
 

 

Access to this work was provided by the University of Maryland, Baltimore County (UMBC) 
ScholarWorks@UMBC digital repository on the Maryland Shared Open Access (MD-SOAR) 
platform.  

 

Please provide feedback 

Please support the ScholarWorks@UMBC repository by 
emailing scholarworks-group@umbc.edu and telling us 
what having access to this work means to you and why 
it’s important to you. Thank you.  
 

mailto:scholarworks-group@umbc.edu


An Introduction to  
Physics-based Animation

Adam Bargteil 
University of Maryland, 

Baltimore County

Tamar Shinar 
University of California, 

Riverside



I. A Simple Start:  
Particle Dynamics



Let’s jump right in and consider the problem of
tracing a particle through a velocity field



octave:1> octave:1> [x,y] = meshgrid(0:.5:2*pi,0:.5:2*pi);
quiver(x,y,x,5*cos(x))



Initial Value Problem

xp(0) = x0
<latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="WbzJkjQkudkg+5uP1wGpCR4Lg24="></latexit>

Differential EquationOrdinary

Change Difference

First-order

dxp(t)

dt
= v(xp, t)

<latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="+IL/ZaQ+py7y41rUdpWN2pc7e9w="></latexit>



Initial Value Problem

xp(0) = x0
<latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="WbzJkjQkudkg+5uP1wGpCR4Lg24="></latexit>

Simple

Powerful

Instructive

dxp(t)

dt
= v(xp, t)

<latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="+IL/ZaQ+py7y41rUdpWN2pc7e9w="></latexit>



Euler’s Method



The Derivative

dxp(t)

dt
= lim

✏!0

xp(t+ ✏)� xp(t)

✏
<latexit sha1_base64="60soe+PD8m6+mLbfSU/jR5F6lkQ="></latexit><latexit sha1_base64="60soe+PD8m6+mLbfSU/jR5F6lkQ="></latexit><latexit sha1_base64="60soe+PD8m6+mLbfSU/jR5F6lkQ="></latexit><latexit sha1_base64="v2ZlseLrAHaJ1+b/GJkH/KnxPBY="></latexit>

✏
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�t
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dxp(t)

dt
⇡ xp(t+�t)� xp(t)

�t
<latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="U2ZduUQhzupImTOaTtgHPnbSw5s="></latexit>



Euler’s Method
dxp(t)

dt
⇡ xp(t+�t)� xp(t)

�t
<latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="U2ZduUQhzupImTOaTtgHPnbSw5s="></latexit>

xp(t+�t)� xp(t)

�t
= v(xp, t)

<latexit sha1_base64="HvNYvsfyTSBda9LMZCGCK8PXP08="></latexit><latexit sha1_base64="HvNYvsfyTSBda9LMZCGCK8PXP08="></latexit><latexit sha1_base64="HvNYvsfyTSBda9LMZCGCK8PXP08="></latexit><latexit sha1_base64="XY2jcwwMKqjXAJ2MO19MwvpnQUk="></latexit>

xp(t+�t) = xp(t) +�t · v(xp, t)
<latexit sha1_base64="oofQpTsoLbY/jTqh68VZ0st1ISQ="></latexit><latexit sha1_base64="oofQpTsoLbY/jTqh68VZ0st1ISQ="></latexit><latexit sha1_base64="oofQpTsoLbY/jTqh68VZ0st1ISQ="></latexit><latexit sha1_base64="ga7XMOG04qnnF8V9YZfF4i+P2cw="></latexit>

+
dxp(t)

dt
= v(xp, t)

<latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="+IL/ZaQ+py7y41rUdpWN2pc7e9w="></latexit>



The Great Tradeoff

dxp(t)

dt
⇡ xp(t+�t)� xp(t)

�t
<latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="U2ZduUQhzupImTOaTtgHPnbSw5s="></latexit>

the approximation gets better
but

the computational cost increases

�t
<latexit sha1_base64="9VqxWDc0soPL45QbrJybVaTNTQU=">AAACGHicbVBNTxsxEJ1N+QxfoT32YhGQOEW7CAmOUeDQI5UaiJRdIa8zm1ixvSt7FhSt9k9wbPkxvVW9cuO39FIn4UChT7L89N6MZualhZKOwvA5aHxYWV1b39hsbm3v7O619j9eu7y0AvsiV7kdpNyhkgb7JEnhoLDIdarwJp1ezP2bO7RO5uYbzQpMNB8bmUnByUuD+BIVcUa3rXbYCRdg70n0QtrdQ1jg6rb1Jx7lotRoSCju3DAKC0oqbkkKhXUzLh0WXEz5GIeeGq7RJdVi35odeWXEstz6Z4gt1NcdFdfOzXTqKzWniXvrzcX/ecOSsvOkkqYoCY1YDspKxShn8+PZSFoUpGaecGGl35WJCbdckI+oGRu8F7nW3IyquFcPo6SK5zMkLf80q9pRXddNn1b0Npv35PqkE4Wd6Otpu9tbxgYb8BkO4BgiOIMufIEr6IMABQ/wAx6D78HP4Ffwe1naCF56PsE/CJ7+AvJmoPk=</latexit><latexit sha1_base64="9VqxWDc0soPL45QbrJybVaTNTQU=">AAACGHicbVBNTxsxEJ1N+QxfoT32YhGQOEW7CAmOUeDQI5UaiJRdIa8zm1ixvSt7FhSt9k9wbPkxvVW9cuO39FIn4UChT7L89N6MZualhZKOwvA5aHxYWV1b39hsbm3v7O619j9eu7y0AvsiV7kdpNyhkgb7JEnhoLDIdarwJp1ezP2bO7RO5uYbzQpMNB8bmUnByUuD+BIVcUa3rXbYCRdg70n0QtrdQ1jg6rb1Jx7lotRoSCju3DAKC0oqbkkKhXUzLh0WXEz5GIeeGq7RJdVi35odeWXEstz6Z4gt1NcdFdfOzXTqKzWniXvrzcX/ecOSsvOkkqYoCY1YDspKxShn8+PZSFoUpGaecGGl35WJCbdckI+oGRu8F7nW3IyquFcPo6SK5zMkLf80q9pRXddNn1b0Npv35PqkE4Wd6Otpu9tbxgYb8BkO4BgiOIMufIEr6IMABQ/wAx6D78HP4Ffwe1naCF56PsE/CJ7+AvJmoPk=</latexit><latexit sha1_base64="9VqxWDc0soPL45QbrJybVaTNTQU=">AAACGHicbVBNTxsxEJ1N+QxfoT32YhGQOEW7CAmOUeDQI5UaiJRdIa8zm1ixvSt7FhSt9k9wbPkxvVW9cuO39FIn4UChT7L89N6MZualhZKOwvA5aHxYWV1b39hsbm3v7O619j9eu7y0AvsiV7kdpNyhkgb7JEnhoLDIdarwJp1ezP2bO7RO5uYbzQpMNB8bmUnByUuD+BIVcUa3rXbYCRdg70n0QtrdQ1jg6rb1Jx7lotRoSCju3DAKC0oqbkkKhXUzLh0WXEz5GIeeGq7RJdVi35odeWXEstz6Z4gt1NcdFdfOzXTqKzWniXvrzcX/ecOSsvOkkqYoCY1YDspKxShn8+PZSFoUpGaecGGl35WJCbdckI+oGRu8F7nW3IyquFcPo6SK5zMkLf80q9pRXddNn1b0Npv35PqkE4Wd6Otpu9tbxgYb8BkO4BgiOIMufIEr6IMABQ/wAx6D78HP4Ffwe1naCF56PsE/CJ7+AvJmoPk=</latexit><latexit sha1_base64="oU3+2kuDB0uJwsnaWR3dKRWWSgY=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZUYEXYq6cFnBPqAzSCa9o8EkMyR3lDLMT7hUP8aduHXnt7gxfSy09UDI4Zx7ufeeOJPCou9/eXPzC4tLy5WV6ura+sZmbWu7bdPccGjxVKamGzMLUmhooUAJ3cwAU7GETnx/PvQ7D2CsSPU1DjKIFLvVIhGcoZO64QVIZBRvanW/4Y9AZ0kwIXUyQfOm9h32U54r0Mgls7YX+BlGBTMouISyGuYWMsbv2S30HNVMgY2K0b4l3XdKnyapcU8jHam/OwqmrB2o2FUqhnd22huK/3m9HJOTqBA6yxE0Hw9KckkxpcPjaV8Y4CgHjjBuhNuV8jtmGEcXUTXU8MhTpZjuF+FZ2QuiIhzOEDj+46SoB2VZVl1awXQ2s6R92Aj8RnB1VD89m+RWIbtkjxyQgByTU3JJmqRFOJHkibyQV+/Ze/PevY9x6Zw36dkhf+B9/gBalqCV</latexit>

As decreases



Let’s consider another problem



In the real world
f = ma

<latexit sha1_base64="JZqNhqouDC1RC8qWOg8I+2tu1zI="></latexit><latexit sha1_base64="JZqNhqouDC1RC8qWOg8I+2tu1zI="></latexit><latexit sha1_base64="JZqNhqouDC1RC8qWOg8I+2tu1zI="></latexit><latexit sha1_base64="d1z9SfnBynHKrj9ktbw3Iwu4EQM="></latexit>



Another Initial Value Problem

xp(0) = x0
<latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="WbzJkjQkudkg+5uP1wGpCR4Lg24="></latexit>

Second-order Ordinary Differential Equation

d2xp(t)

dt2
=

f(xp, t)

mp
<latexit sha1_base64="6SNEh1yyNBjjYT4WBVTZr27XQDs="></latexit><latexit sha1_base64="6SNEh1yyNBjjYT4WBVTZr27XQDs="></latexit><latexit sha1_base64="6SNEh1yyNBjjYT4WBVTZr27XQDs="></latexit><latexit sha1_base64="WQxy99FdGNCKPaWpioIVYHXoon4="></latexit>



Another Initial Value Problem

Coupled First-order Ordinary Differential Equations

vp(0) = v0
<latexit sha1_base64="BUGqKGnWK5d/VJp1nx8AksgqnKc="></latexit><latexit sha1_base64="BUGqKGnWK5d/VJp1nx8AksgqnKc="></latexit><latexit sha1_base64="BUGqKGnWK5d/VJp1nx8AksgqnKc="></latexit><latexit sha1_base64="2ik2TcRjvR47H+/Z9Vyd5sSI9bY="></latexit>

xp(0) = x0
<latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="WbzJkjQkudkg+5uP1wGpCR4Lg24="></latexit>

dxp(t)

dt
= v(xp, t)

<latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="+IL/ZaQ+py7y41rUdpWN2pc7e9w="></latexit>

dvp(t)

dt
=

f(xp, t)

mp
<latexit sha1_base64="4hxx13/phVIEIxEt6z/F+lxtuS4="></latexit><latexit sha1_base64="4hxx13/phVIEIxEt6z/F+lxtuS4="></latexit><latexit sha1_base64="4hxx13/phVIEIxEt6z/F+lxtuS4="></latexit><latexit sha1_base64="xRcKTbUDYvBu21QgeL1zppzwvMQ="></latexit>



Euler’s Method (Again)

vp(t+�t) = vp(t) +�t · f(xp, t)

mp
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Symplectic Euler



struct Particle {
  double mass;
  Eigen::Vector3d pos, vel, frc;
}; 

foreach (p : particles) {
  p.frc = 0.0;
}

foreach (f : forces) {
  foreach (p : forces.affectedParticles) {
    p.frc += f.computeForce(p);
  }
}

foreach (p : particle) {
  p.vel += dt * p.frc / p.mass;
  p.pos += dt * p.vel;
}



Check our Karl Sim’s Particle Dreams



Let’s Add Springs!



Springs

f = �kd
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non-zero rest length?

fp = �k (kxpk � r)
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Springs

Strain
✓
kxpk
r
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Springs
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arbitrary connection?
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Damping

fp = kd
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vq � vp

r
· xq � xp
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relative
velocity

spring
direction

{{



foreach (p : particles) {
  p.frc = 0.0;
}

foreach (s : springs) {
  Eigen::Vector3d d = particles[s->j].pos - particles[s->i].pos;
  double l = d.norm();
  Eigen::Vector3d v = particles[s->j].vel - particles[s->i].vel;
  Eigen::Vector3d frc = (params.k_s*((l / s->r) - 1.0) + 
     params.k_d*(v.dot(d)/(l*s->r))) * (d/l);
  particles[s.i].frc += frc
  particles[s.j].frc -= frc
}

foreach (p : particle) {
  p.vel += dt * p.frc / p.mass;
  p.pos += dt * p.vel;
}



Live Demo



II. Mathematical Models



Newton’s Laws



Newtonian Mechanics

❖ Published in Principia, 1687

❖ Includes three laws of motion:

❖ inertia

❖ f = ma

❖ action/reaction

❖ Idealized particle or point mass



Newton’s First Law

A body persists at rest or in uniform motion in a straight line 
unless acted upon by a force

❖ Law of Inertia

❖ Defines an inertial frame of reference



Newton’s Second Law (f = ma)

The rate of change of momentum of a body is directly proportional 
to the force applied to the body
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to mass



Newton’s Second Law (f = ma)

The rate of change of momentum of a body is directly proportional 
to the force applied to the body

❖ An evolution equation for a system of interacting particles



Newton’s Second Law (f = ma)

❖ Second order ODE



❖ First order system of ODEs

Newton’s Second Law (f = ma)



❖ First order system of ODEs

Newton’s Second Law (f = ma)



Newton’s Second Law (f = ma)

❖ To model a system of particles,

❖ characterize all the forces on 
each particle

❖ Start with some initial 
conditions and apply f = ma 
to evolve in time



For every action, there is an equal and opposite reaction

❖ If body 1 applies force f to body 2, then body 2 applies 
force -f to body 1

Newton’s Third Law (Action/Reaction)



❖ Example: Two particles 
connected by a spring force, 
equal/opposite pair of forces

Newton’s Third Law (Action/Reaction)

For every action, there is an equal and opposite reaction

❖ If body 1 applies force f to body 2, then body 2 applies 
force -f to body 1



❖ Example: In the collision of 
two particles, equal/opposite 
pair of forces prevents 
interpenetration

Newton’s Third Law (Action/Reaction)

For every action, there is an equal and opposite reaction

❖ If body 1 applies force f to body 2, then body 2 applies 
force -f to body 1



❖ Example: Particle resting on a 
surface, equal/opposite pair of 
forces prevents interpenetration

Newton’s Third Law (Action/Reaction)

For every action, there is an equal and opposite reaction

❖ If body 1 applies force f to body 2, then body 2 applies 
force -f to body 1



❖ Example: Particle resting on a 
surface, equal/opposite pair of 
forces prevents interpenetration

Newton’s Third Law (Action/Reaction)

For every action, there is an equal and opposite reaction

❖ If body 1 applies force f to body 2, then body 2 applies 
force -f to body 1



Alternative: Analytical Mechanics
❖ Newtonian Mechanics is one 

formulation of classical mechanics

❖ Based on vectors in Cartesian space

❖ Another set of approaches is called 
Analytical Mechanics and is based on 
a principle of least action

❖ variational approaches let you use 
any set of coordinates 



Conservation Laws



Conserved Quantities

❖ Cannot be created or destroyed!

❖ Includes mass, linear momentum, angular momentum, 
and energy



Conservation Laws

❖ Used in deriving evolution equations

❖ Inform choice of discrete approximation to continuous 
equations

❖ Implications for visual quality, numerical accuracy, and 
stability



Conservation of Mass

❖ Mass not created or destroyed (inexact)

❖ Mass naturally conserved in particle-based methods

❖ Particles carry mass with them as they move

❖ Grid-based methods sometimes have issues with proper 
mass conservation



Conservation of Momentum

❖ By Newton’s second law, if there is no net force on a 
body, i.e.,

❖ So the momentum of the particle is conserved

❖ Similarly, if there is no net torque on a body, angular 
momentum is constant



Conservation of Momentum

❖ Newton’s third law 
equal/opposite also 
implies conservation of 
linear and angular 
momentum

`



Conservation of Momentum

❖ Newton’s third law 
equal/opposite also 
implies conservation of 
linear and angular 
momentum

`



Conservation of Momentum

❖ Same holds for a collection of interacting particles!
`

`



Conservation of Energy

❖ Initial energy (potential)



Conservation of Energy

❖ Conservation of Energy

❖ Initial energy (potential)



Conservation of Energy

❖ Conservation of Energy

❖ Speed when hits

❖ Initial energy (potential)



Numerical Conservation

❖ Different numerical schemes have different momentum 
and energy conservation properties

❖ In many schemes, momentum and/or energy may grow 
or decay nonphysically

❖ instability (blow up), or

❖ motion too damped



Alex Dahl



Alex Dahl



Conservation Laws for Continua

❖ At large enough length scales, model matter as a 
continuum rather than set of discrete particles



Conservation Laws for Continua

❖ To derive evolution equations for continua, consider 
arbitrary control volume



Conservation Laws for Continua

❖ Conservation of Mass
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❖ Conservation of Mass

 

Conservation Laws for Continua



Conservation Laws for Continua

❖ Conservation of Mass

❖ Continuity Equation



Conservation Laws for Continua

❖ Local conservation law

flux 



Rigid Bodies



Rigid Body Idealization
`

`

degrees of 
freedom

(DoF)



Rigid Body Idealization

❖ If deformation is negligible, a rigid body approximation 
is more efficient than a soft body model

`
`



Rigid Body Idealization

❖ Elastic forces are replaced with constraints that particles 
in the body remain a fixed distance apart

`
`



Rigid Body Idealization

❖ 3n DoF are replaced with 6 DoF! position and 
orientation 



Rigid Body Kinematics

❖ Center of mass



Rigid Body Kinematics

❖ Center of mass



Rigid Body Coordinates

Object Space World Space



Linear and Angular Velocity

❖ Linear velocity



Linear and Angular Velocity

❖ Angular velocity



Rigid Body Coordinates

particle position

particle velocity



Linear and Angular Momentum
❖ Linear Momentum

❖ Angular Momentum

(c.o.m. origin)

(c.o.m. origin) inertia tensor



Rigid Body Inertia Tensor



Linear and Angular Momentum

❖ No net force => 

❖ linear momentum and 
velocity constant

❖ No net torque => 

❖ angular momentum constant

❖ angular velocity not 
necessarily constant



❖ Summary

Newton-Euler Equations for Rigid Bodies



❖ Summary

struct RigidBody {
  double mass;
  Eigen::Matrix3d I0;
  Eigen::Vector3d pos, P, frc;
  Eigen::Matrix3d R;
  Eigen::Vector3d L, trq;
};

Newton-Euler Equations for Rigid Bodies



Soft Bodies



Adding Elasticity and Damping

ma = f
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K(x� u) +D(v) +Ma = fext
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K(d) +D(ḋ) +Md̈ = fext
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in terms of displacements d
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❖ Generalization of spring stiffness, called stiffness matrix

❖ Sparse, Symmetric, Diagonally Dominant, Row/Col 
sums 0

❖ Positive semi-definite

❖ Negative Jacobian of forces

❖ Negative Hessian of energy

K
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So how do we calculate elastic forces?



Elastic Forces Cookbook

❖ Deformation Function (world pos, rest position)

❖ Deformation Gradient (deformation function)

❖ Strain (deformation gradient)

❖ Stress (strain)

❖ Energy (stress, strain)

❖ Forces (energy)



x (u)
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<latexit sha1_base64="iQiV+xIdnNHtqMJYkPZnWHDNY+g="></latexit><latexit sha1_base64="iQiV+xIdnNHtqMJYkPZnWHDNY+g="></latexit><latexit sha1_base64="iQiV+xIdnNHtqMJYkPZnWHDNY+g="></latexit><latexit sha1_base64="bk463yRlG1G5UBxLEtmQvee+xVk=">AAACOXicbVHLSsQwFE19jvU5azfBQXA1NG50KerCpYKjwrRImt5qMElLcqszlP6AW3/KX/An3IlbMw9ERw+EHM654d6cm5ZKOoyit2BufmFxabm1Eq6uhesbm1trV66orICeKFRhb1LuQEkDPZSo4Ka0wHWq4Dp9OBn5149gnSzMJQ5LSDS/MzKXgqOXzm+3OlE3GoP+JWxKOmSK23bA4qwQlQaDQnHn+iwqMam5RSkUNGFcOSi5eOB30PfUcA0uqcdzNnTXKxnNC+uPQTpWf76ouXZuqFNfqTneu1lvJP7n9SvMD5NamrJCMGLSKK8UxYKOPk0zaUGgGnrChZV+ViruueUCfTRhbOBJFFpzk9XxcdNnSR2Pekic3Gled1jTNL8LM2zq+BQUcoqz1uDbGjShz5jNJvqXXO13WdRlFxFpkW2yQ/YIIwfkiJyRc9IjgmTkmbwEr8F78DHZxVwwXUqb/ELw+QWsebA2</latexit><latexit sha1_base64="TAk8F3lT6k4FKUwoZF/MGujpXvw="></latexit><latexit sha1_base64="TAk8F3lT6k4FKUwoZF/MGujpXvw="></latexit><latexit sha1_base64="IT8c6YbDASaKPow+yale08bgPFM="></latexit><latexit sha1_base64="PfcDv8dwrpYDpks0GI4e304WnPQ="></latexit><latexit sha1_base64="iQiV+xIdnNHtqMJYkPZnWHDNY+g="></latexit><latexit sha1_base64="iQiV+xIdnNHtqMJYkPZnWHDNY+g="></latexit><latexit sha1_base64="iQiV+xIdnNHtqMJYkPZnWHDNY+g="></latexit><latexit sha1_base64="iQiV+xIdnNHtqMJYkPZnWHDNY+g="></latexit><latexit sha1_base64="PfcDv8dwrpYDpks0GI4e304WnPQ="></latexit>

x (u1)
<latexit sha1_base64="VR0wBy9AWC87ujYSaFAVutUDlBw="></latexit><latexit sha1_base64="VR0wBy9AWC87ujYSaFAVutUDlBw="></latexit><latexit sha1_base64="VR0wBy9AWC87ujYSaFAVutUDlBw="></latexit><latexit sha1_base64="EaEPrF4LFgeYsEMnBZb4oe6M4UA="></latexit>

x (u2)
<latexit sha1_base64="hyNal/oLVrnbrt0iag/MvJhEGE8="></latexit><latexit sha1_base64="hyNal/oLVrnbrt0iag/MvJhEGE8="></latexit><latexit sha1_base64="hyNal/oLVrnbrt0iag/MvJhEGE8="></latexit><latexit sha1_base64="5hoHfe8yIKgpVV+toWX1eMB8MO0="></latexit>

u2
<latexit sha1_base64="cNksOl9UvPsYuuL/EC3O3s1pkHs="></latexit><latexit sha1_base64="cNksOl9UvPsYuuL/EC3O3s1pkHs="></latexit><latexit sha1_base64="cNksOl9UvPsYuuL/EC3O3s1pkHs="></latexit><latexit sha1_base64="gdirpvehbtdSjrAIStA3Yx0+PC8="></latexit>

u1
<latexit sha1_base64="UTiHjc44QT9Vf7EpG6urbRe3K3o="></latexit><latexit sha1_base64="UTiHjc44QT9Vf7EpG6urbRe3K3o="></latexit><latexit sha1_base64="UTiHjc44QT9Vf7EpG6urbRe3K3o="></latexit><latexit sha1_base64="Pe4+Hjqk0AowNk5wnIH5jiYvlEk="></latexit>

u0
<latexit sha1_base64="U95YNAVXb4cXNNsdxyGleU171f8="></latexit><latexit sha1_base64="U95YNAVXb4cXNNsdxyGleU171f8="></latexit><latexit sha1_base64="U95YNAVXb4cXNNsdxyGleU171f8="></latexit><latexit sha1_base64="95eAhooxDxA1dWUDjVAZZHBgCHc="></latexit>

Deformation and Its Gradient

x(u) = x(u0) + F (u� u0)
<latexit sha1_base64="mc6esfzshV4uxR97ukmN4cIgmvw="></latexit><latexit sha1_base64="mc6esfzshV4uxR97ukmN4cIgmvw="></latexit><latexit sha1_base64="mc6esfzshV4uxR97ukmN4cIgmvw="></latexit><latexit sha1_base64="I3esB44YKVfTrO0GrrSuSWZ7WmA="></latexit>

@x

@u
= F

<latexit sha1_base64="ngjGS5ptmB1rLCRpMZ05BdAJs3Q="></latexit><latexit sha1_base64="ngjGS5ptmB1rLCRpMZ05BdAJs3Q="></latexit><latexit sha1_base64="ngjGS5ptmB1rLCRpMZ05BdAJs3Q="></latexit><latexit sha1_base64="w4k0IP610lwR3wa/h7OYDgvS218="></latexit>



Strain is

❖ a measure of deformation

❖ dimensionless (i.e. has no units)

❖ a function of the deformation gradient



Strain Metrics

❖ Green’s finite

❖ Cauchy’s infinitesimal

❖ Co-rotated

✏ =
1

2

�
FTF� I

�

<latexit sha1_base64="CAp+2/qPDbAgBpAK59Umjo1TXSs="></latexit><latexit sha1_base64="CAp+2/qPDbAgBpAK59Umjo1TXSs="></latexit><latexit sha1_base64="CAp+2/qPDbAgBpAK59Umjo1TXSs="></latexit><latexit sha1_base64="vMpYhdlITJsvvCs8vngmiNaq238="></latexit>

✏ =
1

2

�
FT + F

�
� I

<latexit sha1_base64="sSJc7gHkDozrSoOWvnDWVhAoZyM="></latexit><latexit sha1_base64="sSJc7gHkDozrSoOWvnDWVhAoZyM="></latexit><latexit sha1_base64="sSJc7gHkDozrSoOWvnDWVhAoZyM="></latexit><latexit sha1_base64="NqjhIWvvrKE26dURmYytHXFoSgE="></latexit>

✏ =
1

2

⇣
F̃T + F̃

⌘
� I

<latexit sha1_base64="MLY5NpZggpD2Y3P4VFzNCsBzHfw="></latexit><latexit sha1_base64="MLY5NpZggpD2Y3P4VFzNCsBzHfw="></latexit><latexit sha1_base64="MLY5NpZggpD2Y3P4VFzNCsBzHfw="></latexit><latexit sha1_base64="qn+/YacAns1SsxWcz4vXd5IAIYA="></latexit>

F = QF̃
<latexit sha1_base64="UypiXG4qYGwgVLd3zvENG4RfHsA="></latexit><latexit sha1_base64="UypiXG4qYGwgVLd3zvENG4RfHsA="></latexit><latexit sha1_base64="UypiXG4qYGwgVLd3zvENG4RfHsA="></latexit><latexit sha1_base64="Ghv+zTyLTCCmNkifGwCnNzJtyTA="></latexit>

where



Stress

❖ stress is a function of strain

❖ stress has units of (Newton / meter^2)

❖ models of stress-strain relationships can be highly 
complex, especially with organic materials



Linear Stress-strain Relationships

� = C✏
<latexit sha1_base64="y3tfdHs4TtKtUQxcHgzHHGXNYO0="></latexit><latexit sha1_base64="y3tfdHs4TtKtUQxcHgzHHGXNYO0="></latexit><latexit sha1_base64="y3tfdHs4TtKtUQxcHgzHHGXNYO0="></latexit><latexit sha1_base64="0383f4UZZ7sE5eaxAERRYxNflG0="></latexit>

� = �Tr (✏) I+ 2µ✏
<latexit sha1_base64="gZcp1TcN85pEr8AbwcCdHTwwi64="></latexit><latexit sha1_base64="gZcp1TcN85pEr8AbwcCdHTwwi64="></latexit><latexit sha1_base64="gZcp1TcN85pEr8AbwcCdHTwwi64="></latexit><latexit sha1_base64="99hNA6rx2faWQeAFI5rKf5XJRWs="></latexit>

General, linear

isotropic material



Elastic Potential, Traction, Force

⌘ =
1

2
� : ✏ =

1

2

X

i,j

�ij✏ij

<latexit sha1_base64="biXyj4xOPKh7DLcBsQpPECSy6eY="></latexit><latexit sha1_base64="biXyj4xOPKh7DLcBsQpPECSy6eY="></latexit><latexit sha1_base64="biXyj4xOPKh7DLcBsQpPECSy6eY="></latexit><latexit sha1_base64="+xCFsDWBoyVtp/AsE3wayEnxSD4="></latexit>

⌧ = �n
<latexit sha1_base64="DvRvCliJpV8dvxz2g9mRvimyCug="></latexit><latexit sha1_base64="DvRvCliJpV8dvxz2g9mRvimyCug="></latexit><latexit sha1_base64="DvRvCliJpV8dvxz2g9mRvimyCug="></latexit><latexit sha1_base64="9l7NnIoZk9VQKcgIVqGQmVs1zL8="></latexit>

fi = � @⌘

@xi
<latexit sha1_base64="AH7QxCm7Gj8fhcoNVVBd0dv9CTk="></latexit><latexit sha1_base64="AH7QxCm7Gj8fhcoNVVBd0dv9CTk="></latexit><latexit sha1_base64="AH7QxCm7Gj8fhcoNVVBd0dv9CTk="></latexit><latexit sha1_base64="aKv27tfD0Ol751d7tIcl7BsHmXo="></latexit>

f =

I

@R
�n dS

<latexit sha1_base64="T2l+1nJJSXKDHKvhg+ApDHdfxVo="></latexit><latexit sha1_base64="T2l+1nJJSXKDHKvhg+ApDHdfxVo="></latexit><latexit sha1_base64="T2l+1nJJSXKDHKvhg+ApDHdfxVo="></latexit><latexit sha1_base64="+05J2KlQvvP8l/us4C17PS8lcZo="></latexit>



Plasticity

F = FeFp
<latexit sha1_base64="GpHi7iLRRXNJu2BR5kHqiD3daEE="></latexit><latexit sha1_base64="GpHi7iLRRXNJu2BR5kHqiD3daEE="></latexit><latexit sha1_base64="GpHi7iLRRXNJu2BR5kHqiD3daEE="></latexit><latexit sha1_base64="F5qHCCbOEeUK4Zh4I+llJQ1Yh90="></latexit>



Fluids



Fluids



Fluids

take shape
of container

can’t support
shear stress



Fluids

can support
normal stress



Navier-Stokes Equations



Navier-Stokes Equations
m



Navier-Stokes Equations
m



Navier-Stokes Equations
m



Navier-Stokes Equations
m



Navier-Stokes Equations
m



Navier-Stokes Equations
m



Material Derivative
m



Material Derivative



Material Derivative



Material Derivative



Material Derivative



Material Derivative



Pressure Forces
m

❖ maintains fluid volume, resisting 
compression/expansion

❖ forces fluid from areas of high 
pressure to low pressure



Viscous Forces
m



Viscous Forces
m

❖ internal friction

❖ Laplacian measures 
difference from 
neighbors



Viscous Forces: Solid Boundaries
m

❖ no-slip boundary condition



External Forces
m

❖ Gravity, surface tension, interaction forces, 
control forces, embedded structures



Incompressibility

❖ Conservation of mass

❖ Constant density

m



Incompressibility
m

❖ Net flow through boundary 
must be zero 



Incompressibility
m

❖ Net flow through boundary 
must be zero 



III. Spatial Discretization



Lagrangian vs. Eulerian



Reference Frames

❖ An Eulerian reference frame is fixed.

❖ A Lagrangian reference frame moves with the material.



Reference Frames

Eulerian Lagrangian

@y
@t + u ·ry

<latexit sha1_base64="79vnFg5aELwYo4fDUgEpYBaaJtY="></latexit><latexit sha1_base64="BhXpdVr1UKP9WKQ8Zyw/jsHFr1A="></latexit><latexit sha1_base64="BhXpdVr1UKP9WKQ8Zyw/jsHFr1A="></latexit><latexit sha1_base64="1uXP7gWbjVDauTWOkprY+bb4E/k="></latexit>

dy
dt

<latexit sha1_base64="6gUYYGEnPdNdxwhAgVaKrpJkVZ0="></latexit><latexit sha1_base64="nzOfu647JpyhN5LpEWCYmfxPhmo="></latexit><latexit sha1_base64="nzOfu647JpyhN5LpEWCYmfxPhmo="></latexit><latexit sha1_base64="rrqncBLGciTdzebYy1KHtrDN8zE="></latexit>



Grids, Meshes, and Particles



Regular Grids

❖ Simple

❖ Fast operations (e.g. 
point location)

❖ Can take advantage of 
structure for 
efficiency

❖ Difficult to track 
shape over time

❖ Difficult to handle 
non-grid-aligned 
boundaries

Advantages Disadvantages



Staggered Grid

ui,j,k
<latexit sha1_base64="XC5b206r7jDjc+6T3XmNtj9VaCA=">AAACGXicbVC7TsMwFL3hWcqrwMgSUSExVFWCkGCsysJYJPpATVQc12lNbSeyHVCJ8hWMwMewIVYmxKew4D4GaDmS5aNz7tW99wQxo0o7zqe1sLi0vLKaW8uvb2xubRd2dhsqSiQmdRyxSLYCpAijgtQ11Yy0YkkQDxhpBoPzkd+8I1LRSFzpYUx8jnqChhQjbaTrpJPS0m1pkHUKRafsjGHPE3dKipWTh68bAKh1Ct9eN8IJJ0JjhpRqu06s/RRJTTEjWd5LFIkRHqAeaRsqECfKT8cLZ/ahUbp2GEnzhLbH6u+OFHGlhjwwlRzpvpr1RuJ/XjvR4ZmfUhEnmgg8GRQmzNaRPbre7lJJsGZDQxCW1Oxq4z6SCGuTUd4T5B5HnCPRTb1q1nb91BvNoHryB2FadLMsy5u03Nls5knjuOw6ZffSxFaFCXKwDwdwBC6cQgUuoAZ1wMDhEZ7hxXqyXq03631SumBNe/bgD6yPH6mHo0w=</latexit><latexit sha1_base64="/PegKKX7t8x7CEGPJyMjfolAJ18=">AAACGXicbVC7TsMwFHWAQimvAiNLRIXEUFUJQoKxKgtjkegDJVHlOE5rajuR7YBKlK9gBL6EiQ2xMiE+pQtO2wFajmT56Jx7de89fkyJVJb1ZSwtrxRW14rrpY3Nre2d8u5eW0aJQLiFIhqJrg8lpoTjliKK4m4sMGQ+xR1/eJH7nTssJIn4tRrF2GOwz0lIEFRaukl6KaneVodZr1yxatYE5iKxZ6RSP334hq+FcbNXHrtBhBKGuUIUSunYVqy8FApFEMVZyU0kjiEawj52NOWQYemlk4Uz80grgRlGQj+uzIn6uyOFTMoR83Ulg2og571c/M9zEhWeeynhcaIwR9NBYUJNFZn59WZABEaKjjSBSBC9q4kGUECkdEYll+N7FDEGeZC6jcyxvdTNZxA1/f0wrdhZlpV0WvZ8NoukfVKzrZp9pWNrgCmK4AAcgmNggzNQB5egCVoAAQYewTN4MZ6MN+Pd+JiWLhmznn3wB8bnD0G6pQg=</latexit><latexit sha1_base64="/PegKKX7t8x7CEGPJyMjfolAJ18=">AAACGXicbVC7TsMwFHWAQimvAiNLRIXEUFUJQoKxKgtjkegDJVHlOE5rajuR7YBKlK9gBL6EiQ2xMiE+pQtO2wFajmT56Jx7de89fkyJVJb1ZSwtrxRW14rrpY3Nre2d8u5eW0aJQLiFIhqJrg8lpoTjliKK4m4sMGQ+xR1/eJH7nTssJIn4tRrF2GOwz0lIEFRaukl6KaneVodZr1yxatYE5iKxZ6RSP334hq+FcbNXHrtBhBKGuUIUSunYVqy8FApFEMVZyU0kjiEawj52NOWQYemlk4Uz80grgRlGQj+uzIn6uyOFTMoR83Ulg2og571c/M9zEhWeeynhcaIwR9NBYUJNFZn59WZABEaKjjSBSBC9q4kGUECkdEYll+N7FDEGeZC6jcyxvdTNZxA1/f0wrdhZlpV0WvZ8NoukfVKzrZp9pWNrgCmK4AAcgmNggzNQB5egCVoAAQYewTN4MZ6MN+Pd+JiWLhmznn3wB8bnD0G6pQg=</latexit><latexit sha1_base64="wxO03m9MYiuGOFCcRZV9dBWAv9M=">AAACGXicbVC7TsMwFHV4lvAqMLJEREgMVZWwwFiVhbFI9IGSqHIcpzW1nch2QFWUr2AEPoYNsTLxLSw4bQZoOZLlo3Pu1b33hCklUjnOl7Gyura+sVnbMrd3dvf26weHPZlkAuEuSmgiBiGUmBKOu4ooigepwJCFFPfDyVXp9x+wkCTht2qa4oDBEScxQVBp6S4b5qRx35gUw7rtNJ0ZrGXiVsQGFTrD+rcfJShjmCtEoZSe66QqyKFQBFFcmH4mcQrRBI6wpymHDMsgny1cWKdaiaw4EfpxZc3U3x05ZFJOWagrGVRjueiV4n+el6n4MsgJTzOFOZoPijNqqcQqr7ciIjBSdKoJRILoXS00hgIipTMyfY4fUcIY5FHutwvPDXK/nEHU/A/j3HaLojB1Wu5iNsukd950naZ749itdpVbDRyDE3AGXHABWuAadEAXIMDAE3gBr8az8Wa8Gx/z0hWj6jkCf2B8/gBmRqEj</latexit>

ui+1,j,k
<latexit sha1_base64="DEhz+fAsPEy5SHtY8FpqZGLqCwI=">AAACG3icbVDLSgMxFL3j2/qqunQzWARBKRMRdFl047KCrcLMUDNpRmPzGJKMUof5DJfqx7gTty7ET3Fj2rrwdSDkcM693HtPknFmbBC8eWPjE5NT0zOzlbn5hcWl6vJK26hcE9oiiit9lmBDOZO0ZZnl9CzTFIuE09OkdzjwT6+pNkzJE9vPaCzwhWQpI9g6Kcw7BdtC21fbvbJTrQX1YAj/L0FfpNbYvX0/B4Bmp/oRdRXJBZWWcGxMiILMxgXWlhFOy0qUG5ph0sMXNHRUYkFNXAxXLv0Np3T9VGn3pPWH6veOAgtj+iJxlQLbS/PbG4j/eWFu0/24YDLLLZVkNCjNuW+VP7jf7zJNieV9RzDRzO3qk0usMbEupUok6Q1RQmDZLaKDMkRxEQ1mMDv6k7SoobIsKy4t9Dubv6S9U0dBHR272A5ghBlYg3XYBAR70IAjaEILCCi4gwd49O69J+/ZexmVjnlfPavwA97rJ5Nlo7w=</latexit><latexit sha1_base64="2EE02X/fj3jwjtMYpzEBiECK930="></latexit><latexit sha1_base64="2EE02X/fj3jwjtMYpzEBiECK930="></latexit><latexit sha1_base64="wRyPEiny0rVOjAva8ebDH+nbZS4=">AAACG3icbVC7TsMwFHV4lvIqMLJEVEhIVFXMAmNVFsYi0YeURJXjOq2pH5HtgKoon8EIfAwbYmXgW1hw2g7QciTLR+fcq3vviRJGtfG8L2dldW19Y7O0Vd7e2d3brxwcdrRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR+Lrwuw9EaSrFnZkkJORoKGhMMTJW8tN+Rs9h7b42zvuVqlf3pnCXCZyTKpij1a98BwOJU06EwQxp7UMvMWGGlKGYkbwcpJokCI/RkPiWCsSJDrPpyrl7apWBG0tlnzDuVP3dkSGu9YRHtpIjM9KLXiH+5/mpia/CjIokNUTg2aA4Za6RbnG/O6CKYMMmliCsqN3VxSOkEDY2pXIgyCOWnCMxyIJm7sMwC4oZ1Mz+KM6qMM/zsk0LLmazTDoXdejV4a1XbTTnuZXAMTgBZwCCS9AAN6AF2gADCZ7AC3h1np035935mJWuOPOeI/AHzucPUCShkw==</latexit>

vi,j,k
<latexit sha1_base64="A1nmzheYay4GyPaaMKtMopwqf0U=">AAACGXicbVA9T8MwEL2U7/JVYGSJqJAYqipBSDBWZWEEiUJREhXHdaip7US2U1Si/ApG4MewIVYmxE9hwW06AOVJlp/eu9PdvTBhVGnH+bBKM7Nz8wuLS+XlldW19crG5oWKU4lJC8cslu0QKcKoIC1NNSPtRBLEQ0Yuw/7xyL8cEKloLM71MCEBRzeCRhQjbaSrQSejtdtaP+9Uqk7dGcOeJu6EVBsH95/XAHDaqXz53RinnAiNGVLKc51EBxmSmmJG8rKfKpIg3Ec3xDNUIE5UkI0Xzu1do3TtKJbmCW2P1Z8dGeJKDXloKjnSPfXXG4n/eV6qo6MgoyJJNRG4GBSlzNaxPbre7lJJsGZDQxCW1Oxq4x6SCGuTUdkX5A7HnCPRzfxm7rlB5o9mUF38YZRV3TzPyyYt92820+Riv+46dffMxNaEAouwDTuwBy4cQgNO4BRagIHDAzzBs/VovViv1ltRWrImPVvwC9b7N6s8o00=</latexit><latexit sha1_base64="gTzLmZsJ7uW179Ok/5lfnv5T/A8=">AAACGXicbVC7TsMwFHUKhRJeBUaWiAqJoaoShARjVRbGItEHSqLKcZ3W1HYi2ykqUb6CEfgSJjbEyoT4lC64jwFajmT56Jx7de89QUyJVLb9ZeRWVvNr64UNc3Nre2e3uLfflFEiEG6giEaiHUCJKeG4oYiiuB0LDFlAcSsYXE781hALSSJ+o0Yx9hnscRISBJWWboedlJTvyoOsUyzZFXsKa5k4c1Kqnj18w9f8uN4pjr1uhBKGuUIUSuk6dqz8FApFEMWZ6SUSxxANYA+7mnLIsPTT6cKZdayVrhVGQj+urKn6uyOFTMoRC3Qlg6ovF72J+J/nJiq88FPC40RhjmaDwoRaKrIm11tdIjBSdKQJRILoXS3UhwIipTMyPY7vUcQY5N3Uq2Wu46feZAZRsz8I05KTZZmp03IWs1kmzdOKY1ecax1bDcxQAIfgCJwAB5yDKrgCddAACDDwCJ7Bi/FkvBnvxsesNGfMew7AHxifP0NvpQk=</latexit><latexit sha1_base64="gTzLmZsJ7uW179Ok/5lfnv5T/A8=">AAACGXicbVC7TsMwFHUKhRJeBUaWiAqJoaoShARjVRbGItEHSqLKcZ3W1HYi2ykqUb6CEfgSJjbEyoT4lC64jwFajmT56Jx7de89QUyJVLb9ZeRWVvNr64UNc3Nre2e3uLfflFEiEG6giEaiHUCJKeG4oYiiuB0LDFlAcSsYXE781hALSSJ+o0Yx9hnscRISBJWWboedlJTvyoOsUyzZFXsKa5k4c1Kqnj18w9f8uN4pjr1uhBKGuUIUSuk6dqz8FApFEMWZ6SUSxxANYA+7mnLIsPTT6cKZdayVrhVGQj+urKn6uyOFTMoRC3Qlg6ovF72J+J/nJiq88FPC40RhjmaDwoRaKrIm11tdIjBSdKQJRILoXS3UhwIipTMyPY7vUcQY5N3Uq2Wu46feZAZRsz8I05KTZZmp03IWs1kmzdOKY1ecax1bDcxQAIfgCJwAB5yDKrgCddAACDDwCJ7Bi/FkvBnvxsesNGfMew7AHxifP0NvpQk=</latexit><latexit sha1_base64="3sDuyh9Li4NI9fjCMHanLmmYz7I=">AAACGXicbVC7TsMwFHXKq5RXgZElIkJiqKqEBcaqLIxFog+URJXjOK2p7US2U1RF+QpG4GPYECsT38KC02aAliNZPjrnXt17T5BQIpVtfxmVtfWNza3qdm1nd2//oH541JNxKhDuopjGYhBAiSnhuKuIoniQCAxZQHE/mFwXfn+KhSQxv1OzBPsMjjiJCIJKS/fTYUYaD41JPqxbdtOew1wlTkksUKIzrH97YYxShrlCFErpOnai/AwKRRDFec1LJU4gmsARdjXlkGHpZ/OFc/NMK6EZxUI/rsy5+rsjg0zKGQt0JYNqLJe9QvzPc1MVXfkZ4UmqMEeLQVFKTRWbxfVmSARGis40gUgQvauJxlBApHRGNY/jRxQzBnmYee3cdfzMK2YQtfiDKLOcPM9rOi1nOZtV0rtoOnbTubWtVrvMrQpOwCk4Bw64BC1wAzqgCxBg4Am8gFfj2Xgz3o2PRWnFKHuOwR8Ynz9n+6Ek</latexit>

vi,j+1,k
<latexit sha1_base64="w1DhDgCX1705dX6Dc7ewXoycXf8=">AAACG3icbVDLSgMxFL3j2/qqunQzWARBKRMRdCm6calgW2FmqJk0o7F5DEmmUof5DJfqx7gTty7ET3Fj2rrwdSDkcM693HtPknFmbBC8eWPjE5NT0zOzlbn5hcWl6vJK06hcE9ogiit9nmBDOZO0YZnl9DzTFIuE01bSPRr4rR7Vhil5ZvsZjQW+lCxlBFsnhb12wbavt9B2t2xXa0E9GML/S9AXqR3s3r5fAMBJu/oRdRTJBZWWcGxMiILMxgXWlhFOy0qUG5ph0sWXNHRUYkFNXAxXLv0Np3T8VGn3pPWH6veOAgtj+iJxlQLbK/PbG4j/eWFu0/24YDLLLZVkNCjNuW+VP7jf7zBNieV9RzDRzO3qkyusMbEupUok6Q1RQmDZKaLDMkRxEQ1mMDv6k7SoobIsKy4t9Dubv6S5U0dBHZ262A5hhBlYg3XYBAR7cADHcAINIKDgDh7g0bv3nrxn72VUOuZ99azCD3ivn5WQo70=</latexit><latexit sha1_base64="ftkcsrW7BQagvgCe+RPkrW/LDnc="></latexit><latexit sha1_base64="ftkcsrW7BQagvgCe+RPkrW/LDnc="></latexit><latexit sha1_base64="7cKDdgJ86769DuoyXXoirxYdJYI=">AAACG3icbVDLSgMxFM3UV62vqks3g0UQLGXiRpelblxWsA+YGUomzbSxeQxJplKG+QyX6se4E7cu/BY3po+Fth4IOZxzL/feEyWMauN5X05hbX1jc6u4XdrZ3ds/KB8etbVMFSYtLJlU3QhpwqggLUMNI91EEcQjRjrR6Gbqd8ZEaSrFvZkkJORoIGhMMTJW8se9jFYfLmB1lPfKFa/mzeCuErggFbBAs1f+DvoSp5wIgxnS2odeYsIMKUMxI3kpSDVJEB6hAfEtFYgTHWazlXP3zCp9N5bKPmHcmfq7I0Nc6wmPbCVHZqiXvan4n+enJr4OMyqS1BCB54PilLlGutP73T5VBBs2sQRhRe2uLh4ihbCxKZUCQR6x5ByJfhY0ch+GWTCdQc38j+KsAvM8L9m04HI2q6R9WYNeDd55lXpjkVsRnIBTcA4guAJ1cAuaoAUwkOAJvIBX59l5c96dj3lpwVn0HIM/cD5/AFJPoZQ=</latexit>

wi,j,k
<latexit sha1_base64="BGG6xM71FcWRla4+uthjR27EEpE=">AAACGXicbVA9T8MwEL2U7/JVYGSJqJAYqipBSDBWZWEEiUJREhXHdaip7US2Q1Wi/ApG4MewIVYmxE9hwW06AOVJlp/eu9PdvTBhVGnH+bBKM7Nz8wuLS+XlldW19crG5oWKU4lJC8cslu0QKcKoIC1NNSPtRBLEQ0Yuw/7xyL+8I1LRWJzrYUICjm4EjShG2khXg05Ga7e1ft6pVJ26M4Y9TdwJqTYO7j+vAeC0U/nyuzFOOREaM6SU5zqJDjIkNcWM5GU/VSRBuI9uiGeoQJyoIBsvnNu7RunaUSzNE9oeqz87MsSVGvLQVHKke+qvNxL/87xUR0dBRkWSaiJwMShKma1je3S93aWSYM2GhiAsqdnVxj0kEdYmo7IvyADHnCPRzfxm7rlB5o9mUF38YZRV3TzPyyYt92820+Riv+46dffMxNaEAouwDTuwBy4cQgNO4BRagIHDAzzBs/VovViv1ltRWrImPVvwC9b7N6zxo04=</latexit><latexit sha1_base64="0aksVMGhaShoHzGNw6oHZvJ7D4I=">AAACGXicbVC7TsMwFHUKhRJeBUaWiAqJoaoShARjVRbGItEHSqLKcZ3W1HYi26EqUb6CEfgSJjbEyoT4lC64jwFajmT56Jx7de89QUyJVLb9ZeRWVvNr64UNc3Nre2e3uLfflFEiEG6giEaiHUCJKeG4oYiiuB0LDFlAcSsYXE781j0WkkT8Ro1i7DPY4yQkCCot3Q47KSnflQdZp1iyK/YU1jJx5qRUPXv4hq/5cb1THHvdCCUMc4UolNJ17Fj5KRSKIIoz00skjiEawB52NeWQYemn04Uz61grXSuMhH5cWVP1d0cKmZQjFuhKBlVfLnoT8T/PTVR44aeEx4nCHM0GhQm1VGRNrre6RGCk6EgTiATRu1qoDwVESmdkehwPUcQY5N3Uq2Wu46feZAZRsz8I05KTZZmp03IWs1kmzdOKY1ecax1bDcxQAIfgCJwAB5yDKrgCddAACDDwCJ7Bi/FkvBnvxsesNGfMew7AHxifP0UkpQo=</latexit><latexit sha1_base64="0aksVMGhaShoHzGNw6oHZvJ7D4I=">AAACGXicbVC7TsMwFHUKhRJeBUaWiAqJoaoShARjVRbGItEHSqLKcZ3W1HYi26EqUb6CEfgSJjbEyoT4lC64jwFajmT56Jx7de89QUyJVLb9ZeRWVvNr64UNc3Nre2e3uLfflFEiEG6giEaiHUCJKeG4oYiiuB0LDFlAcSsYXE781j0WkkT8Ro1i7DPY4yQkCCot3Q47KSnflQdZp1iyK/YU1jJx5qRUPXv4hq/5cb1THHvdCCUMc4UolNJ17Fj5KRSKIIoz00skjiEawB52NeWQYemn04Uz61grXSuMhH5cWVP1d0cKmZQjFuhKBlVfLnoT8T/PTVR44aeEx4nCHM0GhQm1VGRNrre6RGCk6EgTiATRu1qoDwVESmdkehwPUcQY5N3Uq2Wu46feZAZRsz8I05KTZZmp03IWs1kmzdOKY1ecax1bDcxQAIfgCJwAB5yDKrgCddAACDDwCJ7Bi/FkvBnvxsesNGfMew7AHxifP0UkpQo=</latexit><latexit sha1_base64="tn5D9nlwj6CtLMYKxIqXCOB32zU=">AAACGXicbVC7TsMwFHXKq5RXgZElIkJiqKqEBcaqLIxFog+URJXjOK2p7US2Q1VF+QpG4GPYECsT38KC02aAliNZPjrnXt17T5BQIpVtfxmVtfWNza3qdm1nd2//oH541JNxKhDuopjGYhBAiSnhuKuIoniQCAxZQHE/mFwXfv8RC0lifqdmCfYZHHESEQSVlu6nw4w0HhqTfFi37KY9h7lKnJJYoERnWP/2whilDHOFKJTSdexE+RkUiiCK85qXSpxANIEj7GrKIcPSz+YL5+aZVkIzioV+XJlz9XdHBpmUMxboSgbVWC57hfif56YquvIzwpNUYY4Wg6KUmio2i+vNkAiMFJ1pApEgelcTjaGASOmMah7HUxQzBnmYee3cdfzMK2YQtfiDKLOcPM9rOi1nOZtV0rtoOnbTubWtVrvMrQpOwCk4Bw64BC1wAzqgCxBg4Am8gFfj2Xgz3o2PRWnFKHuOwR8Ynz9psKEl</latexit>

wi,j,k+1
<latexit sha1_base64="rb9Hdsb/q931ZP1N68Y3P9Kx+oI=">AAACG3icbVDLSgMxFL3j2/qqunQzWARBKRMRdFl041LBtsLMUDNpRmPzGJKMUof5DJfqx7gTty7ET3Fj2rrwdSDkcM693HtPknFmbBC8eWPjE5NT0zOzlbn5hcWl6vJKy6hcE9okiit9lmBDOZO0aZnl9CzTFIuE03bSOxz47WuqDVPy1PYzGgt8IVnKCLZOCm86Bdu+2u5tobJTrQX1YAj/L0FfpNbYvX0/B4DjTvUj6iqSCyot4diYEAWZjQusLSOclpUoNzTDpIcvaOioxIKauBiuXPobTun6qdLuSesP1e8dBRbG9EXiKgW2l+a3NxD/88LcpvtxwWSWWyrJaFCac98qf3C/32WaEsv7jmCimdvVJ5dYY2JdSpVI0huihMCyW0QHZYjiIhrMYHb0J2lRQ2VZVlxa6Hc2f0lrp46COjpxsR3ACDOwBuuwCQj2oAFHcAxNIKDgDh7g0bv3nrxn72VUOuZ99azCD3ivn5e9o74=</latexit><latexit sha1_base64="A5rj4M47tmqlusHYweU+prWZT2c="></latexit><latexit sha1_base64="A5rj4M47tmqlusHYweU+prWZT2c="></latexit><latexit sha1_base64="KKphge87q8yAv89FOnlyiwT7oa8=">AAACG3icbVDLSgMxFM3UV62vqks3g0UQLGXiRpelblxWsA+YGUomzbSxeQxJxlKG+QyX6se4E7cu/BY3po+Fth4IOZxzL/feEyWMauN5X05hbX1jc6u4XdrZ3ds/KB8etbVMFSYtLJlU3QhpwqggLUMNI91EEcQjRjrR6Gbqdx6J0lSKezNJSMjRQNCYYmSs5I97Ga0+VEcXMO+VK17Nm8FdJXBBKmCBZq/8HfQlTjkRBjOktQ+9xIQZUoZiRvJSkGqSIDxCA+JbKhAnOsxmK+fumVX6biyVfcK4M/V3R4a41hMe2UqOzFAve1PxP89PTXwdZlQkqSECzwfFKXONdKf3u32qCDZsYgnCitpdXTxECmFjUyoFgoyx5ByJfhY0ch+GWTCdQc38j+KsAvM8L9m04HI2q6R9WYNeDd55lXpjkVsRnIBTcA4guAJ1cAuaoAUwkOAJvIBX59l5c96dj3lpwVn0HIM/cD5/AFR8oZU=</latexit>

pi,j,k
<latexit sha1_base64="+nydAEwBhirwrh59WscwQdKAEOY=">AAACGXicbVC7TsMwFL3hWcqrwMgSUSExVFWCkGCsysJYJPpATVQc12lNbSeyHVCJ8hWMwMewIVYmxKew4D4GaDmS5aNz7tW99wQxo0o7zqe1sLi0vLKaW8uvb2xubRd2dhsqSiQmdRyxSLYCpAijgtQ11Yy0YkkQDxhpBoPzkd+8I1LRSFzpYUx8jnqChhQjbaTruJPS0m1pkHUKRafsjGHPE3dKipWTh68bAKh1Ct9eN8IJJ0JjhpRqu06s/RRJTTEjWd5LFIkRHqAeaRsqECfKT8cLZ/ahUbp2GEnzhLbH6u+OFHGlhjwwlRzpvpr1RuJ/XjvR4ZmfUhEnmgg8GRQmzNaRPbre7lJJsGZDQxCW1Oxq4z6SCGuTUd4T5B5HnCPRTb1q1nb91BvNoHryB2FadLMsy5u03Nls5knjuOw6ZffSxFaFCXKwDwdwBC6cQgUuoAZ1wMDhEZ7hxXqyXq03631SumBNe/bgD6yPH6D+o0c=</latexit><latexit sha1_base64="AHSVoi6pjcNmnO/7K03VxvkZymc=">AAACGXicbVC7TsMwFHWAQimvAiNLRIXEUFUJQoKxKgtjkegDJVHlOE5rajuR7YBKlK9gBL6EiQ2xMiE+pQtO2wFajmT56Jx7de89fkyJVJb1ZSwtrxRW14rrpY3Nre2d8u5eW0aJQLiFIhqJrg8lpoTjliKK4m4sMGQ+xR1/eJH7nTssJIn4tRrF2GOwz0lIEFRauol7KaneVodZr1yxatYE5iKxZ6RSP334hq+FcbNXHrtBhBKGuUIUSunYVqy8FApFEMVZyU0kjiEawj52NOWQYemlk4Uz80grgRlGQj+uzIn6uyOFTMoR83Ulg2og571c/M9zEhWeeynhcaIwR9NBYUJNFZn59WZABEaKjjSBSBC9q4kGUECkdEYll+N7FDEGeZC6jcyxvdTNZxA1/f0wrdhZlpV0WvZ8NoukfVKzrZp9pWNrgCmK4AAcgmNggzNQB5egCVoAAQYewTN4MZ6MN+Pd+JiWLhmznn3wB8bnDzkxpQM=</latexit><latexit sha1_base64="AHSVoi6pjcNmnO/7K03VxvkZymc=">AAACGXicbVC7TsMwFHWAQimvAiNLRIXEUFUJQoKxKgtjkegDJVHlOE5rajuR7YBKlK9gBL6EiQ2xMiE+pQtO2wFajmT56Jx7de89fkyJVJb1ZSwtrxRW14rrpY3Nre2d8u5eW0aJQLiFIhqJrg8lpoTjliKK4m4sMGQ+xR1/eJH7nTssJIn4tRrF2GOwz0lIEFRauol7KaneVodZr1yxatYE5iKxZ6RSP334hq+FcbNXHrtBhBKGuUIUSunYVqy8FApFEMVZyU0kjiEawj52NOWQYemlk4Uz80grgRlGQj+uzIn6uyOFTMoR83Ulg2og571c/M9zEhWeeynhcaIwR9NBYUJNFZn59WZABEaKjjSBSBC9q4kGUECkdEYll+N7FDEGeZC6jcyxvdTNZxA1/f0wrdhZlpV0WvZ8NoukfVKzrZp9pWNrgCmK4AAcgmNggzNQB5egCVoAAQYewTN4MZ6MN+Pd+JiWLhmznn3wB8bnDzkxpQM=</latexit><latexit sha1_base64="B7OwIm4NJjow92+itYMYQcnjfAo=">AAACGXicbVC7TsMwFHV4lvAqMLJEREgMVZWwwFiVhbFI9IGSqHIcpzW1nch2QFWUr2AEPoYNsTLxLSw4bQZoOZLlo3Pu1b33hCklUjnOl7Gyura+sVnbMrd3dvf26weHPZlkAuEuSmgiBiGUmBKOu4ooigepwJCFFPfDyVXp9x+wkCTht2qa4oDBEScxQVBp6S4d5qRx35gUw7rtNJ0ZrGXiVsQGFTrD+rcfJShjmCtEoZSe66QqyKFQBFFcmH4mcQrRBI6wpymHDMsgny1cWKdaiaw4EfpxZc3U3x05ZFJOWagrGVRjueiV4n+el6n4MsgJTzOFOZoPijNqqcQqr7ciIjBSdKoJRILoXS00hgIipTMyfY4fUcIY5FHutwvPDXK/nEHU/A/j3HaLojB1Wu5iNsukd950naZ749itdpVbDRyDE3AGXHABWuAadEAXIMDAE3gBr8az8Wa8Gx/z0hWj6jkCf2B8/gBdvaEe</latexit>



Meshes (Simplicial Complexes)

❖ Easy to map to 
previous points in 
time 

❖ Can conform to 
boundaries

❖ Difficult to generate 
meshes

❖ Difficult to perform 
some operations (e.g. 
point location)

Advantages Disadvantages



Particles

❖ Simple

❖ Easy to map to 
previous points in 
time 

❖ Difficult to perform 
integration because 
they don’t partition 
space

Advantages Disadvantages



Hybrid Structures

❖ Advantages of 
underlying structures

❖ Complexity

❖ Computational and 
accuracy costs from 
mapping between 
structures

Advantages Disadvantages



Interpolation



Interpolation

❖ Samples stored at 
discrete points on grid, 
mesh, or particles

❖ Elsewhere, must be 
interpolated there



Interpolation

❖ Example: semi-
Lagrangian advection



Interpolation

❖ Example: semi-
Lagrangian advection



Interpolation

❖ Example: semi-
Lagrangian advection



Interpolation

❖ Example: semi-
Lagrangian advection



Linear Interpolation (1D)

❖  

❖  

❖ weights sum to 1

❖ weight is length 
ratio opposite 
point



Bilinear Interpolation (2D)

❖   

❖  

❖ weights sum to 1

❖ weight is area ratio 
opposite point



Bilinear Interpolation (2D)



Bilinear Interpolation (2D)



Bilinear Interpolation (2D)



Bilinear Interpolation (2D)



Trilinear Interpolation (3D)



Trilinear Interpolation (3D)



Trilinear Interpolation (3D)



Trilinear Interpolation (3D)
inline double trilinearInterp(const 
Array3D<double> &x, int i, int j, int k,
    double w0, double w1, double w2) {
  return (1.0-w0)*(1.0-w1)*(1.0-w2)*x(i,j,k)+
    (1.0-w0)*(1.0-w1)*(w2)*x(i,j,k+1)+
    (1.0-w0)*(w1)*(1.0-w2)*x(i,j+1,k)+
    (1.0-w0)*(w1)*(w2)*x(i,j+1,k+1)+
    (w0)*(1.0-w1)*(1.0-w2)*x(i+1,j,k)+
    (w0)*(1.0-w1)*(w2)*x(i+1,j,k+1)+
    (w0)*(w1)*(1.0-w2)*x(i+1,j+1,k)+
    (w0)*(w1)*(w2)*x(i+1,j+1,k+1);
}



Barycentric Coordinates



Barycentric Coordinates



Barycentric Coordinates



Barycentric Coordinates



Barycentric Coordinates



Barycentric Coordinates



Barycentric Coordinates

❖ Coordinates at a vertex



Barycentric Coordinates

❖ Coordinates at a vertex



Barycentric Coordinates

❖ Coordinates at a vertex



Barycentric Coordinates

❖ Coordinates on edge



Barycentric Coordinates

❖ Coordinates on edge



Barycentric Coordinates

❖ Coordinates on edge



Barycentric Coordinates

❖ Inside/outside test



Barycentric Coordinates

❖ Inside/outside test



Barycentric Coordinates

❖ Inside/outside test



Polynomial Interpolation



Polynomial Interpolation



Polynomial Interpolation

❖ Lagrange interpolation

❖ Newton interpolation

❖ Same polynomial

❖ Different cost of 
construction and 
evaluation



Other Methods

❖ Bezier curves, splines

❖ Harmonic coordinates, mean value coordinates, 
Green coordinates



Finite Differences



❖ Used to discretize spatial derivatives

Finite Difference Methods



❖ Recall definition of derivative of function

 

Finite Difference Methods



❖ Recall definition of derivative of function

❖ Finite difference approximation

Finite Difference Methods

forward difference



Finite Difference Methods

❖ Error decreases with decreasing h

❖ Taylor series

❖ Rearrange



first order 
accurate

Finite Difference Methods

❖ Error decreases with decreasing h

❖ Taylor series

❖ Rearrange



Forward and Backward Difference

❖ Forward difference

❖ Backward difference



Forward and Backward Difference

❖ Forward difference

❖ Backward difference



second order 
accurate

Central Difference Approximation

❖ Order of accuracy



Discretization Error
❖ Forward difference

❖ Central difference



Higher Derivatives



Higher Derivatives



Higher Derivatives



Higher Derivatives



Higher Derivatives

3 - point stencil



Laplacian Operator

❖ In 2D



Laplacian Operator

5 - point stencil



Poisson Equation (1D)

❖ At each interior node

❖ Boundary nodes



Poisson Equation (1D)

linear 
system



Finite Elements



Finite Elements
❖ Discretize the space of representable functions, instead of 

discretizing derivatives

❖ Method:

❖ Discretize space into a finite set of elements

❖ Choose a set of basis functions over the elements (e.g. 
piecewise linear)

❖ Galerkin projection onto these basis functions

❖ Solve the problem



Lets try an example: 
Linear Finite Elements for Elasticity



Choose Element Type: Triangle



Choose Basis Functions: Piecewise Linear



Project Deformation Function onto the 
Piecewise Linear Function Space

x(u) = x(u0) + F (u� u0)
<latexit sha1_base64="mc6esfzshV4uxR97ukmN4cIgmvw="></latexit><latexit sha1_base64="mc6esfzshV4uxR97ukmN4cIgmvw="></latexit><latexit sha1_base64="mc6esfzshV4uxR97ukmN4cIgmvw="></latexit><latexit sha1_base64="I3esB44YKVfTrO0GrrSuSWZ7WmA="></latexit>



Solve the Problem

But, how do we compute    ?F
<latexit sha1_base64="RSaPMlM2st9rhQTQfEOg4kg1th8="></latexit><latexit sha1_base64="uvAdmk/3wz5TQAq+gUP+AYlKJu8="></latexit><latexit sha1_base64="uvAdmk/3wz5TQAq+gUP+AYlKJu8="></latexit><latexit sha1_base64="06T2qrdP64rfOnzAVyXE2Pja7Pc="></latexit>

x(u) = x(u0) + F (u� u0)
<latexit sha1_base64="mc6esfzshV4uxR97ukmN4cIgmvw="></latexit><latexit sha1_base64="mc6esfzshV4uxR97ukmN4cIgmvw="></latexit><latexit sha1_base64="mc6esfzshV4uxR97ukmN4cIgmvw="></latexit><latexit sha1_base64="I3esB44YKVfTrO0GrrSuSWZ7WmA="></latexit>

( in )

We know we can compute forces from F
<latexit sha1_base64="RSaPMlM2st9rhQTQfEOg4kg1th8="></latexit><latexit sha1_base64="uvAdmk/3wz5TQAq+gUP+AYlKJu8="></latexit><latexit sha1_base64="uvAdmk/3wz5TQAq+gUP+AYlKJu8="></latexit><latexit sha1_base64="06T2qrdP64rfOnzAVyXE2Pja7Pc="></latexit>



u10
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u20
<latexit sha1_base64="PuUH45tvQ75b/y3hvyQ9nBUNTPI=">AAACH3icbVDLSsNAFL3xbX1VXboJFsFVTbrRZakblwq2FZJQJpOpDp1HmJkoZchnuFX8Gnfitl/hJ+ik7cLXgYHDOfdyz5w0Z1SbIJh4C4tLyyura+u1jc2t7Z367l5Py0Jh0sWSSXWTIk0YFaRrqGHkJlcE8ZSRfjo6r/z+PVGaSnFtxjlJOLoVdEgxMk6K4o4tyoFtBWVtUG8EzWAK/y8J56TRPjn+aAPA5aD+GWcSF5wIgxnSOgqD3CQWKUMxI2UtLjTJER6hWxI5KhAnOrHTyKV/5JTMH0rlnjD+VP2+YRHXesxTN8mRudO/vUr8z4sKMzxLLBV5YYjAs0PDgvlG+tX//Ywqgg0bO4Kwoi6rj++QQti4lmqxIA9Yco5EZuNOGYWJjVPJsiqKZDau7iluG2FZThsLf/fzl/RazTBohleuug7MsAYHcAjHEMIptOECLqELGCQ8whM8ey/eq/fmvc9GF7z5zj78gDf5AlAQpUg=</latexit><latexit sha1_base64="Y9eaKJk+qgny0be1kiPoEniCZg4=">AAACH3icbVDLSsNAFJ34Nr6qLt0Ei9BVTUTQZakblxXsA5JQJpNJHZxHmJkoZchnuFX8GnfiSuhX+Ak6abvwdWDgcM693DMnySlR2vcnzsLi0vLK6tq6u7G5tb1T293rKVFIhLtIUCEHCVSYEo67mmiKB7nEkCUU95Pbi8rv32GpiODXepzjmMERJxlBUFspjNqmKIfmxC/dYa3uN/0pvL8kmJN667jxcfr+nHSGtc8oFahgmGtEoVJh4Oc6NlBqgigu3ahQOIfoFo5waCmHDKvYTCOX3pFVUi8T0j6uvan6fcNAptSYJXaSQX2jfnuV+J8XFjo7jw3heaExR7NDWUE9Lbzq/15KJEaaji2BSBKb1UM3UEKkbUtuxPE9EoxBnpqoXYZBbKJE0LSKIqiJqnuSmXpQltPGgt/9/CW9k2bgN4MrW10bzLAGDsAhaIAAnIEWuAQd0AUICPAAHsGT8+y8OK/O22x0wZnv7IMfcCZfCYCnFQ==</latexit><latexit sha1_base64="Y9eaKJk+qgny0be1kiPoEniCZg4=">AAACH3icbVDLSsNAFJ34Nr6qLt0Ei9BVTUTQZakblxXsA5JQJpNJHZxHmJkoZchnuFX8GnfiSuhX+Ak6abvwdWDgcM693DMnySlR2vcnzsLi0vLK6tq6u7G5tb1T293rKVFIhLtIUCEHCVSYEo67mmiKB7nEkCUU95Pbi8rv32GpiODXepzjmMERJxlBUFspjNqmKIfmxC/dYa3uN/0pvL8kmJN667jxcfr+nHSGtc8oFahgmGtEoVJh4Oc6NlBqgigu3ahQOIfoFo5waCmHDKvYTCOX3pFVUi8T0j6uvan6fcNAptSYJXaSQX2jfnuV+J8XFjo7jw3heaExR7NDWUE9Lbzq/15KJEaaji2BSBKb1UM3UEKkbUtuxPE9EoxBnpqoXYZBbKJE0LSKIqiJqnuSmXpQltPGgt/9/CW9k2bgN4MrW10bzLAGDsAhaIAAnIEWuAQd0AUICPAAHsGT8+y8OK/O22x0wZnv7IMfcCZfCYCnFQ==</latexit><latexit sha1_base64="/YWnvgzpDtV6CNot1FGM2b72lJk=">AAACH3icbVDLSsNAFJ3UV42vqks3wSK4Kkk3uix147KCfUASymQybYfOI8xMlDLkM9wqfo07cduv0STNQlsPDBzOuZd75kQJJUq77tKqbW3v7O7V9+2Dw6Pjk8bp2UCJVCLcR4IKOYqgwpRw3NdEUzxKJIYsongYze8Kf/iEpSKCP+pFgkMGp5xMCII6l/yga9JsbNpuZo8bTbfllnA2iVeRJqjQGze+g1iglGGuEYVK+Z6b6NBAqQmiOLODVOEEojmcYj+nHDKsQlNGzpyrXImdiZD549op1d8bBjKlFizKJxnUM7XuFeJ/np/qyW1oCE9SjTlaHZqk1NHCKf7vxERipOkiJxBJkmd10AxKiHTekh1w/IwEY5DHJuhmvheaIBI0LqIIaoLinmSm6WVZ2Zi33s8mGbRbntvyHtxmp1t1VwcX4BJcAw/cgA64Bz3QBwgI8AJewZv1bn1Yn9bXarRmVTvn4A+s5Q+bOaOC</latexit>

u2
<latexit sha1_base64="cNksOl9UvPsYuuL/EC3O3s1pkHs="></latexit><latexit sha1_base64="cNksOl9UvPsYuuL/EC3O3s1pkHs="></latexit><latexit sha1_base64="cNksOl9UvPsYuuL/EC3O3s1pkHs="></latexit><latexit sha1_base64="gdirpvehbtdSjrAIStA3Yx0+PC8="></latexit>

u1
<latexit sha1_base64="UTiHjc44QT9Vf7EpG6urbRe3K3o="></latexit><latexit sha1_base64="UTiHjc44QT9Vf7EpG6urbRe3K3o="></latexit><latexit sha1_base64="UTiHjc44QT9Vf7EpG6urbRe3K3o="></latexit><latexit sha1_base64="Pe4+Hjqk0AowNk5wnIH5jiYvlEk="></latexit>

u0
<latexit sha1_base64="U95YNAVXb4cXNNsdxyGleU171f8="></latexit><latexit sha1_base64="U95YNAVXb4cXNNsdxyGleU171f8="></latexit><latexit sha1_base64="U95YNAVXb4cXNNsdxyGleU171f8="></latexit><latexit sha1_base64="95eAhooxDxA1dWUDjVAZZHBgCHc="></latexit>

u
<latexit sha1_base64="6AhxGXoDuFASHLmwp3x10kqW9BA="></latexit><latexit sha1_base64="kWunJpo4IlGLZ1QlDXRo40ZU/bM="></latexit><latexit sha1_base64="kWunJpo4IlGLZ1QlDXRo40ZU/bM="></latexit><latexit sha1_base64="NBffzCav4B4ZLbRa8Okdyfopy1s="></latexit>

u = u0 + ↵ (u1 � u0) + � (u2 � u0)
<latexit sha1_base64="0mcak/f0Vz6zzNwxIBAmwb4qHy0="></latexit><latexit sha1_base64="V4aesIXuenaNLjaVW8x+Au2zO1k="></latexit><latexit sha1_base64="V4aesIXuenaNLjaVW8x+Au2zO1k="></latexit><latexit sha1_base64="Q7QeLR1vAGczXbmDdZw/Y9pZgEg="></latexit>

u = u0 +
�
u10 u20

�✓↵
�

◆

<latexit sha1_base64="snkzmm1HNhOXoVTcFuG386PvUY0="></latexit><latexit sha1_base64="bKke5tvyu6zhhFjgKvOge4AM+Xs="></latexit><latexit sha1_base64="bKke5tvyu6zhhFjgKvOge4AM+Xs="></latexit><latexit sha1_base64="Mhb0ZbNqJSUTIiZ7Lm/8aMjj0HY="></latexit>



x20
<latexit sha1_base64="RPSuO6OKfNiNRluS4qULUDVbHv8=">AAACH3icbVC7TsMwFL3hTXkVGFkiKqROJWGBsSoLY5EoICVR5ThusfAjsh2gsvIZrCC+hg2x8hV8AjgtA7QcydLROffqHp80Z1SbIPjw5uYXFpeWV1Zra+sbm1v17Z1LLQuFSQ9LJtV1ijRhVJCeoYaR61wRxFNGrtLb08q/uiNKUykuzCgnCUdDQQcUI+OkKO7Yh7Jvj4Ky1q83glYwhj9Lwh/SaB82P9sA0O3Xv+JM4oITYTBDWkdhkJvEImUoZqSsxYUmOcK3aEgiRwXiRCd2HLn0D5yS+QOp3BPGH6u/NyziWo946iY5Mjd62qvE/7yoMIOTxFKRF4YIPDk0KJhvpF/938+oItiwkSMIK+qy+vgGKYSNa6kWC3KPJedIZDbulFGY2DiVLKuiSGbj6p7ithGW5bixcLqfWXJ51AqDVnjuquvABCuwB/vQhBCOoQ1n0IUeYJDwCE/w7L14r96b9z4ZnfN+dnbhD7yPb1U4pUs=</latexit><latexit sha1_base64="VKZq7o16GUx1aY+xq2b2khzPgT4="></latexit><latexit sha1_base64="VKZq7o16GUx1aY+xq2b2khzPgT4="></latexit><latexit sha1_base64="lSzjaI2fg7+fchvpS4Fi4/lLzRE=">AAACH3icbVDLSsNAFJ34rPVVdekmGARXJelGl6VuXFawD0hCmUwm7dB5hJmJWoZ8hlvFr3Enbvs1mqRdaOuBgcM593LPnCilRGnXnVsbm1vbO7u1vfr+weHRcePktK9EJhHuIUGFHEZQYUo47mmiKR6mEkMWUTyIprelP3jEUhHBH/QsxSGDY04SgqAuJD/omOd8ZFpuXh81HLfpVrDXibckDliiO2p8B7FAGcNcIwqV8j031aGBUhNEcV4PMoVTiKZwjP2CcsiwCk0VObcvCyW2EyGLx7Vdqb83DGRKzVhUTDKoJ2rVK8X/PD/TyU1oCE8zjTlaHEoyamthl/+3YyIx0nRWEIgkKbLaaAIlRLpoqR5w/IQEY5DHJujkvheaIBI0LqMIaoLynmTG8fK8asxb7Wed9FtNz216967T7iy7q4FzcAGugAeuQRvcgS7oAQQEeAGv4M16tz6sT+trMbphLXfOwB9Y8x+gYaOF</latexit>

x10
<latexit sha1_base64="QMInGRfVbBxVpJpaeAhhPFG/+34=">AAACH3icbVC7TsMwFL3hTXkVGFkiKiSmErPAWJWFsUgUkJKochwXLPyIbAeorHwGK4ivYUOsfAWfAE7LwOtIlo7OuVf3+GQFZ8ZG0VswNT0zOze/sNhYWl5ZXWuub5wZVWpC+0RxpS8ybChnkvYts5xeFJpikXF6nl0f1f75DdWGKXlqRwVNBb6UbMgItl6Kk667qwYORVVj0GxF7WiM8C9BX6TV2dt97wBAb9D8SHJFSkGlJRwbE6OosKnD2jLCadVISkMLTK7xJY09lVhQk7px5Crc8UoeDpX2T9pwrH7fcFgYMxKZnxTYXpnfXi3+58WlHR6mjsmitFSSyaFhyUOrwvr/Yc40JZaPPMFEM581JFdYY2J9S41E0luihMAyd0m3ilHqkkzxvI6iuEvqe1q4FqqqcWPodz9/ydl+G0VtdOKr68IEC7AF27ALCA6gA8fQgz4QUHAPD/AYPAXPwUvwOhmdCr52NuEHgrdPU4SlSg==</latexit><latexit sha1_base64="CYGrXZXWenAKooolFHkY3yFNxtM=">AAACH3icbVDLSgMxFM34tr6qLt0MFqGrOhFBl1I3LhWsLcwMJZNJ22AeQ5JRS5jPcKv4Ne7EleBX+AmaabvQ1gOBwzn3ck9OkjGqTRB8enPzC4tLyyurlbX1jc2t6vbOjZa5wqSFJZOqkyBNGBWkZahhpJMpgnjCSDu5PS/99h1RmkpxbYYZiTnqC9qjGBknhVHTPhRdC4Oi0q3WgkYwgj9L4ITUzg7rX8cfL8llt/odpRLnnAiDGdI6hEFmYouUoZiRohLlmmQI36I+CR0ViBMd21Hkwj9wSur3pHJPGH+k/t6wiGs95Imb5MgM9LRXiv95YW56p7GlIssNEXh8qJcz30i//L+fUkWwYUNHEFbUZfXxACmEjWupEglyjyXnSKQ2ahYhjG2USJaWUSSzUXlPcVuDRTFqDE73M0tujhowaMArV10TjLEC9sA+qAMITsAZuACXoAUwkOARPIFn78V79d689/HonDfZ2QV/4H3+AAz0pxc=</latexit><latexit sha1_base64="CYGrXZXWenAKooolFHkY3yFNxtM=">AAACH3icbVDLSgMxFM34tr6qLt0MFqGrOhFBl1I3LhWsLcwMJZNJ22AeQ5JRS5jPcKv4Ne7EleBX+AmaabvQ1gOBwzn3ck9OkjGqTRB8enPzC4tLyyurlbX1jc2t6vbOjZa5wqSFJZOqkyBNGBWkZahhpJMpgnjCSDu5PS/99h1RmkpxbYYZiTnqC9qjGBknhVHTPhRdC4Oi0q3WgkYwgj9L4ITUzg7rX8cfL8llt/odpRLnnAiDGdI6hEFmYouUoZiRohLlmmQI36I+CR0ViBMd21Hkwj9wSur3pHJPGH+k/t6wiGs95Imb5MgM9LRXiv95YW56p7GlIssNEXh8qJcz30i//L+fUkWwYUNHEFbUZfXxACmEjWupEglyjyXnSKQ2ahYhjG2USJaWUSSzUXlPcVuDRTFqDE73M0tujhowaMArV10TjLEC9sA+qAMITsAZuACXoAUwkOARPIFn78V79d689/HonDfZ2QV/4H3+AAz0pxc=</latexit><latexit sha1_base64="xRv4kryQDV31nm0NmW5M8hC07aU=">AAACH3icbVC7TsMwFHXKq5RXgZElokJiqmIWGKuyMBaJPqQkqhzHba36EdkOUFn5DFYQX8OGWPs1kKQdoOVIlo7OuVf3+EQJo9p43typbGxube9Ud2t7+weHR/Xjk56WqcKkiyWTahAhTRgVpGuoYWSQKIJ4xEg/mt4Wfv+RKE2leDCzhIQcjQUdUYxMLvlB2z5nQwu9rDasN7ymV8JdJ3BJGmCJzrD+HcQSp5wIgxnS2odeYkKLlKGYkawWpJokCE/RmPg5FYgTHdoycuZe5ErsjqTKnzBuqf7esIhrPeNRPsmRmehVrxD/8/zUjG5CS0WSGiLw4tAoZa6RbvF/N6aKYMNmOUFY0TyriydIIWzylmqBIE9Yco5EbIN25sPQBpFkcRFFMhsU9xS3DZhlZWNwtZ910rtqQq8J771Gq73srgrOwDm4BBBcgxa4Ax3QBRhI8AJewZvz7nw4n87XYrTiLHdOwR848x+eraOE</latexit>

x = x0 +
�
x10 x20

�✓↵
�

◆

<latexit sha1_base64="bc4QxVNqZJ7Rr/7/oc1c2b3HkNY="></latexit><latexit sha1_base64="DbexrmIhje31Jw2mVk5PSI5hclo="></latexit><latexit sha1_base64="DbexrmIhje31Jw2mVk5PSI5hclo="></latexit><latexit sha1_base64="l/1dMMGzp1kOq1yYOZG44nHa2oQ="></latexit>

x = x0 + ↵ (x1 � x0) + � (x2 � x0)
<latexit sha1_base64="1/Fa3308sudukuqbd+/tp4/J1kY="></latexit><latexit sha1_base64="YXXDagB0JHiVB78243J1WKHIiYk="></latexit><latexit sha1_base64="YXXDagB0JHiVB78243J1WKHIiYk="></latexit><latexit sha1_base64="8hm8bvpcmGvK9qzrnC3WUrGZfJI="></latexit>

x0
<latexit sha1_base64="dc0rs+Z6ZRDJLN1C1o40uHSg8f4="></latexit><latexit sha1_base64="HnuHHO9aR9w+wp4LykaCU6cJRIQ="></latexit><latexit sha1_base64="HnuHHO9aR9w+wp4LykaCU6cJRIQ="></latexit><latexit sha1_base64="Hsz+z1aWmhUuK64hxIl8a6eYH3Y="></latexit>

x1
<latexit sha1_base64="JuX2jH1KEv3v3EwOGVIcCMhkoqM="></latexit><latexit sha1_base64="vtc1rVcFte/iSuiAxN5everdNJQ="></latexit><latexit sha1_base64="vtc1rVcFte/iSuiAxN5everdNJQ="></latexit><latexit sha1_base64="ym6ZHVzcrlkJWtfJE9EB2blj3Ns="></latexit>

x2
<latexit sha1_base64="shstn8hhooqLG83kJY1Y3Ae3BDA="></latexit><latexit sha1_base64="mldoys7yEEPyByFX3vi7uqpCSiU="></latexit><latexit sha1_base64="mldoys7yEEPyByFX3vi7uqpCSiU="></latexit><latexit sha1_base64="SUPzvVc5oB/Svd6Rrqhv0mladuk="></latexit>



u10
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x20
<latexit sha1_base64="RPSuO6OKfNiNRluS4qULUDVbHv8=">AAACH3icbVC7TsMwFL3hTXkVGFkiKqROJWGBsSoLY5EoICVR5ThusfAjsh2gsvIZrCC+hg2x8hV8AjgtA7QcydLROffqHp80Z1SbIPjw5uYXFpeWV1Zra+sbm1v17Z1LLQuFSQ9LJtV1ijRhVJCeoYaR61wRxFNGrtLb08q/uiNKUykuzCgnCUdDQQcUI+OkKO7Yh7Jvj4Ky1q83glYwhj9Lwh/SaB82P9sA0O3Xv+JM4oITYTBDWkdhkJvEImUoZqSsxYUmOcK3aEgiRwXiRCd2HLn0D5yS+QOp3BPGH6u/NyziWo946iY5Mjd62qvE/7yoMIOTxFKRF4YIPDk0KJhvpF/938+oItiwkSMIK+qy+vgGKYSNa6kWC3KPJedIZDbulFGY2DiVLKuiSGbj6p7ithGW5bixcLqfWXJ51AqDVnjuquvABCuwB/vQhBCOoQ1n0IUeYJDwCE/w7L14r96b9z4ZnfN+dnbhD7yPb1U4pUs=</latexit><latexit sha1_base64="VKZq7o16GUx1aY+xq2b2khzPgT4="></latexit><latexit sha1_base64="VKZq7o16GUx1aY+xq2b2khzPgT4="></latexit><latexit sha1_base64="lSzjaI2fg7+fchvpS4Fi4/lLzRE=">AAACH3icbVDLSsNAFJ34rPVVdekmGARXJelGl6VuXFawD0hCmUwm7dB5hJmJWoZ8hlvFr3Enbvs1mqRdaOuBgcM593LPnCilRGnXnVsbm1vbO7u1vfr+weHRcePktK9EJhHuIUGFHEZQYUo47mmiKR6mEkMWUTyIprelP3jEUhHBH/QsxSGDY04SgqAuJD/omOd8ZFpuXh81HLfpVrDXibckDliiO2p8B7FAGcNcIwqV8j031aGBUhNEcV4PMoVTiKZwjP2CcsiwCk0VObcvCyW2EyGLx7Vdqb83DGRKzVhUTDKoJ2rVK8X/PD/TyU1oCE8zjTlaHEoyamthl/+3YyIx0nRWEIgkKbLaaAIlRLpoqR5w/IQEY5DHJujkvheaIBI0LqMIaoLynmTG8fK8asxb7Wed9FtNz216967T7iy7q4FzcAGugAeuQRvcgS7oAQQEeAGv4M16tz6sT+trMbphLXfOwB9Y8x+gYaOF</latexit>

x10
<latexit sha1_base64="QMInGRfVbBxVpJpaeAhhPFG/+34=">AAACH3icbVC7TsMwFL3hTXkVGFkiKiSmErPAWJWFsUgUkJKochwXLPyIbAeorHwGK4ivYUOsfAWfAE7LwOtIlo7OuVf3+GQFZ8ZG0VswNT0zOze/sNhYWl5ZXWuub5wZVWpC+0RxpS8ybChnkvYts5xeFJpikXF6nl0f1f75DdWGKXlqRwVNBb6UbMgItl6Kk667qwYORVVj0GxF7WiM8C9BX6TV2dt97wBAb9D8SHJFSkGlJRwbE6OosKnD2jLCadVISkMLTK7xJY09lVhQk7px5Crc8UoeDpX2T9pwrH7fcFgYMxKZnxTYXpnfXi3+58WlHR6mjsmitFSSyaFhyUOrwvr/Yc40JZaPPMFEM581JFdYY2J9S41E0luihMAyd0m3ilHqkkzxvI6iuEvqe1q4FqqqcWPodz9/ydl+G0VtdOKr68IEC7AF27ALCA6gA8fQgz4QUHAPD/AYPAXPwUvwOhmdCr52NuEHgrdPU4SlSg==</latexit><latexit sha1_base64="CYGrXZXWenAKooolFHkY3yFNxtM=">AAACH3icbVDLSgMxFM34tr6qLt0MFqGrOhFBl1I3LhWsLcwMJZNJ22AeQ5JRS5jPcKv4Ne7EleBX+AmaabvQ1gOBwzn3ck9OkjGqTRB8enPzC4tLyyurlbX1jc2t6vbOjZa5wqSFJZOqkyBNGBWkZahhpJMpgnjCSDu5PS/99h1RmkpxbYYZiTnqC9qjGBknhVHTPhRdC4Oi0q3WgkYwgj9L4ITUzg7rX8cfL8llt/odpRLnnAiDGdI6hEFmYouUoZiRohLlmmQI36I+CR0ViBMd21Hkwj9wSur3pHJPGH+k/t6wiGs95Imb5MgM9LRXiv95YW56p7GlIssNEXh8qJcz30i//L+fUkWwYUNHEFbUZfXxACmEjWupEglyjyXnSKQ2ahYhjG2USJaWUSSzUXlPcVuDRTFqDE73M0tujhowaMArV10TjLEC9sA+qAMITsAZuACXoAUwkOARPIFn78V79d689/HonDfZ2QV/4H3+AAz0pxc=</latexit><latexit sha1_base64="CYGrXZXWenAKooolFHkY3yFNxtM=">AAACH3icbVDLSgMxFM34tr6qLt0MFqGrOhFBl1I3LhWsLcwMJZNJ22AeQ5JRS5jPcKv4Ne7EleBX+AmaabvQ1gOBwzn3ck9OkjGqTRB8enPzC4tLyyurlbX1jc2t6vbOjZa5wqSFJZOqkyBNGBWkZahhpJMpgnjCSDu5PS/99h1RmkpxbYYZiTnqC9qjGBknhVHTPhRdC4Oi0q3WgkYwgj9L4ITUzg7rX8cfL8llt/odpRLnnAiDGdI6hEFmYouUoZiRohLlmmQI36I+CR0ViBMd21Hkwj9wSur3pHJPGH+k/t6wiGs95Imb5MgM9LRXiv95YW56p7GlIssNEXh8qJcz30i//L+fUkWwYUNHEFbUZfXxACmEjWupEglyjyXnSKQ2ahYhjG2USJaWUSSzUXlPcVuDRTFqDE73M0tujhowaMArV10TjLEC9sA+qAMITsAZuACXoAUwkOARPIFn78V79d689/HonDfZ2QV/4H3+AAz0pxc=</latexit><latexit sha1_base64="xRv4kryQDV31nm0NmW5M8hC07aU=">AAACH3icbVC7TsMwFHXKq5RXgZElokJiqmIWGKuyMBaJPqQkqhzHba36EdkOUFn5DFYQX8OGWPs1kKQdoOVIlo7OuVf3+EQJo9p43typbGxube9Ud2t7+weHR/Xjk56WqcKkiyWTahAhTRgVpGuoYWSQKIJ4xEg/mt4Wfv+RKE2leDCzhIQcjQUdUYxMLvlB2z5nQwu9rDasN7ymV8JdJ3BJGmCJzrD+HcQSp5wIgxnS2odeYkKLlKGYkawWpJokCE/RmPg5FYgTHdoycuZe5ErsjqTKnzBuqf7esIhrPeNRPsmRmehVrxD/8/zUjG5CS0WSGiLw4tAoZa6RbvF/N6aKYMNmOUFY0TyriydIIWzylmqBIE9Yco5EbIN25sPQBpFkcRFFMhsU9xS3DZhlZWNwtZ910rtqQq8J771Gq73srgrOwDm4BBBcgxa4Ax3QBRhI8AJewZvz7nw4n87XYrTiLHdOwR848x+eraOE</latexit>

Rest/Material World

F =
�
x10 x20

� �
u10 u20

��1

<latexit sha1_base64="JTP4rDHKkZQOjIIcgsYpdW4r7tI="></latexit><latexit sha1_base64="iYt6ETyINIoasnv75M7WPN6AOgU="></latexit><latexit sha1_base64="iYt6ETyINIoasnv75M7WPN6AOgU="></latexit><latexit sha1_base64="4JRk9wmfbZwjk9eqwEoghV1xrs4="></latexit>

x(u) = x0 +
�
x10 x20

� �
u10 u20

��1
(u� u0)

<latexit sha1_base64="lRaiHRXTBhBMs82wiP8Vb8NjrBM="></latexit><latexit sha1_base64="WPyOlAT7cYNeycN4Eo63vpNYsmM="></latexit><latexit sha1_base64="WPyOlAT7cYNeycN4Eo63vpNYsmM="></latexit><latexit sha1_base64="++eY5U9P8p9k0b9/mp1scfImH4c="></latexit>

u = u0 +
�
u10 u20

�✓↵
�

◆

<latexit sha1_base64="snkzmm1HNhOXoVTcFuG386PvUY0=">AAAC73icbVFNj9MwEHXC15IFtgvixMWiAi1CquLlABekqnDguEjb3ZXqqHIcp7XWcYI9gVZWfgc3xJV/wd9A/BmcpoJtlpEsP7/3xjOaSSslLcTxryC8cfPW7Tt7d6P9e/cfHAwOH57ZsjZcTHmpSnORMiuU1GIKEpS4qIxgRarEeXr5rtXPPwtjZalPYV2JpGALLXPJGXhqPqjpxNUNfos39zzGLzFNxUJqVxUMjFw1Uac4Ej f4+dbmjmPPC51dcfWzmKqWDFPaKsB23fPBMB7Fm8DXAdmC4fjV6PFPhNDJ/DBIaVbyuhAauGLWzkhcQeKYAcmV8OVqKyrGL9lCzDzUrBA2cZv5NPiZZzKcl8YfDXjDXs1wrLB2XaTe6Rtc2r7Wkv/TZjXkbxIndVWD0LwrlNcKQ4nbYeNMGsFBrT1g3EjfK+ZLZhgHv5KIavGFl0XB/GTopJmRxNG2hoTuTnM3JE3T7BozaBx9LxQwDH1p9Vda9aRT8+9/Uzj/pErkcDQk1MjFEl40UeS3Qvo7uA7OjkckHpGPZDieoC720BP0FB0hgl6jMfqATtAUcfQ7CIIo2A8/hV/Db+H3zhoG25xHaCfCH38AvSXvXQ==</latexit><latexit sha1_base64="bKke5tvyu6zhhFjgKvOge4AM+Xs=">AAAC73icbVFNbxMxEPUuX2XLRwrixMUiAhUhRetyKBekKHDgWKSmrRRHkdfxJlZt72LPlkTW/g4uCHFBgp/AT0H8GbzZCJqUkSw/v/fGM5rJSiUdpOmvKL52/cbNWzu3k907d+/d7+w9OHFFZbkY8kIV9ixjTihpxBAkKHFWWsF0psRpdv6m0U8vhHWyMMewLMVYs5mRueQMAjXpVHTgqxq/xqt7kuIXmGZiJo0vNQMrF3XSKp 6kNX62tvmDNPDCTC+5trOYKucMU9oowDbdk0437aWrwFcBWYNu/2Xv0c9v3z8fTfaijE4LXmlhgCvm3IikJYw9syC5EqFc5UTJ+DmbiVGAhmnhxn41nxo/DcwU54UNxwBesZczPNPOLXUWnKHBudvWGvJ/2qiC/NXYS1NWIAxvC+WVwlDgZth4Kq3goJYBMG5l6BXzObOMQ1hJQo34yAutWZgMHdQjMva0qSGhvbPcd0ld15vGKdSevhUKGIZtafFXWmxJx/bf/1b78KRK5LDfJdTK2Rye10kStkK2d3AVnBz0SNoj70m3P0Bt7KDH6AnaRwQdoj56h47QEHH0O4qiJNqNP8Sf4i/x19YaR+uch2gj4h9/AFJK8T8=</latexit><latexit sha1_base64="bKke5tvyu6zhhFjgKvOge4AM+Xs=">AAAC73icbVFNbxMxEPUuX2XLRwrixMUiAhUhRetyKBekKHDgWKSmrRRHkdfxJlZt72LPlkTW/g4uCHFBgp/AT0H8GbzZCJqUkSw/v/fGM5rJSiUdpOmvKL52/cbNWzu3k907d+/d7+w9OHFFZbkY8kIV9ixjTihpxBAkKHFWWsF0psRpdv6m0U8vhHWyMMewLMVYs5mRueQMAjXpVHTgqxq/xqt7kuIXmGZiJo0vNQMrF3XSKp 6kNX62tvmDNPDCTC+5trOYKucMU9oowDbdk0437aWrwFcBWYNu/2Xv0c9v3z8fTfaijE4LXmlhgCvm3IikJYw9syC5EqFc5UTJ+DmbiVGAhmnhxn41nxo/DcwU54UNxwBesZczPNPOLXUWnKHBudvWGvJ/2qiC/NXYS1NWIAxvC+WVwlDgZth4Kq3goJYBMG5l6BXzObOMQ1hJQo34yAutWZgMHdQjMva0qSGhvbPcd0ld15vGKdSevhUKGIZtafFXWmxJx/bf/1b78KRK5LDfJdTK2Rye10kStkK2d3AVnBz0SNoj70m3P0Bt7KDH6AnaRwQdoj56h47QEHH0O4qiJNqNP8Sf4i/x19YaR+uch2gj4h9/AFJK8T8=</latexit><latexit sha1_base64="Mhb0ZbNqJSUTIiZ7Lm/8aMjj0HY=">AAAC73icbVFNb9QwEHXCR0vKxxaOXCwiUBHSKu4FLkjVwoFjkbptpXW0chxn16rjBHtSdmXld3BDXPlJiD+DsxtBN2Uky8/vvfGMZrJaSQtJ8isI79y9d39v/0F08PDR4yejw6fntmoMF1NeqcpcZswKJbWYggQlLmsjWJkpcZFdfej0i2thrKz0GaxrkZZsoWUhOQNPzUcNnbimxe/x5p4n+A2mmVhI7eqSgZGrNtoqjiQtft Xb3HHieaHzG65hFlP1kmFKOwXYrns+ipNxsgl8G5AexKiP0/lhkNG84k0pNHDFrJ2RpIbUMQOSK+HLNVbUjF+xhZh5qFkpbOo282nxS8/kuKiMPxrwhr2Z4Vhp7brMvNM3uLRDrSP/p80aKN6lTuq6AaH5tlDRKAwV7oaNc2kEB7X2gHEjfa+YL5lhHPxKIqrFV16VJfOToZN2RlJHuxoStndWuJi0bbtrzKF19KNQwDAMpdVfaTWQzsy//03p/JMqUcBRTKiRiyW8bqPIb4UMd3AbnB+PSTImn0l8Mun3s4+eoxfoCBH0Fp2gT+gUTRFHv4MgiIKD8Ev4Lfwe/thaw6DPeYZ2Ivz5B/CI7ec=</latexit>

x = x0 +
�
x10 x20

�✓↵
�

◆

<latexit sha1_base64="bc4QxVNqZJ7Rr/7/oc1c2b3HkNY="></latexit><latexit sha1_base64="DbexrmIhje31Jw2mVk5PSI5hclo="></latexit><latexit sha1_base64="DbexrmIhje31Jw2mVk5PSI5hclo="></latexit><latexit sha1_base64="l/1dMMGzp1kOq1yYOZG44nHa2oQ="></latexit>



u10
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<latexit sha1_base64="PuUH45tvQ75b/y3hvyQ9nBUNTPI=">AAACH3icbVDLSsNAFL3xbX1VXboJFsFVTbrRZakblwq2FZJQJpOpDp1HmJkoZchnuFX8Gnfitl/hJ+ik7cLXgYHDOfdyz5w0Z1SbIJh4C4tLyyura+u1jc2t7Z367l5Py0Jh0sWSSXWTIk0YFaRrqGHkJlcE8ZSRfjo6r/z+PVGaSnFtxjlJOLoVdEgxMk6K4o4tyoFtBWVtUG8EzWAK/y8J56TRPjn+aAPA5aD+GWcSF5wIgxnSOgqD3CQWKUMxI2UtLjTJER6hWxI5KhAnOrHTyKV/5JTMH0rlnjD+VP2+YRHXesxTN8mRudO/vUr8z4sKMzxLLBV5YYjAs0PDgvlG+tX//Ywqgg0bO4Kwoi6rj++QQti4lmqxIA9Yco5EZuNOGYWJjVPJsiqKZDau7iluG2FZThsLf/fzl/RazTBohleuug7MsAYHcAjHEMIptOECLqELGCQ8whM8ey/eq/fmvc9GF7z5zj78gDf5AlAQpUg=</latexit><latexit sha1_base64="Y9eaKJk+qgny0be1kiPoEniCZg4=">AAACH3icbVDLSsNAFJ34Nr6qLt0Ei9BVTUTQZakblxXsA5JQJpNJHZxHmJkoZchnuFX8GnfiSuhX+Ak6abvwdWDgcM693DMnySlR2vcnzsLi0vLK6tq6u7G5tb1T293rKVFIhLtIUCEHCVSYEo67mmiKB7nEkCUU95Pbi8rv32GpiODXepzjmMERJxlBUFspjNqmKIfmxC/dYa3uN/0pvL8kmJN667jxcfr+nHSGtc8oFahgmGtEoVJh4Oc6NlBqgigu3ahQOIfoFo5waCmHDKvYTCOX3pFVUi8T0j6uvan6fcNAptSYJXaSQX2jfnuV+J8XFjo7jw3heaExR7NDWUE9Lbzq/15KJEaaji2BSBKb1UM3UEKkbUtuxPE9EoxBnpqoXYZBbKJE0LSKIqiJqnuSmXpQltPGgt/9/CW9k2bgN4MrW10bzLAGDsAhaIAAnIEWuAQd0AUICPAAHsGT8+y8OK/O22x0wZnv7IMfcCZfCYCnFQ==</latexit><latexit sha1_base64="Y9eaKJk+qgny0be1kiPoEniCZg4=">AAACH3icbVDLSsNAFJ34Nr6qLt0Ei9BVTUTQZakblxXsA5JQJpNJHZxHmJkoZchnuFX8GnfiSuhX+Ak6abvwdWDgcM693DMnySlR2vcnzsLi0vLK6tq6u7G5tb1T293rKVFIhLtIUCEHCVSYEo67mmiKB7nEkCUU95Pbi8rv32GpiODXepzjmMERJxlBUFspjNqmKIfmxC/dYa3uN/0pvL8kmJN667jxcfr+nHSGtc8oFahgmGtEoVJh4Oc6NlBqgigu3ahQOIfoFo5waCmHDKvYTCOX3pFVUi8T0j6uvan6fcNAptSYJXaSQX2jfnuV+J8XFjo7jw3heaExR7NDWUE9Lbzq/15KJEaaji2BSBKb1UM3UEKkbUtuxPE9EoxBnpqoXYZBbKJE0LSKIqiJqnuSmXpQltPGgt/9/CW9k2bgN4MrW10bzLAGDsAhaIAAnIEWuAQd0AUICPAAHsGT8+y8OK/O22x0wZnv7IMfcCZfCYCnFQ==</latexit><latexit sha1_base64="/YWnvgzpDtV6CNot1FGM2b72lJk=">AAACH3icbVDLSsNAFJ3UV42vqks3wSK4Kkk3uix147KCfUASymQybYfOI8xMlDLkM9wqfo07cduv0STNQlsPDBzOuZd75kQJJUq77tKqbW3v7O7V9+2Dw6Pjk8bp2UCJVCLcR4IKOYqgwpRw3NdEUzxKJIYsongYze8Kf/iEpSKCP+pFgkMGp5xMCII6l/yga9JsbNpuZo8bTbfllnA2iVeRJqjQGze+g1iglGGuEYVK+Z6b6NBAqQmiOLODVOEEojmcYj+nHDKsQlNGzpyrXImdiZD549op1d8bBjKlFizKJxnUM7XuFeJ/np/qyW1oCE9SjTlaHZqk1NHCKf7vxERipOkiJxBJkmd10AxKiHTekh1w/IwEY5DHJuhmvheaIBI0LqIIaoLinmSm6WVZ2Zi33s8mGbRbntvyHtxmp1t1VwcX4BJcAw/cgA64Bz3QBwgI8AJewZv1bn1Yn9bXarRmVTvn4A+s5Q+bOaOC</latexit>
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<latexit sha1_base64="RPSuO6OKfNiNRluS4qULUDVbHv8=">AAACH3icbVC7TsMwFL3hTXkVGFkiKqROJWGBsSoLY5EoICVR5ThusfAjsh2gsvIZrCC+hg2x8hV8AjgtA7QcydLROffqHp80Z1SbIPjw5uYXFpeWV1Zra+sbm1v17Z1LLQuFSQ9LJtV1ijRhVJCeoYaR61wRxFNGrtLb08q/uiNKUykuzCgnCUdDQQcUI+OkKO7Yh7Jvj4Ky1q83glYwhj9Lwh/SaB82P9sA0O3Xv+JM4oITYTBDWkdhkJvEImUoZqSsxYUmOcK3aEgiRwXiRCd2HLn0D5yS+QOp3BPGH6u/NyziWo946iY5Mjd62qvE/7yoMIOTxFKRF4YIPDk0KJhvpF/938+oItiwkSMIK+qy+vgGKYSNa6kWC3KPJedIZDbulFGY2DiVLKuiSGbj6p7ithGW5bixcLqfWXJ51AqDVnjuquvABCuwB/vQhBCOoQ1n0IUeYJDwCE/w7L14r96b9z4ZnfN+dnbhD7yPb1U4pUs=</latexit><latexit sha1_base64="VKZq7o16GUx1aY+xq2b2khzPgT4="></latexit><latexit sha1_base64="VKZq7o16GUx1aY+xq2b2khzPgT4="></latexit><latexit sha1_base64="lSzjaI2fg7+fchvpS4Fi4/lLzRE=">AAACH3icbVDLSsNAFJ34rPVVdekmGARXJelGl6VuXFawD0hCmUwm7dB5hJmJWoZ8hlvFr3Enbvs1mqRdaOuBgcM593LPnCilRGnXnVsbm1vbO7u1vfr+weHRcePktK9EJhHuIUGFHEZQYUo47mmiKR6mEkMWUTyIprelP3jEUhHBH/QsxSGDY04SgqAuJD/omOd8ZFpuXh81HLfpVrDXibckDliiO2p8B7FAGcNcIwqV8j031aGBUhNEcV4PMoVTiKZwjP2CcsiwCk0VObcvCyW2EyGLx7Vdqb83DGRKzVhUTDKoJ2rVK8X/PD/TyU1oCE8zjTlaHEoyamthl/+3YyIx0nRWEIgkKbLaaAIlRLpoqR5w/IQEY5DHJujkvheaIBI0LqMIaoLynmTG8fK8asxb7Wed9FtNz216967T7iy7q4FzcAGugAeuQRvcgS7oAQQEeAGv4M16tz6sT+trMbphLXfOwB9Y8x+gYaOF</latexit>

x10
<latexit sha1_base64="QMInGRfVbBxVpJpaeAhhPFG/+34=">AAACH3icbVC7TsMwFL3hTXkVGFkiKiSmErPAWJWFsUgUkJKochwXLPyIbAeorHwGK4ivYUOsfAWfAE7LwOtIlo7OuVf3+GQFZ8ZG0VswNT0zOze/sNhYWl5ZXWuub5wZVWpC+0RxpS8ybChnkvYts5xeFJpikXF6nl0f1f75DdWGKXlqRwVNBb6UbMgItl6Kk667qwYORVVj0GxF7WiM8C9BX6TV2dt97wBAb9D8SHJFSkGlJRwbE6OosKnD2jLCadVISkMLTK7xJY09lVhQk7px5Crc8UoeDpX2T9pwrH7fcFgYMxKZnxTYXpnfXi3+58WlHR6mjsmitFSSyaFhyUOrwvr/Yc40JZaPPMFEM581JFdYY2J9S41E0luihMAyd0m3ilHqkkzxvI6iuEvqe1q4FqqqcWPodz9/ydl+G0VtdOKr68IEC7AF27ALCA6gA8fQgz4QUHAPD/AYPAXPwUvwOhmdCr52NuEHgrdPU4SlSg==</latexit><latexit sha1_base64="CYGrXZXWenAKooolFHkY3yFNxtM=">AAACH3icbVDLSgMxFM34tr6qLt0MFqGrOhFBl1I3LhWsLcwMJZNJ22AeQ5JRS5jPcKv4Ne7EleBX+AmaabvQ1gOBwzn3ck9OkjGqTRB8enPzC4tLyyurlbX1jc2t6vbOjZa5wqSFJZOqkyBNGBWkZahhpJMpgnjCSDu5PS/99h1RmkpxbYYZiTnqC9qjGBknhVHTPhRdC4Oi0q3WgkYwgj9L4ITUzg7rX8cfL8llt/odpRLnnAiDGdI6hEFmYouUoZiRohLlmmQI36I+CR0ViBMd21Hkwj9wSur3pHJPGH+k/t6wiGs95Imb5MgM9LRXiv95YW56p7GlIssNEXh8qJcz30i//L+fUkWwYUNHEFbUZfXxACmEjWupEglyjyXnSKQ2ahYhjG2USJaWUSSzUXlPcVuDRTFqDE73M0tujhowaMArV10TjLEC9sA+qAMITsAZuACXoAUwkOARPIFn78V79d689/HonDfZ2QV/4H3+AAz0pxc=</latexit><latexit sha1_base64="CYGrXZXWenAKooolFHkY3yFNxtM=">AAACH3icbVDLSgMxFM34tr6qLt0MFqGrOhFBl1I3LhWsLcwMJZNJ22AeQ5JRS5jPcKv4Ne7EleBX+AmaabvQ1gOBwzn3ck9OkjGqTRB8enPzC4tLyyurlbX1jc2t6vbOjZa5wqSFJZOqkyBNGBWkZahhpJMpgnjCSDu5PS/99h1RmkpxbYYZiTnqC9qjGBknhVHTPhRdC4Oi0q3WgkYwgj9L4ITUzg7rX8cfL8llt/odpRLnnAiDGdI6hEFmYouUoZiRohLlmmQI36I+CR0ViBMd21Hkwj9wSur3pHJPGH+k/t6wiGs95Imb5MgM9LRXiv95YW56p7GlIssNEXh8qJcz30i//L+fUkWwYUNHEFbUZfXxACmEjWupEglyjyXnSKQ2ahYhjG2USJaWUSSzUXlPcVuDRTFqDE73M0tujhowaMArV10TjLEC9sA+qAMITsAZuACXoAUwkOARPIFn78V79d689/HonDfZ2QV/4H3+AAz0pxc=</latexit><latexit sha1_base64="xRv4kryQDV31nm0NmW5M8hC07aU=">AAACH3icbVC7TsMwFHXKq5RXgZElokJiqmIWGKuyMBaJPqQkqhzHba36EdkOUFn5DFYQX8OGWPs1kKQdoOVIlo7OuVf3+EQJo9p43typbGxube9Ud2t7+weHR/Xjk56WqcKkiyWTahAhTRgVpGuoYWSQKIJ4xEg/mt4Wfv+RKE2leDCzhIQcjQUdUYxMLvlB2z5nQwu9rDasN7ymV8JdJ3BJGmCJzrD+HcQSp5wIgxnS2odeYkKLlKGYkawWpJokCE/RmPg5FYgTHdoycuZe5ErsjqTKnzBuqf7esIhrPeNRPsmRmehVrxD/8/zUjG5CS0WSGiLw4tAoZa6RbvF/N6aKYMNmOUFY0TyriydIIWzylmqBIE9Yco5EbIN25sPQBpFkcRFFMhsU9xS3DZhlZWNwtZ910rtqQq8J771Gq73srgrOwDm4BBBcgxa4Ax3QBRhI8AJewZvz7nw4n87XYrTiLHdOwR848x+eraOE</latexit>

(0, 1)
<latexit sha1_base64="iMQ/IUd8+wdWQY1Ct5SNqVll5So=">AAACGXicbVDLSgMxFL3j2/qqiis3g0VQkDLRhS6LblxWsA/oDJLJpBrMY0gyShnmG9wq/ozuxK0rv0YzbRdaPRA4nHMv9+TEKWfGBsGnNzU9Mzs3v7BYWVpeWV2rrm+0jco0oS2iuNLdGBvKmaQtyyyn3VRTLGJOO/HtWel37qg2TMlLO0hpJPC1ZH1GsHVSay84QPtX1VpQD4bw/xI0JrXGUX3rBQCaV9WvMFEkE1RawrExPRSkNsqxtoxwWlTCzNAUk1t8TXuOSiyoifJh2MLfdUri95V2T1p/qP7cyLEwZiBiNymwvTGTXin+5/Uy2z+JcibTzFJJRof6Gfet8suf+wnTlFg+cAQTzVxWn9xgjYl1/VRCSe+JEgLLJA9Pix6K8jBWPCmjKJ6H5T0t8hoqiqLiGkOT/fwl7cM6CurowlV3CiMswDbswB4gOIYGnEMTWkCAwQM8wpP37L16b977aHTKG+9swi94H9/rTaHM</latexit><latexit sha1_base64="mO6II5n8Kkno8+hADNUd5+dK/aM="></latexit><latexit sha1_base64="mO6II5n8Kkno8+hADNUd5+dK/aM="></latexit><latexit sha1_base64="y7ZDnDP0/4lTX8O7ameN885pNKE=">AAACGXicbVDLSgMxFM3UV62vqks3g0WoIGXiRpelblxWcNpCZyiZTNqG5jEkGaUM8w1uFb/Gnbh15ddopu1CWw8EDufcyz05UcKoNp735ZTW1jc2t8rblZ3dvf2D6uFRR8tUYeJjyaTqRUgTRgXxDTWM9BJFEI8Y6UaTm8LvPhClqRT3ZpqQkKORoEOKkbGSX/cu4PmgWvMa3gzuKoELUgMLtAfV7yCWOOVEGMyQ1n3oJSbMkDIUM5JXglSTBOEJGpG+pQJxosNsFjZ3z6wSu0Op7BPGnam/NzLEtZ7yyE5yZMZ62SvE/7x+aobXYUZFkhoi8PzQMGWukW7xczemimDDppYgrKjN6uIxUggb208lEOQRS86RiLOglfdhmAWRZHERRbIsKO4pntVgnucV2xhc7meVdC4b0GvAO6/WbC26K4MTcArqAIIr0AS3oA18gAEFT+AZvDivzpvz7nzMR0vOYucY/IHz+QOw16BW</latexit>

(1, 0)
<latexit sha1_base64="euZ3If6/AzNgZ2hMBeCzDqrqbUg=">AAACGXicbVDLSgMxFL3j2/qqiis3g0VQkDLRhS6LblxWsA/oDJLJpBrMY0gyShnmG9wq/ozuxK0rv0YzbRdaPRA4nHMv9+TEKWfGBsGnNzU9Mzs3v7BYWVpeWV2rrm+0jco0oS2iuNLdGBvKmaQtyyyn3VRTLGJOO/HtWel37qg2TMlLO0hpJPC1ZH1GsHVSaw8dBPtX1VpQD4bw/xI0JrXGUX3rBQCaV9WvMFEkE1RawrExPRSkNsqxtoxwWlTCzNAUk1t8TXuOSiyoifJh2MLfdUri95V2T1p/qP7cyLEwZiBiNymwvTGTXin+5/Uy2z+JcibTzFJJRof6Gfet8suf+wnTlFg+cAQTzVxWn9xgjYl1/VRCSe+JEgLLJA9Pix6K8jBWPCmjKJ6H5T0t8hoqiqLiGkOT/fwl7cM6CurowlV3CiMswDbswB4gOIYGnEMTWkCAwQM8wpP37L16b977aHTKG+9swi94H9/rT6HM</latexit><latexit sha1_base64="V05gulBLJZwyRtEr/Z6bQCH7UTw="></latexit><latexit sha1_base64="V05gulBLJZwyRtEr/Z6bQCH7UTw="></latexit><latexit sha1_base64="XlScVPNAliC7jFYKhyzcVpitvuw=">AAACGXicbVDLSgMxFM3UV62vqks3g0WoIGXiRpelblxWcNpCZyiZTNqG5jEkGaUM8w1uFb/Gnbh15ddopu1CWw8EDufcyz05UcKoNp735ZTW1jc2t8rblZ3dvf2D6uFRR8tUYeJjyaTqRUgTRgXxDTWM9BJFEI8Y6UaTm8LvPhClqRT3ZpqQkKORoEOKkbGSX4cX3vmgWvMa3gzuKoELUgMLtAfV7yCWOOVEGMyQ1n3oJSbMkDIUM5JXglSTBOEJGpG+pQJxosNsFjZ3z6wSu0Op7BPGnam/NzLEtZ7yyE5yZMZ62SvE/7x+aobXYUZFkhoi8PzQMGWukW7xczemimDDppYgrKjN6uIxUggb208lEOQRS86RiLOglfdhmAWRZHERRbIsKO4pntVgnucV2xhc7meVdC4b0GvAO6/WbC26K4MTcArqAIIr0AS3oA18gAEFT+AZvDivzpvz7nzMR0vOYucY/IHz+QOw2aBW</latexit>

Rest/Material WorldCanonical

�
u10 u20

��1

<latexit sha1_base64="Zx3nU4tm0zmTIxyQtvq1VNXrIrQ="></latexit><latexit sha1_base64="bUXAV2l6GMODa94uRucF91Hdvmw="></latexit><latexit sha1_base64="bUXAV2l6GMODa94uRucF91Hdvmw="></latexit><latexit sha1_base64="C9/2k5MPPHmApIygjSkB/ItAdz0="></latexit>

�
x10 x20

�
<latexit sha1_base64="dveNomeK4AycmQxWiAJN01+eqlQ="></latexit><latexit sha1_base64="4gEE66lRDQ56YMfzl2U4HGxX5iA="></latexit><latexit sha1_base64="4gEE66lRDQ56YMfzl2U4HGxX5iA="></latexit><latexit sha1_base64="BzMoqt6d/lHznR2ZfJE3oHeLTaU="></latexit>

F =
�
x10 x20

� �
u10 u20

��1

<latexit sha1_base64="JTP4rDHKkZQOjIIcgsYpdW4r7tI="></latexit><latexit sha1_base64="iYt6ETyINIoasnv75M7WPN6AOgU="></latexit><latexit sha1_base64="iYt6ETyINIoasnv75M7WPN6AOgU="></latexit><latexit sha1_base64="4JRk9wmfbZwjk9eqwEoghV1xrs4="></latexit>



Solve the Problem

✏ =
1

2

⇣
F̃T + F̃

⌘
� I

<latexit sha1_base64="MLY5NpZggpD2Y3P4VFzNCsBzHfw="></latexit><latexit sha1_base64="MLY5NpZggpD2Y3P4VFzNCsBzHfw="></latexit><latexit sha1_base64="MLY5NpZggpD2Y3P4VFzNCsBzHfw="></latexit><latexit sha1_base64="qn+/YacAns1SsxWcz4vXd5IAIYA="></latexit>

F = QF̃
<latexit sha1_base64="UypiXG4qYGwgVLd3zvENG4RfHsA="></latexit><latexit sha1_base64="UypiXG4qYGwgVLd3zvENG4RfHsA="></latexit><latexit sha1_base64="UypiXG4qYGwgVLd3zvENG4RfHsA="></latexit><latexit sha1_base64="Ghv+zTyLTCCmNkifGwCnNzJtyTA="></latexit>

� = �Tr (✏) I+ 2µ✏
<latexit sha1_base64="gZcp1TcN85pEr8AbwcCdHTwwi64="></latexit><latexit sha1_base64="gZcp1TcN85pEr8AbwcCdHTwwi64="></latexit><latexit sha1_base64="gZcp1TcN85pEr8AbwcCdHTwwi64="></latexit><latexit sha1_base64="99hNA6rx2faWQeAFI5rKf5XJRWs="></latexit>

f = Q�ni
<latexit sha1_base64="G5h5xl88TnwdUDimlkh7105qo0Q="></latexit><latexit sha1_base64="M2jqKnoj03kkDwf5GsZI6FP0IB4="></latexit><latexit sha1_base64="M2jqKnoj03kkDwf5GsZI6FP0IB4="></latexit><latexit sha1_base64="gAXLCQ8BbAsuO5Z/XK0gEC3i8ew="></latexit>

where

where
are the normals of the opposite faces

in rest space

ni
<latexit sha1_base64="9aWfVlwriNR5nB8lUoqfnAcLl3Q="></latexit><latexit sha1_base64="j3PQWeki/6JLu6c4L3xQ0PSN5yA="></latexit><latexit sha1_base64="j3PQWeki/6JLu6c4L3xQ0PSN5yA="></latexit><latexit sha1_base64="lLjH5Xbnb1A4EDWWak6jtHALpms="></latexit>



IV. Temporal Integration



Explicit Integration

xp(t+�t) = xp(t) +�t · v(xp, t)
<latexit sha1_base64="OlMBZ5zcPvsczHYIy6Oqbyw6l8Y="></latexit><latexit sha1_base64="McAPhMbgRv84rHqUlpratUS5jGw="></latexit><latexit sha1_base64="McAPhMbgRv84rHqUlpratUS5jGw="></latexit><latexit sha1_base64="0B9/CbRl3vbeKQAduwjXPQdLkCU="></latexit>

Explicit formula for (t+1) 
in terms of quantities known at time t

Note: everything on the right hand side
is evaluated at time t



Choose Your Integration Scheme Wisely



Trapezoidal Rule vs. Midpoint Method

Forward Euler

Trapezoidal Rule Midpoint Method



Trapezoidal Rule



octave:1> octave:1> [x,y] = meshgrid(0:.5:2*pi,0:.5:2*pi);
quiver(x,y,x,5*cos(x))

Average



Midpoint Method



octave:1> octave:1> [x,y] = meshgrid(0:.5:2*pi,0:.5:2*pi);
quiver(x,y,x,5*cos(x))



❖ Both second-order Runge-Kutta methods (same 
accuracy)

❖ Very different behavior

❖ Trapezoidal rule is smoother, more damped looking

❖ Midpoint Method keeps more energy, but can be 
noisy/aliased

Trapezoidal Rule vs. Midpoint Method



Position Updates for
d2xp(t)

dt2
=

f(xp, t)

mp
<latexit sha1_base64="6SNEh1yyNBjjYT4WBVTZr27XQDs="></latexit><latexit sha1_base64="6SNEh1yyNBjjYT4WBVTZr27XQDs="></latexit><latexit sha1_base64="6SNEh1yyNBjjYT4WBVTZr27XQDs="></latexit><latexit sha1_base64="WQxy99FdGNCKPaWpioIVYHXoon4="></latexit>



Three Position Updates

xp(t+�t) = xp(t) + dt · vp(t)
<latexit sha1_base64="4YZtjC7Pty8krdR0/EQiA5K8t8k="></latexit><latexit sha1_base64="GTF9UiO3+xGQi+wvX2auwt6vaNM="></latexit><latexit sha1_base64="GTF9UiO3+xGQi+wvX2auwt6vaNM="></latexit><latexit sha1_base64="UncnsxofW1BkLMFoEYk0ImvEx5g="></latexit>

xp(t+�t) = xp(t) +
dt
2 · (vp(t) + vp(t+�t))

<latexit sha1_base64="5MhzNwyiuRxwFpVElJSzJjR/paU="></latexit><latexit sha1_base64="mgpengec3WzplXcaa46CwPSe5Cs="></latexit><latexit sha1_base64="mgpengec3WzplXcaa46CwPSe5Cs="></latexit><latexit sha1_base64="wJ2VIdBA4ONUrvhmGmOgFrD+HNw="></latexit>

xp(t+�t) = xp(t) + dt · vp(t+�t)
<latexit sha1_base64="PkN7iryvzvNwOta/fEUAYjtZ1xA="></latexit><latexit sha1_base64="QtpzmHp6AVuCW1HywHa16l2eD3o="></latexit><latexit sha1_base64="QtpzmHp6AVuCW1HywHa16l2eD3o="></latexit><latexit sha1_base64="tunqqDE0aGqwqIOoI2AMCs7nGRA="></latexit>



“Stiff” Problems

f = �kx
<latexit sha1_base64="DDq3UvqcmlcaeQSRMlthjQIV5PE="></latexit><latexit sha1_base64="m8w9AgEMRWz62+f11R2jsEydgm8="></latexit><latexit sha1_base64="m8w9AgEMRWz62+f11R2jsEydgm8="></latexit><latexit sha1_base64="qTGAr6VKTtijjnTYTQr8VNZl9oQ="></latexit>

x(�t) =
⇣
1� �t2k

m

⌘
x0

<latexit sha1_base64="4HUK5Td/G9xEgN4nfTGvfU2sxpQ="></latexit><latexit sha1_base64="jmbfAoaAdwGXgsymV82EeQFruEg="></latexit><latexit sha1_base64="jmbfAoaAdwGXgsymV82EeQFruEg="></latexit><latexit sha1_base64="mnkQJb+3kcL09Df2A5qRNt+mj2U="></latexit>

x(0) = x0
<latexit sha1_base64="74xzqqU1ChKYaOguCi3Pjw2JJFE="></latexit><latexit sha1_base64="fkmaE65VPLlniZTB3iVoXqXeGwQ="></latexit><latexit sha1_base64="fkmaE65VPLlniZTB3iVoXqXeGwQ="></latexit><latexit sha1_base64="dlQdZdpKSxJvKz1cGpk2R+8hrGQ="></latexit>

v(0) = 0
<latexit sha1_base64="1BQcmq6bN2+9ykO7aZ41bK5Gnpg="></latexit><latexit sha1_base64="DHH/M65oK19W7eyaXeAb3/nTUHM="></latexit><latexit sha1_base64="DHH/M65oK19W7eyaXeAb3/nTUHM="></latexit><latexit sha1_base64="/Y4dM3U0ocUXF2OJk5BViuHzI/M="></latexit>

Consider the IVP:

After one time step:

�t >
q

2m
k

<latexit sha1_base64="SUagil2crk7aSzsSo/kjDZf0TeY="></latexit><latexit sha1_base64="mIDnx5niK8f1ExaAilR7MsgogzQ="></latexit><latexit sha1_base64="mIDnx5niK8f1ExaAilR7MsgogzQ="></latexit><latexit sha1_base64="iSn5rJvB7SjiEzm7oLiCUFhk4Sk="></latexit>

If

the spring will be more extended then when we started



If We Want to Take Bigger Timesteps



Implicit Integration

v(t+�t) = v(t) +�t ·M�1f(x(t), t)
<latexit sha1_base64="H6GrM0p3A+vdZlu3/R9HCcRRAtw="></latexit><latexit sha1_base64="otdqPR7J7aDCvgiTH3ODzKbq9YU="></latexit><latexit sha1_base64="otdqPR7J7aDCvgiTH3ODzKbq9YU="></latexit><latexit sha1_base64="Kvgy+bWsPRQl+GcninjClw/vDkY="></latexit>

x(t+�t) = x(t) +�t · v(t+�t)
<latexit sha1_base64="DGMw6f7PkWZ0fRZOPOyfWUAC6uU="></latexit><latexit sha1_base64="8aO4+OfSAfQGvaWaGtUw5181754="></latexit><latexit sha1_base64="8aO4+OfSAfQGvaWaGtUw5181754="></latexit><latexit sha1_base64="unSCTk+xAbWGXRleJcazwc2l0Jw="></latexit>

v(t+�t) = v(t) +�t ·M�1f(x(t+�t), t+�t)
<latexit sha1_base64="1HQYC6GAv3kNceiummNv4OrxJOs="></latexit><latexit sha1_base64="WIFGfZKNJL7g4vIVJd6404/DNxY="></latexit><latexit sha1_base64="WIFGfZKNJL7g4vIVJd6404/DNxY="></latexit><latexit sha1_base64="9bksL0ORZlUG8Z++zqCu5DGVedc="></latexit>

x(t+�t) = x(t) +�t · v(t+�t)
<latexit sha1_base64="L2mQynqa7ARUGmf4MadwDKrOTQw="></latexit><latexit sha1_base64="l2MuJyBX9iDqw90CFZxCpSkjF1g="></latexit><latexit sha1_base64="l2MuJyBX9iDqw90CFZxCpSkjF1g="></latexit><latexit sha1_base64="WCwJWNRyxdFa0qgNSa3oV+wRMW4="></latexit>

Replace:

With:



Applied to Soft Bodies

Linearize

v(t+�t) = v(t) +�t ·M�1f(x(t+�t), t+�t)
<latexit sha1_base64="1HQYC6GAv3kNceiummNv4OrxJOs="></latexit><latexit sha1_base64="WIFGfZKNJL7g4vIVJd6404/DNxY="></latexit><latexit sha1_base64="WIFGfZKNJL7g4vIVJd6404/DNxY="></latexit><latexit sha1_base64="9bksL0ORZlUG8Z++zqCu5DGVedc="></latexit>

x(t+�t) = x(t) +�t · v(t+�t)
<latexit sha1_base64="L2mQynqa7ARUGmf4MadwDKrOTQw="></latexit><latexit sha1_base64="l2MuJyBX9iDqw90CFZxCpSkjF1g="></latexit><latexit sha1_base64="l2MuJyBX9iDqw90CFZxCpSkjF1g="></latexit><latexit sha1_base64="WCwJWNRyxdFa0qgNSa3oV+wRMW4="></latexit>

re-arrange

+

substitute into

�
M+�t2K+�tD

�
v(t+�t) = Mv(t) +�t (�K (x(t)� x0) + fext)

<latexit sha1_base64="MVoRP7gb00MfPqsVwlqln6UC+JY="></latexit><latexit sha1_base64="Mbq+gyUPZ2YzhNyN3whw9d+N6ck="></latexit><latexit sha1_base64="Mbq+gyUPZ2YzhNyN3whw9d+N6ck="></latexit><latexit sha1_base64="/ZT1G4HGQTqQWyWf9k1PACzNcoE="></latexit>

K(x� x0) +D(v) +Ma = fext
<latexit sha1_base64="JFUPViqMTHLWp9nVpjTuUZ7eHAM="></latexit><latexit sha1_base64="+v7bW+4DpuNzbE9FjEooaAmy1qE="></latexit><latexit sha1_base64="+v7bW+4DpuNzbE9FjEooaAmy1qE="></latexit><latexit sha1_base64="q6MhopKndtRIysNwNnXc1y6VqJ4="></latexit>

Kx�Kx0 +Dv +Ma = fext
<latexit sha1_base64="GNm5+r69R2OIcv4r4HD2p6QTaUI="></latexit><latexit sha1_base64="d15sP/rxn9J4NOyN73sLH1c4ra0="></latexit><latexit sha1_base64="d15sP/rxn9J4NOyN73sLH1c4ra0="></latexit><latexit sha1_base64="eQEqm+SSjm7v8OF9fTv9koDPUNw="></latexit>



�
M+�t2K+�tD

�
v(t+�t) = Mv(t) +�t (�K (x(t)� x0) + fext)

<latexit sha1_base64="MVoRP7gb00MfPqsVwlqln6UC+JY="></latexit><latexit sha1_base64="Mbq+gyUPZ2YzhNyN3whw9d+N6ck="></latexit><latexit sha1_base64="Mbq+gyUPZ2YzhNyN3whw9d+N6ck="></latexit><latexit sha1_base64="/ZT1G4HGQTqQWyWf9k1PACzNcoE="></latexit>

Linear System
Sparse, Symmetric

Momentum

Euler step of elastic
and external forces{

<latexit sha1_base64="hmBCiEKD031qNxHjKcERv/BcmsE="></latexit><latexit sha1_base64="vQeovK3wUjsn7cXHUfER6kX0TYg="></latexit><latexit sha1_base64="vQeovK3wUjsn7cXHUfER6kX0TYg="></latexit><latexit sha1_base64="FfuIdw7YC9DF9BHJp5fvJFK1cP8="></latexit>

{
<latexit sha1_base64="hmBCiEKD031qNxHjKcERv/BcmsE="></latexit><latexit sha1_base64="vQeovK3wUjsn7cXHUfER6kX0TYg="></latexit><latexit sha1_base64="vQeovK3wUjsn7cXHUfER6kX0TYg="></latexit><latexit sha1_base64="FfuIdw7YC9DF9BHJp5fvJFK1cP8="></latexit>

{<latexit sha1_base64="hmBCiEKD031qNxHjKcERv/BcmsE="></latexit><latexit sha1_base64="vQeovK3wUjsn7cXHUfER6kX0TYg="></latexit><latexit sha1_base64="vQeovK3wUjsn7cXHUfER6kX0TYg="></latexit><latexit sha1_base64="FfuIdw7YC9DF9BHJp5fvJFK1cP8="></latexit>



V. Constraints



Constraints

❖ Geometric relationships that must be satisfied



Constraints

❖ Constraint forces arises in response to other forces to 
maintain the constraint



Degrees of Freedom (DoF)

❖ Number of independent parameters describing 
configuration



Degrees of Freedom (DOF)

❖ Number of independent parameters describing 
configuration



Unilateral/Bilateral Constraints



Unilateral/Bilateral Constraints



Soft vs. Hard Constraints

❖ Soft constraint: 
force competes 
with other forces 
in the system

❖ Hard constraint: 
force as strong as 
necessary to 
maintain constraint



Constrained Dynamics: Solution Methods

❖ Maximal coordinates 

❖ constraint equation

❖ forces to maintain constraint

❖ Generalized coordinates (a.k.a., 
reduced coordinates)

❖ parameterize true DoF

❖ no explicit constraint forces



Constrained Dynamics: Solution Methods

Maximal Coordinates Generalized Coordinates



Penalty Methods

❖ Restoring force that acts to drive system to valid state

constraint:

penalty force:



Penalty Methods

✓Simple to add to solver

-Must tune parameters (k)

-Introduce stiff forces  -> smaller time step 
or implicit integration

-Constraint violation, oscillations



Lagrange Multiplier Methods

❖ Constraint force arises in response to other forces in the 
system 

❖ Add unknowns to equations that represent strength of 
constraint force

❖ Add (differentiated) constraint equations



Constraint Implicit Surface



Constraint Implicit Surface



Constraint Implicit Surface

❖ Gradient



Constraint Force
❖ Constraint force

❖ Workless

Lagrange multiplier



Constraint Force
❖ Constraint force

❖ Workless

Lagrange multiplier



Constraint Force
❖ Constraint force

❖ Workless

Lagrange multiplier



Equations of Motion



Differentiating the Constraint Equation

❖ Constraint tells us valid positions

❖ Differentiate to get valid velocities

❖ Differentiate again to get valid accelerations



Equations of Motion



Equations of Motion



Equations of Motion

KKT 
System



Multiple Constraints
❖ m constraints

❖ Constraint force

❖ Equations of motion



Generalized Coordinates

❖ Instead of maximal coordinates                            along 
with auxiliary conditions and forces

❖ Generalized coordinates                           with               
that take constraints into account



Generalized Coordinates

❖ Example: rigid body

+ constraints



Example: Pendulum
❖ Transformation equations

❖ Velocity

❖ Lagrangian

Equations of motion



❖ Types of constraints

❖ Articulation (joints)

❖ Collisions

❖ Resting and sliding contact

Constrained Rigid Body Systems



Impulse-Momentum Equations

❖ Acceleration-level formulation doesn’t work 
well with discontinuous velocities, frictional 
contact

❖ Instead, integrate f = ma to get impulse-
momentum formulation



Impulse-Momentum Equations

❖ Integrated, semi-discrete equations

❖ Combine with velocity-level constraint equation JV = 0



❖ Instead of solving global, coupled system, common to split

update with non-
constraint forces
add constraint 

impulses

Impulse-Momentum Equations
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❖ Instead of solving global, coupled system, common to split

update with non-
constraint forces
add constraint 

impulses

Impulse-Momentum Equations

iterative
impulse

solve

repeat fixed 
number of times or 
until tolerance met



Global vs. Iterative Solve
❖ Global 

❖ need to solve larger 
linear system

❖ LCP for inequality 
constraints

❖ Iterative 

❖ may be slow to converge

❖ simple to do inequality 
constraints



Exact

Handling Drift With Stabilization
❖ Approach was based on velocity-level constraints lead 

to drift in positions

With drift



❖ Approach was based on velocity-level constraints lead 
to drift in positions

Handling Drift With Stabilization

❖ Correct drift with stabilization

❖ E.g., Baumgarte stabilization

❖ Post-stabilization - modify positions so they satisfy 
constraints after time step



Softening Constraints
❖ Also common to soften constraints

❖ Stabilizes constraints

❖ Regularizes system

❖ Better numerical properties 

❖ Handle redundant constraints

❖ Adds some compliance to constraint



Collisions and Contact



❖ Separating axis theorem

Collision Detection

❖ Polygonal geometry

non-convex convex

❖ Convex decomposition



❖ Signed distance field

❖ Zero level set

❖ Fast inside/outside tests

❖ Penetration depth

❖ Normals

Collision Detection



Accelerating Collision Detection

❖ Bounding volumes

❖ Hierarchical bounding volumes

❖ Spatial partitions

AABB



Discrete vs. Continuous Collision Detection



Collision Response: Inelastic
❖ Newton’s third law (action/reaction)

❖ Assume inelastic (sticking)

❖ Solve:



Collision Response:Elastic
❖ Newton’s third law (action/reaction)

❖ Assume elastic (bouncing)

❖ Solve:

coefficient of
restitution



Deformable Object Collisions

❖ Body compresses, stores energy 
and bounces

❖ Inelastic collision between 
particles and ground



Rigid Body Collisions
❖ Physically, similar to deformable 

body collisions

❖ But rigid idealization precludes 
storing energy

❖ Instead, algebraic collision laws for 
before/after collision

❖ Cases: 

❖ Inelastic (sticking)

❖ Elastic: frictionless, with friction



Rigid Body Inelastic Collision

❖ Linear momentum

❖ Angular momentum

❖ Sticking

15 equations/
unknowns



Rigid Body Frictionless Collision

❖ Linear momentum

❖ Angular momentum

❖ Elastic

13 equations/
unknowns



Rigid Body Frictional Collision
❖ Coulomb friction model

coefficient of friction



Rigid Body Frictional Collision
❖ Coulomb friction model

coefficient of friction

❖ Static



Rigid Body Frictional Collision
❖ Coulomb friction model

coefficient of friction

❖ Static

❖ Sliding



Rigid Body Frictional Collision
❖ Coulomb friction model

friction cone

coefficient of friction

❖ Static

❖ Sliding



Rigid Body Frictional Collision

❖ Assume sticking (+2 equations)

❖ If not admissible, assume sliding (-2 unknowns)

❖ Example [Guendelman 
et al. 2003]

❖ Elastic in normal direction



Thanks!

For notes, slides, and source code visit:  
https://cal.cs.umbc.edu/Courses/PhysicsBasedAnimation

adamb@umbc.edu                              shinar@cs.ucr.edu
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