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Abstract

The McIlwain L parameter has been widely used to label magnetic drift shells of trapped particles. In a dipolar

magnetic ®eld, L gives the equatorial radius of a drift shell. When the total magnetospheric magnetic ®eld is
signi®cantly altered by the presence of external magnetospheric currents, particularly during geomagnetically active
periods, L has to be calculated by using an appropriate magnetic ®eld model that includes the external ®elds. Thus,
an L value computed at a given local time does not always give the position of a drift shell in con®guration (real)

space, especially at high L values (>4). Since L is one of the magnetic coordinates typically used to organize
trapped particle data, the external current e�ects on the L calculation need to be assessed. In this paper, we show
that by conserving the second adiabatic invariant, I, in a model magnetospheric magnetic ®eld given by the sum of

the IGRF and the Tsyganenko T89c models, a con®guration-space-based drift shell parameter can be de®ned. It has
been found that for a given mirroring ®eld strength Bm on a magnetic ®eld line, the quantity I is empirically related
to the radial distance rt to the point of minimum ®eld strength along that ®eld line. By conserving I, rt measured in

units of Earth radii (RE ) at any local time can be mapped to its equivalent value Ltn at noon, and vice versa. We
show that Ltn can be used as a parameter to label drift shell in con®guration space, analogous to the use of L in
magnetic space. Published by Elsevier Science Ltd.

1. Introduction

In trapped radiation modeling, the three adiabatic

invariants provide the `natural' coordinates to rep-

resent the distribution function of trapped particles

(Roederer, 1970; 1996, Schulz, 1996). Conservation of

adiabatic invariants of charged particles trapped in the

inner magnetosphere also allowed McIlwain (1961) to

introduce the L-parameter based on a dipole magnetic

®eld con®guration. It has been noted that L can be

used to perfectly organize trapped particle directional

¯uxes perpendicular to the magnetic ®eld, J_

(McIlwain, 1966). Particles executing azimuthal drift

motions while conserving their invariants will be con-

®ned to what is commonly known as a drift shell.

Takahashi et al. (1997), for example, recently exam-

ined the radial boundaries of substorm ion injections

by attempting to follow the particle drift shells. In the

inner radiation belt zone (1.2 < LE3) where the geo-

magnetic ®eld can be approximated by a dipole ®eld,

the McIlwain L-parameter serves adequately as a drift-

shell label and provides a measure of the drift shell

radius. In the outer radiation belt zone and beyond

(L > 3), however, e�ects of the solar wind and exter-

nal magnetospheric currents on the geomagnetic ®eld

can be signi®cant. Because of the resulting azimuthal

asymmetry of the magnetospheric magnetic ®eld, par-
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ticles bouncing along a common ®eld line will follow

di�erent azimuthal drift paths, dependent generally
upon their equatorial pitch angles and hence Bm. This

is the so-called `shell-splitting' e�ect (Roederer, 1970)
which is best visualized in con®guration (real) space.

Since a drift shell is identi®ed by specifying both L
and Bm, we use the term `shell-splitting' only to refer

to the phenomenon that is commonly known, but not
to imply actual splitting of a shell. While it is desirable

to have good organization of trapped particle obser-
vations in magnetic coordinates, it is also important to

visualize the spatial structure of drift shells in real
space in order to interpret multi-satellite observations

over a wide spatial range.
In order to analyze the behavior of energetic elec-

tron ¯uxes at low altitudes (<1000 km), a suitable
parameter is needed to organize the observed particle

¯uxes into drift shell structure. The McIlwain L-par-
ameter is a perfect parameter for a dipole-®eld case

(McIlwain, 1961). In a realistic ®eld geometry, L actu-
ally varies along a ®eld line (McIlwain, 1966) and can

no longer be used to visualize drift shell structure in
real space. We present in this paper the development

of a con®guration space-based parameter which can
e�ectively be used to identify drift shells. A require-

ment of this parameter is that it has to reduce to the
L-parameter in the dipole-®eld limit.

2. Magnetic drift shell and L-parameter

In the limit of a static geomagnetic ®eld, conserva-
tion of the ®rst and second adiabatic invariants de®nes
two invariant coordinates for trapped particle motion

(Northrop and Teller, 1960): the mirroring ®eld
strength,

Bm � B= sin 2a �1�

with B and a as the local magnetic ®eld and pitch-

angle, and the integral invariant I

I �
�A 0
A

�
1ÿ B�s�=Bm

�1=2
ds �2�

with the integration being performed along the ®eld
line s between two conjugate mirror points A and A '
(Fig. 1(a)). The McIlwain L is then de®ned as

L3Bm=Md � F
ÿ
I 3Bm=Md

�
�3�

where F is a function which e�ectively maps any non-
dipolar magnetic ®eld into an equivalent dipole ®eld
and Md is the Earth's intrinsic magnetic dipole

moment (McIlwain, 1961). It is apparent that when Bm

and I are conserved along a particle trajectory, L is
also conserved and will thus de®ne a drift shell as the

set of ®eld line segments with constant equatorial
radial distance L00 (Md/Bmin)

1/3 in a dipole ®eld, with
Bmin being the minimum magnetic ®eld strength of the

®eld line. Eqs. (1) and (2) imply then that (B,L ) natu-
rally form a set of equivalent dipole coordinates (see
Fig. 1(b)) for locally mirroring particles (a=908). This
coordinate system has been used extensively in trapped
radiation modeling (e.g. Sawyer and Vette, 1976;
Vette, 1991a,b).
Since B decreases drastically with increasing radial

distances, Eq. (2) indicates that for a realistic geomag-
netic ®eld con®guration I should be a monotonic func-
tion of the ®eld line length, which extends with

increasing equatorial radial distance rt to the Bmin

point. Therefore, for a given BmI should also be a
monotonic function of rt. However, this relation does

not imply that the same rt at di�erent local times
should be associated with the same I value as it does
in the dipole ®eld case. As we will show below instead,
the inherent asymmetry of a realistic geomagnetic ®eld

only allows the use of the same functional form to
relate I and rt at any local time (see Eq. 2); but the
parameters in the function can vary with local times.

A realistic geomagnetic ®eld is often distorted by the
actions of the solar wind and external magnetospheric
currents. Eqs. (2) and (3) for this case indicate that L

would actually vary along a ®eld line (McIlwain,
1966). While Eq. (3) provides a de®nition of L, it does
not conveniently give the position of a drift shell in

Fig. 1. (a) Schematic view of procedures to determine rt with

aB being the particle pitch-angle at the Bmin point. (b)

Mapping of a realistic (distorted) geomagnetic ®eld into a

dipole magnetic ®eld.
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space (see e.g. Reeves et al., 1991). In order to deter-
mine and follow the positions of a drift shell in local

time, one has to ®rst trace a magnetic ®eld line and
calculate the I value for a given Bm along that ®eld
line (Eq. (2)) and compute the corresponding L value

(Eq. (3)). The same calculations must be repeated for
all model ®eld lines at di�erent local times and radial
distances for the same geomagnetic ®eld con®guration.

Finally, one has to link the real-space positions of
those ®eld line segments having the same L value (con-
serving I and Bm ). Without this last step, L cannot be

used to identify a drift shell in space. Since the func-
tion F is based on a dipole ®eld, which has no inherent
local-time asymmetry (Roederer and Schulz, 1969),
extreme caution is required in comparing and inter-

preting trapped radiation data and models results in
the Bm-L space, particularly when di�erent magnetic
models may have been used in processing the data or

constructing the models.
We note also that J. Roederer has de®ned an L�-

parameter (L�=2pMd/REf, with f and RE being the

third adiabatic invariant and Earth's radius, respect-
ively (e.g. see Roederer, 1970)). Like L, L� does not
re¯ect any azimuthal asymmetry in a magnetic ®eld or

distinguish di�erent drift shells enclosing the same f.
Such uncertainty becomes more important when e�ects
of various geomagnetic activity levels or magneto-
spheric states (Fung, 1996) are to be incorporated into

the external magnetic ®eld model. Neither L nor L�

can distinguish between di�erent magnetospheric
states, although such information may have been im-

plicitly incorporated in the invariant calculations.
Therefore, it may be desirable to de®ne a drift-shell
parameter that is based on a real-space position in a

realistic geomagnetic ®eld, such that a drift shell can
be easily identi®ed in real space relative to other mag-
netospheric boundaries.

3. Magnetic equatorial drift-shell radius, rt or Ltn

Unlike equatorially trapped particles, low-altitude
mirroring particles encounter large mirroring ®elds

(Bm > 1000 nT) and are less a�ected by `shell split-
ting'. Their drift shells are fairly well de®ned by their I
values, which are e�ectively given by the length s of
the ®eld line along which they bounce (see Eq. (2)). At

a given magnetic local time (MLT), s is scaled by its
magnetic equatorial radius rt and the ®eld line is
uniquely identi®ed by (rt, MLT) (Roederer and Schulz,

1969). Due to the inherent asymmetry of a realistic
geomagnetic ®eld, rt is expected to vary with MLT
along a given drift shell. As a trapped particle drifts

azimuthally around the Earth, it bounces along succes-
sive ®eld lines with varying rt, which reduces to
L(=L0) in the dipole-®eld limit. Since L0 is the equa-

torial radius of a ®eld line in the case of a dipole mag-
netic ®eld, we will investigate if rt can e�ectively serve

as a drift shell label in a realistic geomagnetic con®gur-
ation. We denote the special case of local noon such
that rt(MLT=12 h)0Ltn, which we will use as a drift

shell label.
Analogous to the McIlwain L and Lp introduced by

Roederer and Schulz (1969), Ltn is then the radial dis-

tance (in RE ) to the magnetic minimum along a given
®eld line in the local noon sector. Unlike L0, rt at
di�erent local times are not co-planar or limited in the

dipole equator plane. Given a realistic magnetic ®eld
model, rt and Ltn can be easily computed by simply
tracing the ®eld lines and locating the Bmin point of
each ®eld line. As we shall see below, there is no fun-

damental di�erence between Ltn and the conventional
McIlwain L-parameter to identify a drift shell because
they are derived from the same principle, conservation

of adiabatic invariants of charged particles in a quasi-
static magnetic ®eld. The di�erence is in their utility in
speci®c applications. While (Ltn,Bm ) and (L,Bm ) both

specify a drift shell, the parameter Ltn explicitly speci-
®es the equatorial radial extent of a drift shell at noon
for any realistic magnetic ®eld model; but L does so

only for a dipole magnetic ®eld.

4. Empirical relationship between I and rt

It is clear from Eq. (2) that for a given Bm and
MLT, I should scale with rt. The scaling factors should
vary with MLT and geomagnetic con®guration (e.g.

Kp ), re¯ecting the asymmetry of the total ®eld. Thus
for a ®xed geomagnetic con®guration, a drift shell is
simply de®ned by the locus of rt along which Bm and I

are constant. All the rt at di�erent MLT can then be
mapped (by following the variations of the scaling
coe�cients with MLT) to its corresponding noon-value
Ltn. The I-vs-rt relationship can be modeled empirically

at each MLT fairly generally by a second-order poly-
nomial with Bm as a parameter. Thus, for each of the
n MLT sectors other than the noon sector, we have

Ik � c1k�Bm� � c2k�Bm�rt � c3k�Bm�r2t

�k � 2, 3, 4; : : : ; n� �4�

where cik(Bm ) is the matrix of ®tting coe�cients.
Similarly, at local noon (k= 1) we have

I1 � c11�Bm� � c21�Bm�Ltn � c31�Bm�L2
tn: �5�

By equating Ik(k= 2-n ) in Eq. (4) to I1 in Eq. (5) for

a given Bm and Ltn, we can ensure the conservation of
Bm and I along a drift shell and solve for rt at di�erent
MLT.

S.F. Fung, L.C. Tan / Radiation Measurements 30 (1999) 609±615 611



In the present study, the IGRF (1985) internal ®eld
and the T89c (Tsyganenko, 1989) external ®eld have
been used to model the realistic geomagnetic ®eld.

Using this composite ®eld model, we have traced all
the model ®eld lines at di�erent MLT (de®ned by the
longitude intercepting the magnetic equator of the ®eld
line) and determined all the corresponding rt to the

points of minimum ®eld strength Bmin. For a range of
Bm values, we have calculated all I values associated
with the ®eld lines and obtained the real-space con-

tours of each (Bm,I ) bin. Fig. 2, taken from Fung and
Tan (1998), shows the projections of the loci of rt as a
function of MLT for di�erent drift shells under di�er-

ent solar wind dynamic pressure and Kp conditions.
Each drift shell is clearly identi®able by Ltn.

5. Mapping between Ltn and rt for low-altitude

observations

For any given geomagnetic ®eld con®guration, the
local-time mapping between Ltn, and rt can be
expressed conveniently in terms of the ratio (Ltn/rt ) as

a function of local time. For low-altitude trapped par-
ticles with large Bm(>103 nT), the (Ltn/rt )k ratios can
be denoted as (Ltn/rt )1k because the mapping between

Ltn and rt is relatively insensitive to the variation of
Bm. For Bm < 103 nT, (Ltn/rt )k will depend on Bm

because of the `shell-splitting' e�ect. It is possible to

combine both the strongly and weakly Bm-dependent
cases to obtain an empirical model of the local-time
mapping as

�Ltn=rt�k � �Ltn=rt�1k �
��Ltn=rt�0k ÿ �Ltn=rt�1k

�
exp

�
ÿ �Bm ÿ Bm0�

Bmck

�
�6�

where (Ltn/rt )0k is (Ltn/rt )k at Bm=Bm0=100 nT, and

Bmck is a con®guration-dependent characteristic ®eld
strength which is determined from (Ltn/rt )k values cal-
culated for di�erent Bm.

We note that both (Ltn/rt )1k and (Ltn/rt )0k can be
individually ®tted by a second-order polynomial in rt.
Therefore, our mapping can be reduced to a set of
coe�cient matrices that can be predetermined for any

given geomagnetic ®eld con®guration. Having these
coe�cient matrices, a user only needs to perform ®eld
tracing to ®nd rt at an MLT and determine Ltn by

using Eq. (6) for a given Bm. We have applied this pro-
cedure to the real Bm sampled by the Japanese low-
altitude (350±850 km) orbiting OHZORA satellite in

April±June, 1984 (Nagata et al., 1985). Fig. 3 shows
the results of the I-preserving mapping between rt and
Ltn for various Bm along all the ®eld lines crossed by

Fig. 2. Loci of rt for di�erent drift shells as a function of

MLT projected onto the GSM X±Y plane under di�erent

solar wind dynamic pressure and Kp conditions. Each drift

shell is uniquely labeled by its associated Ltn value. The mag-

netopause pro®les are as given by Sibeck et al. (1991).

Fig. 3. For various Bm values, I calculated by using the com-

posite IGRF+T89c model are plotted against Ltn for all

OHZORA positions during April±June, 1984.
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the OHZORA satellite. The well-separated color bands

for di�erent Bm shown in Fig. 3 indicate that Ltn does

provide proper ordering of I (c.f. Eqs. (4) and (5)).

Particles with di�erent equatorial pitch angles

bounce along di�erent segments (between di�erent sets

of mirror points) on the same magnetic ®eld line. An

important point to recognize, however, is that all those

di�erent segments go through the magnetic equator, at

noon and at all other local times, and the location

where they do so is organized according to the second

invariants (I ) of the particles. For trapped particles

mirroring at low altitudes along a given ®eld line, their

I-values are proportional to the length of the ®eld line,

and are thus nearly the same (independent of Bm ). On

the other hand, particles trapped near the equator at a

given local time and radial distance will have di�erent

Ltn for di�erent Bm. In both situations, Ltn gives the

equatorial radial extent of a particle drift shell at noon

and thus provides an ordering of drift shells, which is

more meaningful in con®guration space to be referred

to as the collection of ®eld lines over which both Bm

and I are conserved (see Fig. 3).

A schematic illustrating the identi®cation of drift

shells by (Bm,Ltn ) and (Bm,L ) is shown in Fig. 4. It is

apparent that for any given spatial location (not

necessarily at the magnetic equator) at a reference

longitude (e.g. noon), all the drift shells that pass

through that location will have the same Ltn but only

di�erent Bm. On the other hand, di�erent drift shells

passing through a given spatial location will have

di�erent (Bm,L ).

Fig. 5 shows a comparison between L and Ltn for

two sets of Bm values (>1000 nT and 150 nT) when

Kp=2. This ®gure is produced by utilizing the ephe-

meris data of the Japanese OHZORA satellite in 1986,

which provide a fairly complete sampling of positions

over the globe between 350 and 850 km altitudes. For

each OHZORA position in a given local time range,

the local magnetic ®eld line is traced to calculate rt
and I. Thus for each I value corresponding to each

Bm, L and Ltn can be computed by using Eqs. (3) and

(6), respectively. Since Ltn reduces to L in a dipolar

®eld con®guration (see Section 3), the solid line L=Ltn

gives the results expected from only a dipole-like in-

Fig. 4. A schematic illustrating the identi®cation of two drift

shells by (Bm,Ltn ) and (Bm,L ) on the same magnetic ®eld line.

The parameter Ltn generally gives the equatorial radius of the

drift shells at noon; whereas L would correspond to the drift

shell radii in real space only when the magnetic ®eld is ap-

proximated well by a dipole ®eld. The two drift shells (mag-

netic ®eld line segments) are slightly displaced only for clarity.

Fig. 5. A comparison between L and Ltn for two sets of Bm

values (>1000 nT (upper panel) and 150 nT (lower panel))

when Kp=2. The solid line L=Ltn gives the results expected

from a dipole-like internal ®eld only. While there is generally

a one-to-one correspondence between L and Ltn, external ®eld

e�ects is clearly visible at L > 7 in the Bm > 1000 nT case

(upper panel).
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ternal ®eld. It can be seen from Fig. 5 that there is
generally a one-to-one correspondence between L and

Ltn. External ®eld e�ects is clearly visible at L > 7 in
the Bm > 1000 nT case (upper panel). The scatter in
the ®gure re¯ects the variations caused by the changing
dipole tilt angles, which has not been removed inten-

tionally in order to illustrate its e�ect.

6. Summary and conclusions

We have developed the use of the radial distances
Ltn to the magnetic equator at local noon as a new

parameter for labeling drift shells of trapped particles.
Like the McIlwain L and Roederer L�, Ltn can be used
to organize trapped particle observations. Unlike L

and L�, however, Ltn can easily be computed and used
to identify drift shells in con®guration space. Given a

geomagnetic ®eld, rt and MLT can be determined by
tracing a ®eld line to its magnetic equator. Then for
each MLT sector k, the ordering of I by rt for various

Bm can be empirically modeled by Eqs. (4) and (5). By
conserving I in local time for a given Bm, a mapping
(Eq. (6)) between rt at di�erent MLT and Ltn at noon

then de®nes a drift shell of all trapped particles with
local pitch angle a (see Eq. (1)). Using this mapping,
the corresponding Ltn value of any arbitrary rt at any

local time can be easily determined.
The direct correspondence of Ltn to the equatorial

radius of a drift shell at noon allows straightforward
visualization of drift shell structure in relation to other

magnetospheric boundaries, such as the magnetopause
and plasmapause. The I-conserving mapping between
Ltn and rt will also show any ®eld asymmetry, whereas

the parameter L does not exhibit the asymmetry of a
realistic magnetic ®eld. Because Ltn is de®ned in con-
®guration space, drift shell structure will vary with Bm

(i.e. `shell splitting') and geomagnetic activity (e.g. Kp ).
Fig. 6 (upper panel) shows the `splitting' of the
Ltn=7.25-shell for di�erent Bm when Kp=3. For

nearly equatorially trapped particles (Bm 1 Bmin), rt at
midnight is smaller than that at noon. As Bm increases,
however, rt at midnight gradually increases and even-
tually exceeds that at noon due to tailward stretching

of ®eld lines. `Shell splitting' is signi®cant only for
nearly equatorially trapped particles. Fig. 6 (lower
panel) also shows the drift shells of low-altitude

trapped particles with Bme1000 nT for di�erent Kp.
Knowledge of the variations of drift-shell structure
with Kp will lead to further understanding of the

dynamics of the radiation belts (see e.g. Fung and
Tan, 1998).
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