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T
he assembly of nanomaterials for spe-
cific functions is of both fundamental
and applied interest. Self-assembly

methods have been widely studied, includ-
ing both the assembly of equilibrium struc-
tures, driven by the minimization of free
energy, and the dynamic assembly of none-
quilibrium structures, driven by the interac-
tion between gradients or external fields
and dissipative processes.1�4 A greater de-
gree of control can be obtained by directed
assembly, through chemical functionaliza-
tion of the nanoparticles, through the use of
physical or chemical templates, or through
the application of static or time-varying
electrical or magnetic fields.3�8 The range
of materials and structures that could be
formed would be expanded if other driving
forces and nanomaterial interactions could
be harnessed. In this paper we use an
applied (optical) field that induces an
interparticle potential, resulting in defined
spatial configurations ofmetal nanoparticles.
Optical binding can be viewed as a

form of directed assembly, induced
through the application of optical-frequency

electromagnetic fields.9,10 When light is in-
cident on polarizable particles, the incident
field and light scattered from the particles
interfere, leading to spatial gradients in the
field; these gradients, in turn, induce forces
on the particles, and the particles rearrange
until these forces disappear. The interparti-
cle forces arise even if the incident field
has no potential gradient; in this sense, the
particles self-direct their own assembly. The
optically induced interactions occur over a
range of length scales. For example, near-
field interactions occur for interparticle se-
paration distances d , λ (which could be
used to create hot nanoparticle pairs11 and
aggregates,12 and the local field enhance-
ments have been used to increase the
sensitivity of Raman spectroscopy13), and
far-field interactions occur for d . λ. The
optical binding interaction is intermediate
between these two limits: optically bound
particles are typically separated by distances
that are integral multiples of the wavelength
of the incident light in the host medium.9,14

Due to the simplicity of the requisite
experimental conditions, there have been
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ABSTRACT We demonstrate assembly of spheroidal Ag nanoparticle clusters, chains and arrays

induced by optical binding. Particles with diameters of 40 nm formed ordered clusters and chains

in aqueous solution when illuminated by shaped optical fields with a wavelength of 800 nm;

specifically, close-packed clusters were formed in cylindrically symmetric optical traps, and linear

chains were formed in line traps. We developed a coupled-dipole model to calculate the optical forces between an arbitrary number of particles and

successfully predicted the experimentally observed particle separations and arrangements as well as their dependence on the polarization of the incident

light. This demonstrates that the interaction between these small Ag particles and light is well described by approximating the particles as point dipoles,

showing that these experiments extend optical binding into the Rayleigh regime. For larger Ag nanoparticles, with diameters of approximately 100 nm, the

optical-binding forces become comparable to the largest gradient forces in the optical trap, and the particles can arrange themselves into regular arrays or

synthetic photonic lattices. Finally, we discuss the differences between our experimental observations and the point dipole theory and suggest factors that

prevent the Ag nanoparticles from aggregating as expected from the theory.

KEYWORDS: optical binding . Ag nanoparticles . Rayleigh regime . self-assembly . light�matter interaction . optical tweezers
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many reports of optical binding.15,16 However, nearly
all of the experimental realizations of optical binding
have been of particles whose sizes are comparable
to or larger than the wavelength, λ, of light.16,17 By
contrast, the simplest theoretical description of optical
binding treats the particles as point dipoles.9,16,18,19 In
order for thismodel to provide an accurate description,
the radius, a, of the particles undergoing optical bind-
ing would need to be small enough that the particles
can be well approximated as point dipoles; that is, the
particles need to be in the Rayleigh regime such that
ka , 1, where k is the wavenumber of light in the
medium. This has not yet been demonstrated, but a very
recent report that appeared while our article was in
preparation comes close.20 Their report showed “ultra-
strong” optical binding of pairs of Au particles with
diameters of 200 nm, corresponding to ka = 0.8. The
authors suggested that optical binding of particles with
diameters of 45nmor even less should alsobepossible.20

Furthermore, optical binding of more than two
nanoparticles has yet to be studied systematically.
For such a system, the dipole model (for two nano-
particles)16 itself must be generalized to an arbitrary
number of particles.
In this article, we demonstrate the optical binding of

Ag nanoparticles with diameters of 40 nm. These are the
smallest particles yet shown to exhibit optical-binding
interactions and bring experimental studies of optical
binding into the Rayleigh regime. The binding occurs
between particles that are held in optical Bessel beams
or optical line traps. These shaped optical fields induce
external potentials that affect the spatial arrangements of
the optically bound nanoparticles. The experimental find-
ings are supported by a coupled-dipole model of the
optical forces.21 Our experimental arrangement allows us
to study systematically the optical binding of more than
two nanoparticles, and we have extended the dipole
model to treat these multiparticle interactions.20,22 We
have also observed the optical binding of larger Ag
nanoparticles, with diameters of approximately 100 nm,
where the interparticle interactions become comparable
to the gradient forces of the optical traps that hold the
particles inplace. In this case, regular, rigid lattice structures
form. The interplay between thepolarizationdirection and
the anisotropy of the trapping field makes it possible to
control theparameters of these syntheticphotonic lattices.

THEORETICAL BACKGROUND

Coupled-Dipole Model. In order to understand the
multiparticle arrangements that we observe, we first
examine the optically induced interactions that are
responsible for the arrangements. In order to do so, we
extend the theoretical model for optical binding in the
Rayleigh regime proposed by Dholakia and Zemánek16

from two particles to N particles. In this model, the
electric field, E(rn,t), at the position of particle n is a
combination of the incident oscillating electric field

EI(r,t) = EI(r)e�iωt with the electric fields generated by
all the other particles. This field induces a dipole
moment p(n)(t) = p(n)e�iωt in particle n according to
its polarizability tensor: ps

(n) = Rst
(n)Et(rn). In this equa-

tion, and in the following,m and n index the particles in
the system and range from 1 to N; the symbols s, t, u, v,
and w index the spatial directions x, y, and z, and
summation over these indices is assumed when they
are repeated in a term. For example, the equation
ps

(n) = Rst
(n)Et(rn) is shorthand for the 3N equations:

px
(1) ¼ ∑

t∈fx, y, zg
Rxt

(1)Et(r1), :::,

pz
(N) ¼ ∑

t∈fx, y, zg
Rzt

(N)Et(rN) (1)

The dyadic Green function defines how the oscillat-
ing dipole, p(m), of a distinct particle m contributes to
the electric field, E(rn), at the position of particle n:16

Gst(rn, rm) ¼ exp(ikR)
4πε0εmR3

(3 � 3ikR � k2R2)
RsRt
R2

�

þ (k2R2 þ ikR � 1)δst

�
(2)

In this equation, R is themagnitude of the displacement
R = rn � rm; k = 2π/λ is the wavenumber of light in the
medium; ε0 and εm are the permittivity of free space and
the relative permittivity of the medium, respectively;
and δst is the Kronecker delta. The fields at each of the
dipoles can thus be written as a coupled system of 3N
linear equations that can be solved numerically:

Es(rn) ¼ Es
I(rn)þ ∑

m 6¼n

Gst(rn, rm)Rtu
(m)Eu(rm) (3)

Once this system of equations has been solved, the
optical force on each particle can be calculated from the
field at the location of the particle and its gradient:16,23

Fs
(n) ¼ 1

2
Re pt

�(n)DEt(r)
Drs

�����
r¼ rn

2
4

3
5

¼ 1
2
Re Rtu

�(n)Eu
�
(rn)

DEt(r)
Drs

�����
r¼ rn

2
4

3
5 (4)

Thederivative of the field in eq 4 canbe expanded from
eq 3 by analytically computing the partial derivatives of
the incident field as well as of the Green function. This
finally gives a formula for the optical force:

Fs
(n) ¼ 1

2
Re Rtv

�(n)Ev
�
(rn)

DEt I(r)
Drs

�����
r¼ rn

2
4

8<
:

þ ∑
m6¼n

DGtu(r, rm)
Drs

�����
r¼ rn

Ruw
(m)Ew(rm)

0
@

1
A
3
5
9=
; (5)

Theoretical Predictions. We used this model to calcu-
late the forces among Ag nanoparticles with diameters
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of 40 nm that are confined on a two-dimensional (2D)
surface and illuminated by a linearly polarized plane
wave incident normal to the surface; details of the
calculations are described in the Methods section.
The calculations predict several trends for the spatial
arrangements of Ag nanoparticles in different light
fields.

For three and four Ag nanoparticles in a 2D light
field, the calculations show a variety of stable equilib-
rium configurations, as exhibited in Figure 1a and b.
With threenanoparticles, triangles are formed (Figure 1a),
but the polarization of the light (weakly) breaks the
symmetry of optical binding, giving rise to isosceles
rather than equilateral triangles. Similarly, for four
particles, the stable optically bound configurations
are rectangles and rhombi rather than squares, as seen
in Figure 1b. The rich set of predicted configurations
suggests a complicated potential energy surface.

For multiple Ag nanoparticles in a quasi-one-
dimensional (quasi-1D) light field, the optical binding
forceswill arrange the particles in a chain. However, the
coupled-dipole model predicts that optical polariza-
tion perpendicular to the chain gives particle spacings
10�15% smaller than polarization parallel to the chain.
(We label this prediction 1, for comparison to experi-
mental results below.) The predicted interparticle se-
parations are around 600 nm, which is nearly equal to
the wavelength of the trapping laser in the water/
glycerolmedium (800 nm in vacuum). An examplewith

four particles is shown in Figure 1c, and chains with
other particle numbers can be seen in the Supporting
Information (Figure S1). Figure 1c also shows stable
configurations with spacings approximately equal
to twice the distances in the regular configurations
(prediction 2; see Supporting Information, Figure S2 for
chains with other particle numbers). These calculations
predict subtler trends as well. In particular, for parallel
polarization, the interparticle separation decreases
with increasing chain length, and terminal particles at
the ends of the chains are farther from their neighbors
than the central particles are. For perpendicular polar-
ization, the interparticle separation increases with in-
creasing chain length, and the terminal particles are
closer to their neighbors than the central particles are
(prediction 3).

EXPERIMENTAL RESULTS

Experimental Setup. Optical binding of Ag nanoparti-
cles was studied using the optical tweezers apparatus
illustrated in Figure 2a. Two kinds of structured light
fields, namely, a cylindrically symmetric light field
(Bessel trap) and a quasi-1D light field (line trap), were
created by phase modulation of a Gaussian laser beam
using a 2D spatial light modulator (SLM). The phase
masks on the SLM used to create these two light fields
are shown in Figure 2b. The trapping potentials are
designed to confine multiple Ag nanoparticles in 2D
next to the upper glass surface of the sample cell, but

Figure 1. Equilibrium configurations of (a) three and (b) four Ag nanoparticles with 40 nm diameters, organized by optical
binding in a two-dimensional light field. The red arrow indicates the polarization direction for all these cases. (c) Equilibrium
configurations for four Ag nanoparticles arranged in a quasi-one-dimensional light field. The polarization direction is
indicated by the arrow for each case. Distances are shown as numbers in units of nanometers.

A
RTIC

LE



YAN ET AL . VOL. 7 ’ NO. 2 ’ 1790–1802 ’ 2013

www.acsnano.org

1793

to still allow the particles to undergo Brownian motion
within the traps. The Ag nanoparticles are nearly mono-
disperse, with diameters of 40 nm (Figure 2c) and a
surface plasmon resonance peak at 414 nm (Figure 2d).
We also studied larger Ag nanoparticles with diameters
of about 100 nm that exhibit stronger interactions.
Details of theoptical systemand the samplepreparation
are provided in the Methods section.

In this paper, we define the horizontal direction of
an image as the x-axis, the light propagation direction
as the z-axis, and the angle between the light polariza-
tion direction and the x-axis as θ. The orientation of an
optically bound dimer or chain of nanoparticles is
characterized by the angle, j, between the interparti-
cle axis and the x-axis, and the separation of two
nanoparticles i and j is characterized by the distance,
dij, between the centers of the two particles. Since a
chain of particles in a line trap is usually aligned along
the long axis of the trap, we also use j to describe the
orientation of the line trap.

Ordered Clusters of Ag Nanoparticles in a Cylindrically Sym-
metric Light Field. Figure 3 demonstrates the optical
binding of two Ag nanoparticles in a cylindrically sym-
metric light field, i.e., the central spot of a zero-order
Bessel beam that was linearly polarized. Figure 3a.I�III
shows representative optical images of a dimer, a pair
of optically bound nanoparticles, for different polariza-
tion directions. For horizontal polarization (θ = 0�), the
positions of the two nanoparticles as determined by
centroid localization24 are shown in Figure 3b over a
trajectory of 2 s. The annular trajectories indicate that
the two particles were always separated by a non-
zero distance, corresponding to a repulsive interaction

between the two particles. In contrast, when a single
Ag nanoparticle was in the Bessel beam, it was always
confined near the center of the trap (see Supporting
Information, Figure S3a). Histograms of the dimer
interparticle separation are shown in Figure 3c for
three different polarization directions. In all cases, the
equilibrium separation is approximately 600 nm. The
dimers of 40 nm Ag nanoparticles exhibit polarization-
dependent laser-induced orientation. It can be seen in
Figure 3d that the dimer shows a weak but significant
preference to align parallel to the polarization direc-
tion. (Note that we are combining the 1�2 and 2�1
dimer orientations so that, for example, an orientation
of �90� is equivalent to an orientation of 90�.) The
preferred separation and orientation can also be seen
from the probability density distribution shown in
Figure 3e, which indicates that the dimer tends to be
parallel to the polarization direction (i.e., 0�) and be
separated by about 600 nm.

Theoretical models of optical binding indicate that
optically bound dimers should prefer to be oriented
perpendicular to the optical polarization.18 This is also
predicted by our coupled-dipole model and is ob-
served for 100 nm Ag particles (see below). We believe
that the anomalous behavior we observe for dimers of
40 nm Ag particles is a result of the confining field of
the Bessel trap. The gradient force of the Bessel beam
pushes each of the particles toward the center of the
trap, as is apparent from the strong preference of a
single 40 nm particle to be located near the center of
the trap (see Supporting Information, Figure S3b). This
radial confining force reduces the interparticle separa-
tions of the dimer particles, yet the repulsive portion of

Figure 2. (a) Experimental setup used for optical binding and dark-fieldmicroscopy of Ag nanoparticles. λ/2: half-waveplate;
DM: dichroicmirror; SF: short-pass filter (cutoff at 750 nm); BE: beamexpander. By inserting the prism into the scattering light
path, correlated scattering spectra andoptical images canbemeasured simultaneously. The structured light is generatedby a
spatial light modulator (SLM) and focused by an objective onto the surface of the top coverslip in the sample cell. The Ag
nanoparticles in aqueous solution are weakly confined in the focused light field and interact with each other near the surface.
(b) Phase mask profiles on the SLM used to create the (I) zero-order Bessel and (II) line-trap potentials. (c) Scanning electron
microscopy (SEM) image of the Ag nanoparticles used in the experiments. (d) Absorption spectrumof the Ag nanoparticles in
aqueous solution.
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the optical-binding potential (for perpendicular orien-
tation; see Figure 10) prevents the particles from
getting too close. The spring constant for optical
binding (see Figure 11) is stiffer for orientation per-
pendicular to the polarization direction, so it is harder
to compress the dimer by the trapping potential in this
direction and the confining force favors the dimer
rotation to the parallel orientation, where the confining
effect can be stronger. Note that the distribution
contour in Figure 3e is asymmetric and that the pre-
ferred separation is about 630 nm at 0�, but it is about
580 nm at 90� (and also �90�). Theoretical calculation
shows the equilibrium separation purely due to the
optical binding force should be 704 nm at 0� and
562 nm at 90� for a dimer (Supporting Information,
Figure S1), so the preferred separation at 0� is further
away from the equilibrium separation, consistent with
the idea of a stronger confining effect at 0�.

This is an example of a general phenomenon that
we observe and report in this paper: nanoparticles in

an optical trap experience both optical-binding forces
and gradient forces from the optical traps, and these
forces combine to determine the configuration of
particles in the trap. It is worth noting that a strongly
focused laser spot with linear polarization is asym-
metric, which may also induce anisotropy of the dimer
orientation.21 However, the Bessel beam has a much
larger focal spot compared to a focused Gaussian
beam, and by analyzing the position distribution of a
single particle in the central spot of the Bessel beam,
we found its intensity profile was symmetric.

When three or more 40 nm diameter Ag nano-
particles entered the central spot of the Bessel beam,
they formed close-packed 2D clusters, as shown in
Figure 4a. The clusters were dynamic: each single
particle could move, and the entire shape could rotate
and change its configuration. In addition, two particles
could exchange positionswith each other. That, in turn,
means the sequence of particle indices are not fixed for
the equilibrium geometries illustrated in Figure 4b
and c. Figure S4a in the Supporting Information, for
example, shows a trimer with three particles that rear-
ranged rapidly and exhibited annular-like trajectories.
The trimer did not have a preferred orientation relative
to the polarization direction (see Supporting Informa-
tion, Figure S4b). However, the interparticle separa-
tions remained well-defined at approximately 600 nm,
corresponding to arrangement of the three particles in
a nearly equilateral triangle, as shown in Figure 4b.

In a cluster of four particles, there are six particle
pairs. The pink histogram in Figure 4c shows the separa-
tion of a typical pair. The other pairs have similar
histograms. Since all the pairs are essentially the same
in the dynamically reconfiguring cluster, we also show
the histogram of interparticle separations for all the
pairs. The probability distribution of interparticle separa-
tion still has a maximum at approximately 600 nm, but
another broad peak centered at 1 μm is also evident.

Figure 3. Optical binding of two Ag nanoparticles in a
cylindrically symmetric light field (Bessel beam) near a
transparent substrate. (a) Typical images of Ag dimers
formed by optical binding with different polarization direc-
tions that are indicated by the red arrows (I, θ = 0 ( 4�; II,
θ = �45 ( 4�; III, θ = �90 ( 4�). The scale bar is 1 μm. (See
Supporting Information, Movie S1.) (b) Typical trajectories
of the twoparticles over a period of 2 s. The time step is 5ms
(i.e., a frame rate of 200 Hz). The dashed circle represents
the approximate size of the light field at the 10% intensity
point. (c) Histograms of the interparticle separation and
(d) histograms of the dimer orientation corresponding to
the cases I�III in panel a. (e) Probability density distribution
of a dimer as a function of the interparticle separation and
orientation. The orientation is represented by the angle
relative to the polarization direction, namely, with the value
of j � θ so that along the polarization is 0�. Therefore, we
can combine all the data of cases I�III to calculate the
probability density distribution.

Figure 4. (a) Optical images of three to six optically bound
Ag nanoparticles in a cylindrically symmetric light field. The
scale bar is 1 μm. (See Supporting Information, Movie S1.)
(b) Histograms of the separation between adjacent particles
in a trimer formed by optical binding. (c) Histograms of the
separation between two particles in a tetramer and the sum
of histograms for all possible pairs of particles, i.e., distances
between particles 1�2, 1�3, 1�4, 2�3, 2�4, and 3�4.
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This separation corresponds to the longer diagonal of a
rhombus, as illustrated in the inset of Figure 4c. More-
over, the ratio of the total counts (the black histogram in
Figure 4c) for the 600 nm and the 1 μm peaks is 7.4:1
(the ratio for the pink histogram is 5.4:1), close to the
ratio of 5:1 expected for an ideal rhombus.

Ordered clusters of five and six Ag nanoparticles
were also observed, as illustrated in the last three
images of Figure 4a. These clusters, however, were
too dynamic to allow for quantitative analysis of inter-
particle distance.

The optical scattering from a single Ag nanoparticle
and from optically bound clusters with two to four
nanoparticles was studied by inserting a prism into the
path of the scattered light to direct it to a spectrometer
and a detector, as shown in Figure 2a. Our optical
setup allows scattered light with wavelengths from
450 to 700 nm to be collected, which precludes
quantitative analysis of scattering near the plasmon
resonance of the Ag nanoparticles at 414 nm. We
therefore integrated the scattered intensity from
500 to 690 nm, corresponding to scattering from the
slowly decaying (not very weak) tail on the long-
wavelength side of the plasmon resonance. These
integrated scattering intensities are shown in
Figure 5b, and the corresponding optical images, ob-
tained simultaneously (see Supporting Information,
Movie S2), are shown in Figure 5a. The scattering
increases approximately linearly with the number of
particles, with only a small superlinear factor. This
indicates that any interaction among the optically
bound Ag nanoparticles is weak (see eqs 3, 4); this is
in contrast to near-field interaction of plasmonic
nanoparticles separated by tens of nanometers,
which can cause enhanced resonant scattering.19

Chains of Ag Nanoparticles in a Linear Light Field. To study
the long-distance optical binding of multiple Ag nano-
particles, we produced a highly anisotropic light field

to confine the particles in a line. An image of this line
trap can be seen in Figure 6a. Ag nanoparticles could
move along the long axis of the light field, but were
confined by a strong gradient force in the transverse
direction. The half-waveplate was removed from the
optical train to reduce possible phase-front distortion,
and thus the polarization direction was fixed along the
x-axis (at θ = 0�). In order to change the relative
orientation of the nanoparticle chains and the laser
polarization, the line trap was rotated by “rotating” the
phase mask on the SLM. We considered two cases, as
illustrated in Figure 6a: in case I, the trap is parallel
to the polarization direction (j = 0�), and in case II,
the trap is perpendicular to the polarization direction
(j = 90�). Figure 6b and c show representative images
of chains of two to five Ag nanoparticles for the two trap
orientations.

The nanoparticles in a chain exhibited correlated
motion, tending to move together in the same direc-
tion at the same time. This can be seen in the particle
trajectories at the bottom of Figure 6b and c and in the
histograms of interparticle separations in Figure 6d.
Adjacent particles have a preferred separation of ap-
proximately 600 nm, similar to the preferred interpar-
ticle separation in the cylindrically symmetric light field
(see Figure 3). For next nearest neighbors and further
neighbors, the separations are near integral multiples
of 600 nm.

Moreover, we observe three trends for the chains of
Ag nanoparticles that confirm the three theoretical
predictions given above. (1) When j = 90�, the equilib-
rium separation of adjacent particles is approximately
590 nm, slightly smaller than the approximately 600 nm
separation when j = 0�. In addition, the distribution of
particle separations is narrower, indicating stronger
binding. (2) When j = 90�, the separation of adjacent
particles shows a secondmaximum at about 1.1 μm. (3)
Whenj = 90�, nanoparticles in the chain aremore likely
to change positions with adjacent ones, and subgroups
of dimers may form, as shown in the last image of
Figure 6c (i.e., subpanel #5).

We determined that the equilibrium separation is
different for terminal pairs, or pairs of particleswith one
member at the end of the chain, as compared to pairs
in the center of the chain. For example, in a chain of
four particles, the 1�2 pair and the 3�4 pair are
symmetric and are both terminal pairs, and the 2�3
pair is a central pair. We grouped the central pairs and
terminal pairs separately and calculated the potentials
of mean force (pmf) for each category from the corre-
sponding distributions of pair separations:

pmf(dij) ¼ �kBT ln P(dij) (6)

where kB is Boltzmann's constant, T is absolute tem-
perature, and P(dij) is the probability density of the
interparticle separation dij. The results are plotted in
Figure 7, with zero potential set at the minimum of

Figure 5. (a) Dark-field optical images of one to four Ag
nanoparticles in a Bessel trap and (b) the intensities of light
scattered by these nanoparticles, integrated over wave-
lengths from 500 to 690 nm. The integration time was
0.2 s. Images in column a.I are representative optical images
taken in each integration time, and images in a.II are
superpositions of all images taken in that time window.
(See Supporting Information, Movie S2.) The quadratic
polynomial fit f(N) = 3.04N þ 0.09N2 shown in green
indicates a slightly superlinear scalingwith particle number.
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each curve. The results show that, under our experi-
mental conditions, optical-binding potentials are sev-
eral times larger than the thermal energy, kBT. It is also
clear that a second potential well exists for the terminal
pairs whenj= 90�, but is not apparent for central pairs.
Of course, since the chains tend to be close-packed, it is
more difficult to sample larger separations for chains of
more than two particles. This point will become im-
portant when comparing to the theoretical potentials
described below.

Figure 7a clearly shows, for bothj = 90� andj = 0�,
that the potential minima are sharper for the central
pairs than for the terminal pairs, indicating that the
central pairs are more stable. In other words, addition
of nanoparticles to a chain increases the stability of the
particles already in the chain. In case II (j = 90�), the
terminal pairs must overcome a free-energy barrier of
about 2kBT to move from the first equilibrium separa-
tion at approximately 600 nm to the second separation
at approximately 1.1 μm and must overcome a barrier
of about 1kBT in the reverse direction. Thermal fluctua-
tions can thus readily change the separation between
these two positions. To verify that these features were
determined by the orientation of the chain relative to
the optical polarization rather than any possible beam
distortions of the two traps, we did a control experi-
ment by inserting the half-waveplate to the optical

train to change θ to 90�; the second equilibrium
separation then occurred for j = 0� instead of for
j = 90� (see Supporting Information, Figure S5).

We also produced a longer line trap (see Figure 9a.I)
and checked the optical binding of the 40 nmdiameter
Ag nanoparticles in this light field. Since the same
amount of light (i.e., constant power of incident beam)
is spread over a larger area in this trap, the confining
potential is weaker. Nonetheless, Ag nanoparticles still
formed chains in this line trap, with equilibrium separa-
tion still around 600 nm, and other characteristics
similar to those described above. In particular, the
potential of mean force for the optical binding inter-
action was still several times kBT, but the particles
exhibited larger positional fluctuations (see Support-
ing Information, Figures S6 and S7).

It is worth noting that in the pmf plots (Figures 7a
and S7) the optical binding potentials are apparent
only over a small range of interparticle separations
around the equilibrium separations. For larger separa-
tions, the interparticle interactions are affected by the
potential of the line trap (see Supporting Information,
Figure S8 and the note after Figure S6). As noted above
for the centrosymmetric trap, the potential of the line
trap pushes the particles closer together, so that the
weak optical binding interaction is more apparent
in the thermally sampled data. At the same time, the

Figure 6. Chains of Ag nanoparticles formed by optical binding in a line trap. (a) Schematics of the two configurations
investigated: (I) the line trap is oriented parallel to the polarization direction (an optical image of the trap used in the
experiment is also shown; some periodic nodes may be observed, which are imaging artifacts and are not present in the
optical field the particles experience), and (II) the line trap is oriented perpendicular to the polarization direction. Sometimes,
two particles may exchange positions; in this case, the particle indices are reassigned to make sure they are still in sequence.
(b) Optical images of chains with two to five particles in the line trap corresponding to configuration I, and the trajectories of
five particles in a chain. (See Supporting Information, Movie S3.) (c) Optical images of chains with two to five particles
corresponding to configuration II and the trajectories of five particles in a chain. (See Supporting Information, Movie S4.) The
white scale bars are 1 μm. (d) Histogrammed probability density functions of the separations between two particles in all the
chains formed by optical binding. The distributions have been categorized by the relation of particle pairs in a chain: 1st, the
nearest neighbors; 2nd, the next nearest neighbors; 3rd, the third nearest neighbors; and 4th, the fourth nearest neighbors.
For example, 4-d2nd is a combination of d13 and d24 in a chain of four particles. The bin size is 30 nm.

A
RTIC

LE



YAN ET AL . VOL. 7 ’ NO. 2 ’ 1790–1802 ’ 2013

www.acsnano.org

1797

confining potential reduces the probability of obser-
ving large interparticle separations. This means that
few events are measured at large separations, and the
corresponding statistical errors preclude accurate de-
termination of the pmf at larger interparticle separa-
tions. On the other hand, longer chains would have
smaller sampling bias that results from the typical end-
on fluctuations of the chain (i.e., chains grow or shrink
from particles joining or leaving along the chain axis).
Chains of ca. five particles are a reasonable compro-
mise of these opposite tendencies. In Figure 7b,
we combined the separation distribution of all the
possible particle pairs in the chains of five particles
and calculated the (less constrained) potentials of
mean force. The curves clearly show an oscillatory
potential of mean force for optical binding, which
has larger (free) energy barriers in the perpendicular
case (red dots).

Optical Binding of Larger Ag Particles and the Formation of
Synthetic Photonic Lattices. In order to explore the inter-
particle interactions and structures that form when
optical binding is stronger, we synthesized Ag nano-
particles with a mean diameter of approximately
100 nm. In the cylindrically symmetric light field,
dimers of these 100 nm Ag nanoparticles tended to
align perpendicular to the polarization direction (see
Figure 8a) with a separation of about 550 nm (see
Figure 8b). Figure 8c and d show probability density
distributions of particle pairs in chains with three and
five particles. The equilibrium separation is smaller
when j = 90� than when j = 0�, and the distribution
of separations is much narrower. These observations
are consistent with the previous theoretical calcula-
tions that predict stronger optical binding for polariza-
tion perpendicular to the axis of the chains. Forj= 90�,
a secondminimum also exists at approximately 1.1 μm
for a terminal pair in the chain of five particles. Movie
S7 in the Supporting Information shows the terminal
nanoparticle jumping between the first equilibrium
separation and the second one. Note that in the image
shown in Figure 8d the three particles want to form a
slightly triangular shape, but the tendency is restricted
by the optical trapping potential.

The 100 nm Ag particles can also arrange into more
complicated arrays, such as those shown in Figure 9a.

Figure 7. (a) Potentials of mean force calculated from the
distributions of interparticle separation for the chains cor-
responding to cases I and II shown in Figure 6d. The
distributions have been categorized on the basis of the
symmetry of the particle pairs in a chain. The top and
bottom panels show the potentials for terminal and central
pairs, respectively. The open symbols in the top panels
represent 2-d12 (the black squares), 3-d12&d23 (red circles),
4-d12&d34 (blue triangles), and 5-d12&d45 (green diamonds),
respectively. Note that the points for vaules of the po-
tentials greater than 3.9kBT (indicated by the horizontal
dashed lines) represent separations with less than 2% of
the maximum probability density for each curve and are
thus of limited statistical significance. (b) Potentials of
mean force calculated from the combination of separa-
tion distributions of all the possible particle pairs in the
chains of five particles (i.e., summing the counts used to
calculate the distributions shown in the bottom panel of
Figure 6d).

Figure 8. Optical binding of 100 nm Ag nanoparticles
(see Supporting Information, Figure S9). (a) Histograms of
the dimer orientation and (b) histograms of the separation
between particles in a dimer held in a cylindrically sym-
metric light field with polarization direction (I) θ = 0� and (II)
θ = 90�. The insets in (b) show the configurations and
representative optical images. (c and d) Histogrammed
probability density functions of the separations between
two particles in chains with three and five particles in the
longer line trap for the line trap oriented respectively
parallel to and perpendicular to the optical polarization.
The scale bars are 1 μm. Note that the optical binding inter-
actions are strong enough that particle configurations
can exist with gaps between the particles; that is, the
particles can occupy the next-nearest minima in the binding
potentials.

A
RTIC

LE



YAN ET AL . VOL. 7 ’ NO. 2 ’ 1790–1802 ’ 2013

www.acsnano.org

1798

The structure of the lattices (clusters) can be adjusted
by controlling the polarization direction. As shown in
Figure 9a.II, when the polarization was parallel to the
line direction (θ = 0�), a long chain of about 20 Ag
nanoparticles could form. The equilibrium separation
of adjacent particles is about 400 nm in this case,
shorter than that in chains with only a few particles
(see Figure 8c). This indicates the optical binding has
been enhanced by collective interactions that extend
across the long chain. When θ = �45�, these nanopar-
ticles formed dimers that were parallel to each other
but were tilted relative to the major and minor axes of
the trap (see Figure 9a.III). When θ = �90�, a rectan-
gular array could form, composed of optically bound
nanoparticle dimers arranged in a line (see Figure 9a.
IV). The lattice constant of the array is 580 nm in the
x-direction and 340 nm in the y-direction. These opti-
cally bound lattices have a relatively low degree of
symmetry, unlike the close-packed arrays that are
typically formed through self-assembly of colloidal
particles.25,26 These results suggest than even more
complex synthetic lattices ofmetal nanoparticles could
be formed by optical binding through the application
of properly designed structured light fields. In fact,
Figure 9b shows a rigid cluster of 100 nm Ag nano-
particles that formed in the optical trap and that
underwent rigid-body motion, with essentially no fluc-
tuations in the interparticle separations. Such rigid
clusters were not common in our experiments,
although we observed many relatively stable chains
(in which only the terminal particles had significant
fluctuations). We believe that the specific geometry of
this cluster may have contributed to its exceptional
stability. However, this issue is beyond the scope of this
paper since it requires appropriate numerical simula-
tions to corroborate.

DISCUSSION

Comparison of Theory and Experiment. The measure-
ments of 40 nm Ag nanoparticles in the cylindrically
symmetric light field confirm the theoretical predic-
tions from the point dipolemodel that the particles will
arrange into (nearly) compact assemblies separated by
approximately 600 nm. For assemblies of three parti-
cles, the predicted distortions of the equilibrium con-
figuration from an equilateral triangle are smaller than
the error of the measurement, so we are unable to
confirm this theoretical prediction. While all of the
configurations shown in Figure 1 have zero in-plane
forces and are stable with respect to small perturba-
tions of any particle in any direction in the xy-plane, the
three diamond-shaped rhombi appear closest to the
geometries seen in experiment.

Ng et al. also predicted, through rigorous calcula-
tions, that optical binding could arrange Rayleigh
particles into ordered geometric configurations, such

as triangles, diamonds, and some metastable geome-
tries, depending on the polarization direction.22 So far
there are no clear demonstrations of these predictions,
although similar ordered lattices of sub-micrometer
particles formed by optical binding in evanescent light
fields have been observed.27,28 Our experimental re-
sults agree well with these predictions.

For chains of 40 nm Ag nanoparticles in a linear
optical field, we have shown that the observations
agree well with the three theoretical predictions that
we made: (1) polarization perpendicular to the chain
gives stronger optical binding than polarization paral-
lel to the chain; (2) for perpendicular polarization, a
second equilibrium separation exists at (slightly less
than) twice the first equilibrium separation (e.g., see
Figure 7b); and (3) addition of particles to a chain
increases the strength of optical binding for particles
already in the chain. The second observation, in parti-
cular, suggests an oscillatory potential surface for
optical binding. To investigate this using the coupled
dipole model, we started from the regular configura-
tions shown in Figures S1 and S2 andmoved a terminal
particle along the axis of the chain keeping all other
particles fixed in place. Integrating the force the parti-
cle experiences generates a potential energy function.
As seen in Figure 10, parallel polarization (j = 0�)
results in a weak potential that is attractive at small
distances. By contrast, perpendicular polarization (j =
90�) results in a potential that is repulsive at short
distances and that exhibits a regular series of potential
wells at longer distances, the deepest two of which
correspond to the distances observed in the experi-
mental data.

It is worth noting that although the curves in
Figure 7b are similar to those in Figure 10b, there are

Figure 9. Lattice-like particle configurations of 100 nm
diameter Ag nanoparticles in a line trap. (a) Panel I is an
image of a line trap resulting from trapping laser light
scattering from the coverslip (again the image is distorted
due to interference effects, but the actual field is smooth
and continuous). Panels II�IV show representative images
of Ag nanoparticle assemblies formed by optical binding
in the line trap, for different polarization directions. (See
Supporting Information,Movie S8.) (b) Results fromanother
experiment with the 100 nm Ag nanoparticles. This cluster
of eight particles is rigid andundergoes Brownianmotion as
a unit (see Supporting Information, Movie S9).
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differences. First, the curves in Figure 10b are calcu-
lated from optical forces where only a terminal particle
is movable and the rest are fixed. The curves in
Figure 7b are calculated from a sum of conditional
probability densities where all the particles are mova-
ble, and the total potential experienced by a particle
will be the result of both the optical-binding potential
and the confining potential of the optical trap. Second,
the attractive force in Figure 10a diverges more
rapidly for small distances than the repulsive force in
Figure 10b. In principle, the attractive force at small
distances forj = 0� should bring the particles together
to form closely packed aggregates. On the other hand,
in the experiments, this phenomenon was not ob-
served; that is, we never observed particle “fusion”
for 40 nm particles. Several reasons may lead to the
difference: (1) the Ag nanoparticles are coated with a
polyvinylpyrrolidone (PVP) layer. The steric effect of the
PVP layer prevents the nanoparticle surfaces from com-
ing into close contact. (2) The Ag nanoparticles are also
charged (the zeta potential of the as-received sample
is �35.6 mV, and the magnitude is larger than the
thermal voltage of kBT/e = 25mV at room temperature),
leading to a long-range electrostatic repulsion that
could prevent the particles from approaching closely.
(3)We expect there to be a thermophoretic force due to

laser-heating of the nanoparticles that tends to keep
them apart. (4) At short distances (ca. particle diameter)
there is a hydrodynamic lubrication force that re-
tards the particles as they approach each other. (5)
The calculation considers the particles as point di-
poles, but this point dipole approximation breaks
down as the separation decreases to a distance com-
parable to the particle diameter, which might affect
the attractive interaction at small separations. More
rigorous calculations are required to understand this
regime.

Figure 11 shows calculated spring constants for
optical binding of the terminal particles in chains of
varying length. It is immediately clear thatj= 90�gives
dramatically larger spring constants than j = 0�. This
difference is the basis of our explanation for the
anomalous polarization dependence for the dimers
in the centrosymmetric trap. For j = 0�, the spring
constant in the y-direction is actually negative for
chains of three or more particles, resulting in a desta-
bilizing force that counteracts the constraining gradi-
ent force from the line trap itself. Forj= 90�, the spring
constant is positive, resulting in stable binding of the
particle in all three directions and reinforcing the
gradient force that arises from the shaped optical
fields. The most important spring constant is that in
the direction of the chain axis, since the trapping field
itself does not explicitly constrain the particles in
this direction, except for a gradient at the ends of the
line trap. The spring constant calculation in Figure 11
was repeated for particles in the interior of chains.
We found that the trends are identical, while the

Figure 10. Calculated potential energy curves in units of
kBT, where T = 298 K, for optical binding of 40 nm Ag
nanoparticles. Each curve is calculated by taking the inte-
gral of the optical binding forces given by eq 5 when a
terminal particle in an N-particle chain is moved from its
equilibrium position, with the remaining N � 1 particles
remaining fixed. The zero of potential is taken to corre-
spond to infinite particle separation. The incident light
propagates in the z-direction and is polarized in the
x-direction. The force and potential are evaluated along
the direction of the chain oriented along the x-direction
in (a) and along the y-direction in (b). The parameters for
the calculation are chosen to match the experimental
conditions.

Figure 11. Calculated spring constants for a terminal parti-
cle near equilibrium in chains of optically bound nanopar-
ticles, as a function of chain length, for light fields polarized
(a) parallel and (b) perpendicular to the chain. The incident
light propagates in the z-direction and is polarized in the
x-direction. The chain is oriented along the x-direction in (a)
and along the y-direction in (b).
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magnitude of the forces is several times larger, which
explains our experimental observation that central
pairs in the chains are more stable than terminal pairs.
Finally, we note that the stabilizing spring constants in
the j = 90� case grow more slowly than linearly with
chain length even before accounting for thermal dis-
order in the arrangements. This subextensive scaling
may compromise the ability of optical binding to form
chains of unlimited length.

Factors Affecting the Calculations. The trends predicted
by all of the aforementioned calculations for the 40 nm
nanoparticles are consistent with the experimental
results, but the predicted spring constants and depths
of the potential wells in Figure 10 are smaller than
the values determined experimentally (shown as the
pmf's). We first note that potential energy functions are
not the same as potentials of mean force, but they can
be compared when entropic factors are not dominant.
A more accurate comparison would be obtained by
running Langevin dynamics or Monte Carlo simula-
tions using forces as calculated here. This is beyond the
scope of the present paper.

There are other factors that should be made
clear. Taken at face value in the limit of two par-
ticles, the experimental and theoretical results in
Figures 7a.II and 10b differ by a factor of approxi-
mately 17 (or a factor of ∼10 for the results shown
in Figure 7b). The shallow Gaussian intensity profile
along the line trap, which imparts a compressive
gradient force on the particles, will contribute to the
discrepancy since the calculations assume uniform
plane wave illumination and no gradient in the inci-
dent optical field. This confinement from the trap
accounts for the growth of the pmf at large separations
(see Figure 7) and also creates ambiguities in the
intensity that is assumed for the plane wave illumina-
tion in the calculations.

The calculations have a strong, approximately
quadratic dependence of the binding forces on the
particle polarizabilities.16 The accuracy of the polar-
izability, in turn, is affected by (i) the significant un-
certainties in the tabulated values of the dielectric
function that are used for the calculations; (ii) even
slight deviations of the particle shape from perfect
sphericity; and (iii) variations in the particle size, vary-
ing approximately as the third power of the particle
diameter. It is reasonable to expect that the largest,
most polarizable particles in an ensemble would be
seen disproportionately often in an optical trap, and
this could significantly increase the measured optical-
binding forces. To illustrate this point, we recalculated
the potentials from Figure 10 but for spherical particles
with a diameter of 50 nm, corresponding to the largest
particles seen in the colloidal sample with a mean
diameter of 40 nm. Results are shown in Figure S10
of the Supporting Information and demonstrate that
the relatively modest 25% increase in the particle

diameter increases the optical-binding forces and en-
ergies by a factor of 4.5. However, the trends and
shapes of the potentials remain nearly identical, as
do the equilibrium geometries. Even for 100 nm nano-
particle diameters, the calculations predict nearly iden-
tical geometries and trends for the forces. These
theoretical predictions can thus be considered robust,
even if the magnitudes of the forces are less well
specified.

One behavior that is not seen in our calculations is
the formation of unusual 2D synthetic lattices from
optical binding of 100 nm Ag particles (Figure 9). We
believe that these larger particles can no longer be
accurately approximated as point dipoles, so that our
model cannot predict this more complex behavior. The
large size results in retardation effects, so higher order
terms in amultipole expansion of the fields in eqs 2 and
3 would be required. We show the potentials of mean
force curves calculated from the data of chains of five
100 nm Ag particles in Figure S11 of the Supporting
Information. These pmf's are different from the shape
of curves shown in Figure 10 (and S10). We believe that
the experimental pmf's reflect strong binding effects
that are expected to arise due to the multipole inter-
actions. Therefore, more complicated numerical calcu-
lations would be needed to explain the interactions of
these larger particles with light fields.

CONCLUSIONS

We have shown that optical binding can induce self-
assembly of Ag nanoparticles in aqueous solution. Our
measurements demonstrate the extension of optical
binding into the Rayleigh regime.22Wehave also shown
that the optical binding of larger Ag nanoparticles
enables the controlled formation of two-dimensional
nanoparticle arrays or synthetic photonic lattices. To-
gether, these results enable a number of exciting
opportunities. Demergis and Florin have shown that
the optical binding forces could be applied to trap a
smaller gold particle between a pair of larger gold
particles, due to the large field gradients between the
two larger particles.20 We believe that optically bound
lattices of metal nanoparticles will allow similar co-
trapping of smaller and less polarizable nanoparticles
such as semiconductor quantum dots or perhaps even
biological macromolecules. This possibility will be en-
hanced by increasing the polarizability of the optically
bound nanoparticles, which can be accomplished by
using nonspherical metal nanoparticles or by tuning
the trapping laser wavelength so that the optical field
is close to plasmon resonances in the particles.29,30 In
this way, new hybrid assemblies with strong nonlinear-
optical and quantum-optical properties may be
“synthesized” by purely optical means. Assembly of
different-sized metal nanoparticles into controlled ar-
rays may also enable the construction of sensors,
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phased-element optical arrays, superradiant devices,31

and tunable “superlenses”.32 Finally, the assembly of
these arrays in solution could be followed by pushing

the assembly to a properly functionalized surface to
create permanent nanoparticle configurations for var-
ious applications.30,33

METHODS
Ag Nanoparticles. The 40 nm Ag nanoparticles were pur-

chased from nanoComposix, Inc. (NanoXact Ag nanoparticles).
The reported diameters are 40.3 nm with a standard deviation
of 3.5 nm. The particles are coatedwith PVP to prevent aggrega-
tion and are dispersed inwater.Wediluted the colloidal solution
with water and added glycerol into the solution (10% v/v) to
increase the viscosity and thus to slow down the Brownian
motion of these small particles.

The 100 nm Ag nanoparticles were synthesized via polyol
reduction of AgNO3. In a typical synthesis, 5 mL of ethylene
glycol (EG) was added to a glass vial with a stir bar and heated to
120 �C in an oil bath. A 0.75mL sample of 0.147M (bymonomer)
PVP (average molecular weight of 55 000) in EG was then
injected into the heated EG, followed by 0.75 mL of 0.094 M
AgNO3 in EG. The vial was sealedwith a cap, kept at 120 �C for 80
min, and then rapidly cooled to room temperature in a water
bath. The products were centrifuged and washed with acetone
once and with water several times. The particles were finally
dispersed in water and centrifuged at 2000 rpm for 10 min. The
remaining suspension was further diluted bywater and used for
the optical binding experiments. Figure S9 in the Supporting
Information shows an SEM image of the Ag nanoparticles from
the final sample and the size distribution of the particles.

Optical System. Details of the optical-tweezers apparatus have
been described previously.34,35 The structured light fields were
generated by a spatial light modulator (SLM, Hamamatsu Photo-
nics X10468Series). Toproduce the Bessel beam, anaxiconphase
mask was applied to the SLM, and three lenses were placed
between the SLM and the objective.34 To produce the line traps,
cylindrical-lens phase masks were applied to the SLM, and
two lenses were placed between the SLM and the objective
(producing a 4f system).35 We note that, due to the limited filling
factor of the SLM, approximately 5% of the incident light is not
diffracted by the SLM and, thus, adds an extra feature to the
structured light; however, the trapping potential due to this
undiffracted light is much weaker than the optical binding
potentials and does not influence the experiments with more
than two particles. For the longer line trap, we added a blazed-
grating phasemask to the cylindrical-lens phasemask on the SLM,
thereby shifting the line trap away from the undiffracted beam.36

The laser power after the objective was measured to be
approximately 100 mW. The Ag nanoparticles were visualized
by dark-fieldmicroscopy, using a high numerical-aperture dark-
field condenser (Olympus, U-DCW, NA = 1.4) and a 60� water-
immersion objective (NA 1.2, Olympus UPLSAPO, NA = 1.2). Two
beam expanders (1.6� and 2�) were used to further magnify
the optical images incident on the cameras used to record
videos of the trapped particles. The videos of Ag nanoparticles
in the Bessel beam trap were recorded using an sCMOS camera
(Andor Neo), and those in the line traps were recorded using a
Firewire CCD camera (Sony XCD-V60). Trajectories of the nano-
particles were extracted from the optical images using commer-
cial software (DiaTrack). The dark-field scattering spectra were
collectedusing a spectrometer (OceanOptics, USB 2000) coupled
to a 400 μm fiber, which collected light from a 4 μm diameter
spot in the sample cell. The spectra were normalized to the
spectrum of light scattered from a bare coverslip surface. The
correlated optical images were recorded using the Sony camera.

Analytical Calculations. Optical-binding forces are determined
on the basis of eq 5. In the current study, we consider the case of
N identical spheres, so that Rst

(n) = Rδst for all n. We computed
the effective polarizability, R, by first finding the extinction and
scattering cross sections of a silver sphere using Mie theory.37

We then used these cross sections to solve for the real and
imaginary parts of the polarizability within the electrostatic
model for a vanishingly small sphere.37 Except where noted,

the particle radius was taken to be 20.15 nm. The complex
dielectric constant of Ag at 1.55 eV was obtained by fitting the
data in ref 38 to a spline. The dielectric constant of the medium
is based on the n = 1.347 refractive index of a 10% by volume
(12% by mass) solution of glycerol in water.39 Together, these
assumptions give rise to a polarizability R = (2.057 � 10�33 þ
2.230� 10�35i) Cm2/V, in the notation of ref 16; this is within 5%
of the prediction of the dipole theory with a radiative reaction
correction.16

The incident field is taken to be a planewave propagating in
the z-direction and polarized in the x-direction. We take the
perspective in the calculations that the shaped optical fields
merely present constraints for the particles' positions: particles
are located near the region of maximum intensity, where the
gradient of the field is zero, except for a slight displacement in
the z-direction due to radiation pressure from the incident laser.

The incident electric field strength corresponds to the
intensity at the center of the shorter line trap used in Figure 6.
This intensity was found by performing a two-dimensional
Fourier transform of the SLM phase mask, accounting for a
12mmdiameter aperture at the SLM, setting the length scale by
matching the calculated trap length at 10% of peak intensity to
the 8.4 μm measured length of the trap, and matching the
integrated intensity of the calculated trap to the 100 mW
measured laser power exiting the objective. This procedure
gave an intensity of 14 MW/cm2 at the center of the line trap.
Geometry optimizations of optically bound nanoparticles were
performed by finding configurations for which the in-plane
forces Fx

(n) and Fy
(n) are all equal to zero, using a simplex

minimization search algorithm.
In order to obtain the zero-force configurations of the

chains, we seeded the search algorithm with 675 nm interpar-
ticle spacing and 575 nm spacing for parallel and perpendicular
polarizations, respectively. Isosceles triangles, rhombi, and rec-
tangles were constrained to those shapes by using their re-
spective symmetries in parametrizing the minimization. Spring
constants were found by displacing a particle of interest by
1 nm in an appropriate direction, holding all other particles at
their equilibrium configurations, and calculating the restoring
force on the displaced particle; for spring constants in the
z-direction, the force on the particle is nonzero due to radiation
pressure, so we use a difference of forces to compute an
effective spring constant. Optical binding potentials were found
by integrating the forces over a 1 nmmesh parallel to the chain
direction.
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