold dose for the undamaged endothelial cell 

population  

Park et al. 2012 [29] 

𝑛 3.51E+00 Defined as exp (
𝐷𝑞𝐸0

𝐷0𝐸0
) Derived using equations in Chapter 2 of Beyzadeoglu 

et al. 2010 [25] 
aUsed molecular weight of 11 kDa [50] to convert from 238 pg/ml [49] to 2.16E-14 mol/ml. 
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bAverage number of intimal monocytes, 2.1 monocytes/100 endothelial cells [51] multiplied by the average volume of human coronary artery endothelial cells 

5E5 endothelial cells/ml [52].  

cEquilibrium concentration of endothelial cells (undamaged+damaged) [44] multiplied by the arithmetic mean of equilibrium percentages of undamaged 

endothelial cells [53-55].  

dAs defined by Bertaso et al. [59], a tissue thickness of 5 mm should represent a healthy cutoff for low-risk populations 

eEpicardial adipose tissue has an attentuation value of -65 Hounsefield units (HU) [61]. We converted to a density of 1.55 g·cm-3 using a method described in 

Duchesne et al. [60] and the density of water as a reference value. 

fArithmetic mean of max and min venous blood densities of 6 male subjects in sitting, standing, and supine position from Fig. 1 of Hinghofer-Szalkay et al. [62]. 

gAverage of the initial and final mean diastolic pressures given in Dole et al. [65]. 
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                 (A)                                                                             (B) 

        

Figure A.1 (A) Estimate of relative error at each iteration for a convergence criterion of 1E-7. (B) Convergence of the 

time-dependent solver for varied absorbed doses. 

In Figure A.1 (A), the error estimates are graphed at each iteration of the segregated solver (direct 

solver for the coupled system and iterative solver for the laminar flow module). The first 800 

iterations represent the error estimates for the direct solver across seven dose parameters (0 - 5 

Gy). Figure A.1 (B) is a plot of the reciprocal of step size versus time step in the time-dependent 

solver for each of the seven dose parameters. As the absorbed dose increases, convergence 

becomes more difficult to achieve.  
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