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Abstract. Motivated by ¢p-optimization arising from sparse optimization, high-dimensional
data analytics and statistics, this paper studies sparse properties of a wide range of p-norm based
optimization problems with p > 1, including generalized basis pursuit, basis pursuit denoising, ridge
regression, and elastic net. It is well known that when p > 1, these optimization problems lead to less
sparse solutions. However, the quantitative characterization of the adverse sparse properties is not
available. This paper shows how to exploit optimization and matrix analysis techniques to develop
a systematic treatment of a broad class of p-norm based optimization problems for a general p > 1
and show that their optimal solutions attain full support, and thus have the least sparsity, for almost
all measurement matrices and measurement vectors. Comparison to ¢p-optimization with 0 <p <1
and implications for robustness as well as extensions to the complex setting are also given. These
results shed light on analysis and computation of general p-norm based optimization problems in
various applications.
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1. Introduction. Sparse optimization arises from various important applica-
tions of contemporary interest, e.g., compressed sensing, high-dimensional data ana-
lytics and statistics, machine learning, and signal and image processing [7, 14, 16, 26].
The goal of sparse optimization is to recover the sparsest vector from observed data
which are possibly subject to noise or errors, and it can be formulated as the /-
optimization problem [2; 5]. Since the fy-optimization problem is NP-hard, it is
folklore in sparse optimization to use the p-norm or p-quasi norm || - ||, with p € (0, 1]
to approximate the ¢p-norm to recover sparse signals [11, 14]. Representative opti-
mization problems involving the p-norm include basis pursuit, basis pursuit denoising,
LASSO, and elastic net; see section 2 for the details of these problems. In particu-
lar, when p = 1, it gives rise to a convex f;-optimization problem which leads to
efficient numerical algorithms [14, 29]; when 0 < p < 1, it yields a nonconvex and
non-Lipschitz optimization problem whose local optimal solutions can be effectively
computed [9, 13, 15, 18]. Despite possible convergence to nonoptimal stationary
points, ¢p,-minimization with 0 < p < 1 often leads to improved and more stable
recovery results, even under measurement noise and errors [23, 24, 28].

When p > 1, it is well known that the p-norm formulation will not lead to sparse
solutions [4, 14]; see Figure 1.1 for illustration and comparison with ¢, minimization
with 0 < p < 1. However, to the best of our knowledge, a formal justification of this
fact for a general setting with an arbitrary p > 1 is not available, except as an intu-
itive and straightforward geometric interpretation for special cases, e.g., basis pursuit;
see [30] for a certain adverse sparse property for p-norm based ridge regression with
p > 1 from an algorithmic perspective. Besides, when different norms are used in ob-
jective functions of optimization problems, e.g., the ridge regression and elastic net,
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F1G. 1.1. (Left panel) Basis pursuit, thick solid line: {x | Ax = y}. (Right panel) Basis pursuit
denoising, shaded area: {z|||Az — y||2 < e}. Solid line: €2 ball; dashed line: €1 ball; dash-dot line:
21/2 ball.

it is difficult to obtain a simple geometric interpretation. Moreover, for an arbitrary
p > 1, there lacks a quantitative characterization of how less sparse such solutions are
and how these less sparse solutions depend on a measurement matrix and a measure-
ment vector, in comparison with the related problems for 0 < p < 1. In addition to
theoretical interest, these questions are also of practical value, since the p-norm based
optimization with p > 1 and its matrix norm extensions find applications in graph
optimization [12], machine learning, and signal/image processing [9, 19]. It is also
related to the ¢,-programming coined by Terlaky [25]. Motivated by the aforemen-
tioned questions and their implications in applications, we give a formal argument
for a broad class of p-norm based optimization problems with p > 1 generalized from
sparse optimization and other fields. When p > 1, we show that these problems not
only fail to achieve sparse solutions but also yield the least sparse solutions generi-
cally. Specifically, when p > 1, for almost all measurement matrices A € R™*Y and
measurement vectors y € R™, solutions to these p-norm based optimization problems
have full support, i.e., the support size is N; see Theorems 4.3, 4.5, 4.6, 4.9, and 4.10
for formal statements. The proofs for these results turn out to be nontrivial, since
except p = 2 the optimality conditions of these optimization problems yield highly
nonlinear equations and there are no closed-form expressions of optimal solutions in
terms of A and y. To overcome these technical difficulties, we exploit techniques
from optimization and matrix analysis and give a systematic treatment to a broad
class of p-norm based optimization problems originally from sparse optimization and
other related fields, including generalized basis pursuit, basis pursuit denoising, ridge
regression, and elastic net. The results developed in this paper will also deepen the
understanding of general p-norm based optimization problems emerging from many
applications and shed light on their computation and numerical analysis.

The rest of the paper is organized as follows. In section 2, we introduce generalized
p-norm based optimization problems and show the solution existence and uniqueness.
When p > 1, a lower sparsity bound and other preliminary results are established in
section 3. Section 4 develops the main results of the paper, namely, the least sparsity
of p-norm optimization based generalized basis pursuit, generalized ridge regression
and elastic net, and generalized basis pursuit denoising for p > 1. In section 5, we
extend the least sparsity results to measurement vectors restricted to a subspace of
the range of A, possibly subject to noise, and compare this result with £,-optimization
for 0 < p <1 arising from compressed sensing; extensions to the complex setting are
also given. Conclusions are made in section 6.

Notation. Let A = [a1,...,an] be an m x N real matrix with N > m, where
a; € R™ denotes the ith column of A. For a given vector 2 € R™, supp(z) denotes the
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support of z. For any index set Z C {1,..., N}, let |Z| denote the cardinality of Z, and
Aez = [a;]iez be the submatrix of A formed by the columns of A indexed by elements
of Z. For a given matrix M, R(M) and N (M) denote the range and null space of M,
respectively. Let sgn(-) denote the signum function with sgn(0) := 0. Let = denote
the positive semidefinite order, i.e., for two real symmetric matrices P and @, P = @

means that (P—Q) is positive semidefinite. The gradient of a real-valued differentiable
function f : R™ — R is given by Vf(x) = (%ﬂg?,...,%@)zp € R™ Let F:R™ x
R" — R® be a differentiable function given by F(z,z2) = (Fi(x,2),...,Fy(z,2))T
with F; : R" x R™ — R for ¢ = 1,...,s. The Jacobian of F with respect to x =
(w1,...,2,)T € R™ is

OFi(z,2) . OFi(z2)
oxq Oxp
OFs(z,2) . OFa(z,2)
8 a n
J.F(z,2) = o o € R¥*™,
OFu(az) . . OF.(x:)
Oxq Oy,

By convention, we also use V,F(x, z) to denote J,F(x,z). Besides, by saying that
a statement (P) holds for almost all z in a finite-dimensional real vector space FE,
we mean that (P) holds on a set W C E whose complement W€ has zero Lebesgue
measure. For two vectors u,v € RY, w L v denotes the orthogonality of v and v, i.e.,
uTv = 0.

2. Generalized p-norm based optimization problems. In this section, we
introduce a broad class of widely studied p-norm based optimization problems emerg-
ing from sparse optimization, statistics, and other fields, and we discuss their general-
izations. Throughout this section, we let the constant p > 0, the matrix A € R™*N
and the vector y € R™. For any p > 0 and z = (z1,...,2x5)7 € RY, define

N
lllp = (305t y |l )P
Generalized basis pursuit. Consider the following linear equality constrained

optimization problem whose objective function is given by the p-norm (or quasi norm):

(2.1) BP,: min ||z||, subjectto Ax=y,
z€RN

where y € R(A). Geometrically, this problem secks to minimize the p-norm distance
from the origin to the affine set defined by Ax = y. When p = 1, it becomes the
standard basis pursuit [6, 8, 14].

Generalized basis pursuit denoising. Consider the following constrained op-
timization problem which incorporates noisy signals:

(2.2) BPDN,, : mﬂi@ llzl|, subject to ||Az —yl2 <e,
e

where € > 0 characterizes the bound of noise or errors. When p = 1, it becomes
the standard basis pursuit denoising (or quadratically constrained basis pursuit) [4,
14, 27]. Another version of the generalized basis pursuit denoising is given by the
following optimization problem:
(2.3) min [[Az —yll2  subject to |z, <mn,

zERN
where the bound 7 > 0. Similarly, when p = 1, the optimization problem (2.3)
pertains to a relevant formulation of basis pursuit denoising [14, 27].
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Generalized ridge regression and elastic net. Consider the following un-
constrained optimization problem:

1

(24) RR,: min oAz —yl3+ o],

where A\ > 0 is the penalty parameter. When p = 2, it becomes the standard ridge
regression extensively studied in statistics [16, 17]; when p = 1, it yields the least
absolute shrinkage and selection operator (LASSO) with the ¢;-norm penalty [26].
The RR,, (2.4) is closely related to the maximum a posteriori (MAP) estimator when
the prior takes the generalized normal distribution. A related optimization problem
is the generalized elastic net arising from statistics:

1
(2.5) ENp: min §|\Ax*y\|§+h [l + Ao 113,
where r > 0 and A, Ao are positive penalty parameters. When p = 7 = 1, the
EN,, (2.5) becomes the standard elastic net formulation which combines the ¢; and
{5 penalties in regression [31]. Moreover, if we allow As to be nonnegative, then the
RR, (2.4) can be treated as a special case of the EN,, (2.5) with r = p, A = A1 > 0,
and Ay = 0.

In what follows, we show the existence and uniqueness of optimal solutions for
the generalized optimization problems introduced above.

PRrROPOSITION 2.1. Fiz an arbitrary p > 0. FEach of the optimization problems
(2.1), (2.2), (2.3), (2.4), and (2.5) attains an optimal solution for any given A, y,
e>0,71>0,A>0,7>0, \y >0, and Ay > 0 as long as the associated constraint
sets are nonempty. Further, when p > 1, each of (2.1), (2.2), and (2.4) has a unique
optimal solution. Besides, whenp > 1, r > 1, \y >0, and A2 > 0, (2.5) has a unique
optimal solution.

Proof. For any p > 0, the optimization problems (2.1), (2.2), (2.4), and (2.5)
attain optimal solutions since their objective functions are continuous and coercive
and the constraint sets (if nonempty) are closed. The problem (2.3) also attains a
solution because it has a continuous objective function and a compact constraint set.

When p > 1, (2.1) and (2.2) are convex optimization problems, and they are
equivalent to mina,—, [|z||b and min|a,_y),<c ||z}, respectively. Further, the func-
tion || - ||2 is strictly convex on R¥; see the proof in the appendix (cf. section 7).
Hence, each of (2.1), (2.2), and (2.4) has a unique optimal solution. When p > 1,
r > 1, A&r > 0, and A2 > 0, the generalized elastic net (2.5) is a convex optimiza-
tion problem with a strictly convex objective function and thus has a unique optimal
solution. a0

3. Preliminary results on sparsity of p-norm based optimization with
p > 1. This section develops key preliminary results for the global sparsity analysis
of p-norm based optimization problems when p > 1.

3.1. Lower bound on sparsity of p-norm based optimization with p > 1.
We first establish a lower bound on the sparsity of optimal solutions arising from the
p-norm based optimization with p > 1. Specifically, we show that when p > 1, for
almost all (A, y) € R™*N xR™  any (nonzero) optimal solution has at least (N —m+1)
nonzero elements and thus is far from sparse when N > m. This result is critical to
show in the subsequent section that for almost all (A, y), an optimal solution achieves
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full support; see the proofs of Propositions 4.1 and 4.7, and Theorem 4.5. Toward
this end, we define the following set in R™*N x R™ with N > m:
(3.1)

S = {(A,y) € R™*N x R™| every m x m submatrix of A is invertible, and y # O}.

Clearly, S is open and its complement S¢ has zero measure in R™*V x R™. Note
that a matrix A satisfying the condition in (3.1) is said to be of completely full rank
[18]. To emphasize the dependence of optimal solutions on the measurement matrix
A and the measurement vector y, we write an optimal solution as x{,  or x*(A,y)
below; the latter notation is used when z* is unique for any given (4, y) so that z* is
a function of (4,y).

PROPOSITION 3.1. Let p > 1. For any (A,y) € S, the following statements hold:

(1) Thj_ i)ptimal solution x{, .y to the BP, (2.1) satisfies |supp(x’(*A’y))| >N —
m+ 1.

(ii) If 0 <& <|lyll2, then we have that the optimal solution x7, , to the BPDN,
(2.2) satisfies [supp(2{, )| =2 N —m+1.

(ili) For any A > 0, we have that the optimal solution x7, . to the RR, (2.4)
satisfies |supp(z{, \)| =2 N —m +1.

(iv) For any r > 0, Ay > 0 and A2 > 0, each nonzero optimal solution fo’y) to
the EN), (2.5) satisfies [supp(2(, )| = N —m+ 1.

We give two remarks on the conditions stated above before presenting a proof.

(a) Note that if € > ||y||2 in statement (ii), then z = 0 is feasible such that the
BPDN, (2.2) attains the trivial (unique) optimal solution z* = 0. For this reason, we
impose the assumption 0 < ¢ < ||y||2.

(b) When 0 < r < 1 in statement (iv) with A\; > 0 and A2 > 0, the EN,, (2.5) has a
nonconvex objective function and it may have multiple optimal solutions. Statement
(iv) says that any such nonzero optimal solution has the sparsity of at least N —m+1.

Proof. Fix (A,y) € S. We write an optimal solution x*Ay as x* for notational
simplicity in the proof. Furthermore, let f(x) := |[z[|5. Clearly, when p > 1, f is
continuously differentiable on RY.

(i) Consider the BP, (2.1). Note that 0 # y € R(A) for any (A,y) € S. By
Proposition 2.1, the BP,, (2.1) has a unique optimal solution z* for each (4,y) € S.
In view of z* = argmin 4,_, f (z), the necessary and sufficient optimality condition for
x* is given by the following KKT condition:

Vf(z*)— ATy =0, Azx* =y,

where v € R™ is the Lagrange multiplier, and (V f(z)); = p-sgn(x;) - |z;|P~! for each
i =1,...,N. Note that Vf(x) is positively homogeneous in = and each (Vf(z));
depends on z; only. Suppose that z* has at least m zero elements. Hence, V f(x*)
has at least m zero elements. By the first equation in the KKT condition, we deduce
that there is an m xm submatrix A; of A such that ATv = 0. Since A, is invertible, we
have v = 0 such that V f(z*) = 0. This further implies that z* = 0. This contradicts
Azx* =y # 0. Therefore, [supp(z*)] > N —m + 1 for all (4,y) € S.

(ii) Consider the BPDN, (2.2). Note that for any given (4,y) € S and 0 <
€ < |lyll2, the BPDN,, (2.2) has a unique nonzero optimal solution z*. Let g(z) :=
| Az — y||3 — 2. Since A has full row rank, there exists T € RY such that ¢g(z) < 0.
As g(+) is a convex function, Slater’s constraint qualification holds for the equivalent
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convex optimization problem ming, <o f(z). Hence z* satisfies the KKT condition
with the Lagrange multiplier 1 € R, where L denotes the orthogonality,

Vf(x*)+pnVg(x*) =0, 0<pulg()<o.

We claim that g > 0. Suppose not. Then it follows from the first equation in the KKT
condition that V f(z*) = 0, which implies * = 0. This yields g(z*) = ||y[|3 — &2 > 0,
which is a contradiction. Therefore y > 0 such that g(z*) = 0. Using Vg(z*) =
2AT (Ax* — y), we have Vf(x*) + 2uAT (Az* — y) = 0. Suppose, by contradiction,
that =* has at least m zero elements. Without loss of generality, we assume that the
first m elements of x* are zeros. Partition the matrix A into A = [A; As], where
Ay € R™*™ and Ay € R™*(N=") Similarly, z* = [0; Z*], where 2* € RY~™. Hence,
the first m elements of V f(z*) are zero. By the first equation in the KKT condition,
we derive 2uAT (Ax* —y) = 0. Since u > 0 and A is invertible, we obtain Az*—y = 0.
This shows that g(z*) = —¢2 < 0, which is a contradiction to g(z*) = 0.

(iii) Consider the RR,, (2.4). The unique optimal solution z* is characterized by
the optimality condition AT (Az* —y) + AV f(2*) = 0, where A > 0. Suppose, by
contradiction, that * has at least m zero elements. Using a similar argument to that
for case (ii), we derive that Az* —y = 0. In view of the optimality condition, we thus
have V f(z*) = 0. This implies that * = 0. Substituting * = 0 into the optimality
condition yields ATy = 0. Since A has full row rank, we obtain y = 0. This leads to
a contradiction. Hence |supp(z*)| > N —m + 1 for all (4,y) € S.

(iv) Consider the EN, (2.5) with the exponent r > 0 and the penalty parame-
ters Ay > 0 and Ay > 0. When Ay = 0, it is closely related to the RR, with the
exponent on ||z||, replaced by an arbitrary r > 0. For any (A,y) € S, let z* be a
(possibly nonunique) nonzero optimal solution which satisfies the optimality condition
AT (Az* —y) + Ay - [Ja*][571 - V|2 ||, + 2A22* = 0, where for any nonzero z € RY,

Vil

1 _ _
Vl|zll, = ? (Sgn($1)|$1|p Lo sen(a) P 1) = W-
p p

]
The optimality condition can be equivalently written as
(3.2) p- AT(Ax* —y) +rAs - o |;7F - V(@) + 2pAaz* = 0.

Consider two cases. (iv.1) A2 = 0. By a similar argument to that of case (iii), it
is easy to show that |supp(z*)| > N —m + 1 for all (A,y) € S. (iv.2) Ay > 0. In
this case, suppose, by contradiction, that z* has at least m zero elements. As before,
let A = [A; Ag] and z* = [0;7%] with A; € R™*™ and 7* € RY~™. Hence, the
optimality condition leads to p- AT (Az* —y) = 0. This implies that Az* —y = 0 such
that 7y - [|2*[|777- V f(2*) +2pAs 2* = 0. Since (V f(x)); = p-sgn(a;)- |z;[P~! for each
i=1,...,N, weobtain rA; - [|*||7 7P - |z;[P~! + 2Xs|;| = 0 for each i. Hence z* = 0,
a contradiction. We thus conclude that |supp(z*)| > N —m +1 for all (A,y) € S. O

We discuss an extension of the sparsity lower bound developed in Proposition 3.1
to another formulation of the basis pursuit denoising given in (2.3). It is noted that
if n > minaz—y ||z||, (which implies y € R(A)), then the optimal value of (2.3)
is zero and can be achieved at some feasible z* satisfying Ax* = y. Hence any
optimal solution x’ must satisfy Az’ = y so that the optimal solution set is given by
{x e RN | Az =y, ||z||, < n}, which is closely related to the BP, (2.1). This means
that if 7 > mina,=—, ||x||,, the optimization problem (2.3) can be converted to a
reduced and simpler problem. For this reason, we assume that 0 < 7 < mina,—, ||z,
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for (2.3). The following proposition presents important results under this assumption;
these results will be used for the proof of Theorem 4.10.

PROPOSITION 3.2. The following hold for the problem (2.3) with p > 1:

(i) If A has full row rank and 0 < n < min gz, ||z)|,, then (2.3) attains a unique
optimal solution with a unique positive Lagrange multiplier.

(ii) For any (A,y) in the set S defined in (3.1) and 0 < n < Minaz—y ||z|p, the
unique optimal solution sz7y) satisfies |supp(xz‘A’y))| >N-m+1.

Proof. (i) Let A be of full row rank. Hence, y € R(A) so that 7 is well defined.
Let x* be an arbitrary optimal solution to (2.3) with the specified n > 0. Hence
T* = argming ;) <,» || Az — y|3, where we recall that f(z) = [[z]|p. Clearly, the Slater
constraint qualification holds for the convex optimization problem (2.3). Therefore,
x* satisfies the following KKT condition:

(3.3) AT(Az* —y)+ pV[f(z*) =0,  0<p L fla*)—nP <0,

where i € R is the Lagrange multiplier. We claim that p must be positive. Suppose
not, i.e., u = 0. By the first equation in (3.3), we obtain A”(Az* —y) = 0. Since
A has full row rank, we have Az* = y. Based on the assumption on 7, we further
have ||z*||, > n, which is a contradiction to f(z*) < nP. This proves the claim. Since
w > 0, it follows from the second equation in (3.3) that any optimal solution x* satisfies
f(z*) = nP or equivalently ||z*||, = n. To prove the uniqueness of optimal solution,
suppose, by contradiction, that z* and 2’ are two distinct optimal solutions for the
given (4,y). Thus ||z*||, = ||2'||, = 1. Since (2.3) is a convex optimization problem,
the optimal solution set is convex so that Az* + (1 — A)z’ is an optimal solution for
any A € [0,1]. Hence, |[Az* +(1—X)z'|l, =n VX € [0,1]. Since |||} is strictly convex
when p > 1, we have n? = [[Az* + (1 — A\)2'[|D < A|z*[|) + (1 — A)||2'[|5 = n? for each
A € (0,1). This yields a contradiction. We thus conclude that (2.3) attains a unique
optimal solution with p > 0.

(ii) Let (A4,y) € S. Clearly, A has full row rank so that (2.3) has a unique optimal
solution x* with a positive Lagrange multiplier . Suppose z* has at least m zero
elements. It follows from the first equation in (3.3) and a similar argument to that
for case (iii) of Proposition 3.1 that Az* = y. In light of the assumption on 7, we
have ||z*||, > n, which is a contradiction. Therefore |[supp(z*)| > N —m + 1 for any
(A,y) € S. 0

3.2. Technical result on measure of the zero set of C'-functions. As
shown in Proposition 2.1, when p > 1, each of BP, (2.1), BPDN,, (2.2), and RR,, (2.4)
has a unique optimal solution z* for any given (A,y). Under additional conditions,
each of the EN,, (2.5) and the optimization problem (2.3) also attains a unique optimal
solution. Hence, for each of these problems, the optimal solution z* is a function of
(A,y), and each component of * becomes a real-valued function z} (A4, y). Therefore,
the global sparsity of z* can be characterized by the zero set of each z}(A,y). The
following technical lemma gives a key result on the measure of the zero set of a real-
valued C'-function under a suitable assumption.

LEMMA 3.3. Let f: R™ — R be continuously differentiable (i.e., C*) on an open
set W C R™ whose complement W€ has zero measure in R™. Suppose V f(x) # 0 for

any x € W with f(x) = 0. Then the zero set f~1({0}) := {z € R"| f(x) = 0} has
zero measure.

Proof. Consider an arbitrary x* € W. If f(z*) = 0, then V f(x*) # 0. Without
loss of generality, we assume that %’;(x*) #0. Let z := (21,...,2,1)7 € R*7L,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/07/18 to 130.85.193.7. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2728 JINGLAI SHEN AND SEYEDAHMAD MOUSAVI

By the implicit function theorem, there exist a neighborhood U C R"~! of z* :=
(x%,...,25_ )T, a neighborhood V C R of z7, and a unique C! function g : U — V
such that f(z,g(z)) =0forall z € U. Theset f1({0})NUxV) ={(2,9(2)) |z € U}
has zero measure in R"™ since it is an (n — 1)-dimensional manifold in the open set
U xV C R™. Moreover, in view of the continuity of f, we deduce that for any =* € W
with f(z*) # 0, there exists an open set B(z*) of #* such that f(z) # 0 Va € B(z*).
Combining these results, it is seen that for any € W there exists an open set B(x)
of = such that f=1({0}) N B(z) has zero measure. Clearly, the family of these open
sets given by {B(x)},ew forms an open cover of W. Since R™ is a topologically
separable metric space, so is W C R™ and thus it is a Lindelof space [21, 22]. Hence,
this open cover attains a countable subcover {B(z%)};en of W, where each xt € W.
Since f~1({0}) N B(z") has zero measure for each i € N, the set W N f~1({0}) has
zero measure. Besides, since f~1({0}) € WeuU (W n f~1({0})) and both W¢ and
W N f~1({0}) have zero measure, we conclude that f~!({0}) has zero measure. 0O

4. Least sparsity of p-norm based optimization problems with p > 1.
In this section, we establish the main results of the paper, namely, when p > 1, the
p-norm based optimization problems yield least sparse solutions for almost all (A, y).
We introduce more notation to be used through this section. Let f(z) := [|z||} for
x € RY, and when p > 1, we define for each z € R,

p—1

(4.1) 9(z) = posgn()- 2PN h(z) = sgn(2)- ];

where sgn(-) denotes the signum function with sgn(0) := 0. Direct calculation shows
that (i) when p > 1, g(z) = (|2|’)’ Yz € R and h(z) is the inverse function of g(z);
(ii) when p > 2, g is continuously differentiable and ¢’(2) = p(p — 1) - |2[P72 V2 € R;
and (iii) when 1 < p < 2, h is continuously differentiable and

W(z) = |27t [(p—1)-p/® D] VzeR.

Furthermore, when p > 1, Vf(z) = (g9(z1),...,9(zn))T.

The proofs for the least sparsity developed in the rest of the section share similar
methodologies. For the benefit of the reader, we give an overview of the main ideas
of these proofs and comment on certain key steps in the proofs. As indicated at the
beginning of section 3.2, the goal is to show that the zero set of each component of an
optimal solution z*, which is a real-valued function of (4,y), has zero measure. To
achieve this goal, we first show using the KKT conditions and the implicit function
theorem that x*, possibly along with a Lagrange multiplier if applicable, is a C!
function of (4, y) on a suitable open set S’ in R™*Y x R™ whose complement has zero
measure. We then show that for each i = 1,..., N, if 2} is vanishing at (4,y) € S’,
then its gradient evaluated at (A,y) is nonzero. In view of Lemma 3.3, this leads to
the desired result. Moreover, for each of the generalized optimization problems with
p > 1, i.e., the BP,, BPDN,, RR,, and EN,,, we divide their proofs into two separate
cases: (i) p > 2 and (ii) 1 < p < 2. This is because each case invokes the derivative
of g(-) or its inverse function h(-) defined in (4.1). When p > 2, the derivative ¢/(-) is
globally well defined. On the contrary, when 1 < p < 2, ¢/(-) is not defined at zero.
Hence, we use h(-) instead, since h'(-) is globally well defined in this case. The choice
of g or h gives rise to different arguments in the following proofs, and the proofs for
1 < p £ 2 are typically more involved.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/07/18 to 130.85.193.7. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

LEAST SPARSITY OF p-NORM OPTIMIZATION 2729

4.1. Least sparsity of the generalized basis pursuit with p > 1. We
consider the case in which p > 2 first.

PROPOSITION 4.1. Let p > 2 and N > m. For almost all (A,y) € R™*N x R™,
the unique optimal solution 7, . to the BP, (2.1) satisfies [supp(z{, )| = N.

Proof. For any (A,y) € R™*N x R™ the necessary and sufficient optimality
condition for z* is given by the following KKT condition shown in Proposition 3.1:

Vf(z*)— ATy =0, Az* =y,

where v € R™ is the Lagrange multiplier and (V f(x)); = g(x;) for each i =1,...,N.
Here g is defined in (4.1). When p = 2, 2* = AT(AAT)~ly for any (A,y) € S.
As zf(A,y) = 0 yields a polynomial equation whose solution set has zero measure in
R™*N xR™ the desired result follows. We consider p > 2 as follows, and show that for
any (A°,y°) in the open set S defined in (3.1), 2*(A, y) is continuously differentiable
at (A°,y°) and that each z} with 27 (A°, y°) = 0 has nonzero gradient at (A°®,y°).

Recall that z* is unique for any (A,y). Besides, for each (4,y) € S, AT has
full column rank such that v is also unique in view of the first equation of the KKT
condition. Therefore, (z*,v) is a function of (A4,y) € S. For notational simplicity,
let 2° := x*(A°,y°) and v° := v(A°,y°). Define the index set J := {i |z} # 0}. By
Proposition 3.1, we see that J is nonempty and |7¢| < m — 1. Further, in light of
the KKT condition, (z*,v) € RY x R™ satisfies the following equation:

V() —ATV} o

Faw g = V)

Clearly, F: RN x R™ x R™*N x R™ — RN+™ is C'!, and its Jacobian with respect
to (z,v) is
Alx) —AT
J(z,V)F(IvyaA7y) = |: A 0 )

where the diagonal matrix A(x) := diag(¢'(z1),...,9'(zn)). We respectively par-
tition A°® := A(z°) and A as A® = diag(A1, A2) and A® = [A; A], where Ay :
diag(g'(29))iege with Ay = 0 as p > 2, Ay := diag(¢'(x?))icys is positive definite,
Ay = AG e, and Ay := A7 ;. We claim that the following matrix is invertible:

Ay0 AT
W oi= JouF(a®v° A% %) = | 0 Ay —AT| e RIVHEmIx(NHm),
Ay Ay 0

In fact, let z := [u1;uz;v] € RVY*™ be such that Wz = 0. Since A; = 0 and Ay is
positive definite, we have A{v =0, ug = A;lAgv, and Ajuq + Asus = 0. Therefore,
0 =vT(Ajuy + Asuy) = UTA2A2_1A2TU, which implies that AZv = 0 such that uy = 0
and Aju; = 0. Since |J¢ < m — 1 and any m x m submatrix of A is invertible,
the columns of A; are linearly independent such that u; = 0. This implies that
ATy = 0. Since A has full row rank, we have v = 0 and thus z = 0. This proves
that W is invertible. By the implicit function theorem, there are local C*! functions
G1, G2, H such that z* = (2%.,2%) = (G1(A,y),G2(4A,y)) :== G(A,y), v = H(A,y),
and F(G(A,y),H(A,y),A,y) =0 for all (A4,y) in a neighborhood of (A4°,y°).
By the chain rule, we have

V,G1(A%,y°)
J(m,y)F(mo7yoaonyo)' VyGQ(onyo) +JyF(zo7VOaAoayo) = 07
VyH(A®,y°)

=W
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where
0 Py Py Pi3
JyF(ifo, l/<>7 AO, y<>) = 0 5 W_l =P = P21 P22 P23
-1 P31 Py Ps3

It is easy to verify that V,G1(A®, y°) = P13 and Pi3A; = I by virtue of PW = I. The
latter equation shows that each row of P;3 is nonzero, so is each row of V,G1(A®, y°).
Thus each row of V(4,,)G1(A°,y°) is nonzero. Hence, foreachi =1,..., N, z7(4,y) is
C! on the open set S, and when 2} (A°, y°) = 0 at (A°,y°) € S, its gradient is nonzero.
By Lemma 3.3, the zero set of z}(A,y) has zero measure for each i =1,..., N. This
shows that |supp(z*(4,y))| = N for almost all (A4,y) € R™*Y x R™. |

The next result addresses the case in which 1 < p < 2. In this case, it can
be shown that if z} is vanishing at some (A°, y°) in a certain open set, then the
gradient of x} evaluated at (A°,y°) also vanishes. This prevents us from applying
Lemma 3.3 directly. To overcome this difficulty, we introduce a suitable function
which has exactly the same sign of ;7 and to which Lemma 3.3 is applicable. This
technique is also used in other proofs for 1 < p < 2; see Theorems 4.5, 4.6, 4.10, and
Proposition 4.8.

PROPOSITION 4.2. Let 1 < p < 2 and N > 2m — 1. For almost all (A,y) €
R™*N x R™, the unique optimal solution Ty, to the BP, (2.1) satisfies

supp(2( 4 )| = N.

Proof. Let S be the set of all (A,y) € R™*N x R™ satisfying the following con-
ditions: (i) y # 0, (ii) each column of A is nonzero, and (iii) for any index set
T C{1,...,N} with |Z¢ > m and rank(Asz) < m, rank(Aezc) = m. Hence, such an
A has full row rank, i.e., rank(A) = m. Clearly, S is open and its complement S° has
zero measure. Note that the set S given in (3.1) is a proper subset of S.

Let A = [ay,...,an], where a; € R™ is the ith column of A. It follows from the
KKT condition Vf(z*) — ATv = 0 that 2} = h(alv) for each i = 1,..., N, where
the function h is defined in (4.1). Along with the equation Az* = y, we obtain the
following equation for (v, A4, y):

N
F(V7Aay) = Zaih(alry) -y = 0,
i=1

where F: R™ x R™*N x R™ — R™ is C! and its Jacobian with respect to v is

W(atv) o
h'(azv) '
J.F(v,Ay) = [al aN] ' c RmXm,

T

W ()] HN
We show next that for any (A°,y°) € S with (unique) v satisfying F (v, A%, y°) = 0,
the Jacobian @ := J, F(v, A°,y°) is positive definite. This result is trivial for p = 2

since h/(alv) = 1/2 for each i. To show this result for 1 < p < 2, we first note that
v # 0 since otherwise z* = 0 so that Az* = 0 = y, which contradicts y # 0. Using
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the formula for A'(-) given below (4.1), we have

(4.2)
N

1 al 2=p

wQu = Z(a?wﬁ-h’(a?v) = WZ (aFw)®-[aTv|7 Ve R™,
i=1 i=1

Clearly, @ is positive semidefinite. Suppose, by contradiction, that there exists w # 0
such that w?Qw = 0. Define the index set Z := {i|alw = 0}. Note that Z must be
nonempty because, otherwise, it follows from (4.2) that A”v = 0, which contradicts
rank(A) = m and v # 0. Similarly, Z¢ is nonempty in view of w # 0. Hence we
have (Aez)Tw = 0 and (Aeze)Tv = 0. Since ZUZ® = {1,...,N}, ZNZI¢ = (), and
N > 2m — 1, we must have either |Z| > m or |Z¢| > m. Consider the case in which
|Z| > m first. As (Aeze)Tv = 0, we see that v is orthogonal to R(Aezc). Since v € R™
is nonzero, we obtain rank(Aeze) < m. Thus it follows from the properties of A that
rank(Aez) = m, but this contradicts (Aez)?w = 0 for the nonzero w. Using a similar
argument, it can be shown that the case in which |Z¢| > m also yields a contradiction.
Consequently, @ is positive definite. By the implicit function theorem, there exists a
local C! function H such that v = H(A,y) and F(H(A,y),A,y) = 0 for all (A,y) in
a neighborhood of (A°,y°). Let v° := H(A®,y°). Using the chain rule, we have

JVF(VoaAOa y<>) 'VyH(Aoayo) + ‘]yF(Vov AO,ZJQ) =0.
—_— ——
=Q

Since J, F(v°, A°, y°) = —I, we have V,H(A® y°) = Q.

Observing that z} = h(alv) for each i = 1,..., N, we deduce via the property
of the function h in (4.1) that sgn(x}) = sgn(alv) for each i. Therefore, in order to
show that the zero set of z}(A4,y) has zero measure for each i = 1,..., N, it suffices
to show that the zero set of a] v(A, y) has zero measure for each i. It follows from the
previous development that for any (A4°,3°) € S, v = H(A,y) for a local C* function
H in a neighborhood of (A4°,4°). Hence, V,(al'v)(A% y°) = (a?)T - V,H(A,y°) =
(@) - Q~1, where Q := J,F(v°, A°,y°) is invertible. Since each af # 0, we have
Vy(al'v)(A®,y°) # 0 for each i = 1,...,N. In light of Lemma 3.3, the zero set of
alv(A,y) has zero measure for each i. Hence |[supp(z*(A,y))| = N for almost all
(A,y) € RN x Rm, 0

Combining Propositions 4.1 and 4.2, we obtain the following result for the gener-
alized basis pursuit.

THEOREM 4.3. Let p > 1 and N > 2m — 1. For almost all (A,y) € R™*N x R™,
the unique optimal solution 7, . to the BP, (2.1) satisfies [supp(z{, )| = N.

Motivated by Theorem 4.3, we present the following corollary for a certain fixed
measurement matrix A, whereas the measurement vector y varies. This result will be
used for Theorem 5.1 in section 5.

COROLLARY 4.4. Let p > 1 and N > 2m — 1. Let A be a fited m x N matrizc
such that any m x m submatriz of A is invertible. For almost all y € R™, the unique
optimal solution x to the BP, (2.1) satisfies |[supp(x;)| = N.

Proof. Consider p > 2 first. For any y € R™, let 2*(y) be the unique optimal
solution to the BP,, (2.1). It follows from a similar argument to that for Proposition 4.1
that for each i = 1,..., N, z} is a C! function of y on R™\ {0}, and that if 7 (y) = 0
for any y # 0, then the gradient V,z(y) # 0. By Lemma 3.3, |supp(z*(y))| = N
for almost all y € R™. When 1 < p < 2, we note that the given matrix A satisfies
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the required conditions on A in the set S introduced in the proof of Proposition 4.2,
since S defined in (3.1) is a proper subset of S as indicated at the end of the first
paragraph of the proof of Proposition 4.2. Therefore, by a similar argument to that for
Proposition 4.2, we have that for any y # 0, the gradient V 2} (y) # 0. Consequently,
the desired result follows. O

4.2. Least sparsity of the generalized ridge regression and generalized
elastic net with p > 1. We first establish the least sparsity of the generalized ridge
regression in (2.4) as follows.

THEOREM 4.5. Let p > 1, N > m, and A > 0. For almost all (A,y) € R™*N x
R™, the unique optimal solution a7, , to the RR, (2.4) satisfies |supp(z{, )| = N.

Proof. Recall that for any given (4,y) € R™*N xR™_ the unique optimal solution
7* to the RR,, (2.4) is described by the optimality condition AT (Ax* —y)+ AV f(z*) =
0, where A > 0 is a penalty parameter.

(i) p > 2. The p = 2 case is trivial by using 2* = (2AI + AT A)~1 ATy, and we thus
consider p > 2 as follows. Define the function F(x, A,y) := AV f(z) + AT (Az — ),
where Vf(z) = (g(z1),...,9(zn))T with g given in (4.1). Hence, the optimal solution
x*, as a function of (A,y), satisfies the equation F(z*, A,y) = 0. Obviously, F' is C*
and its Jacobian with respect to x is given by

J.F(z,A,y) = \D(z) + AT A,

where the diagonal matrix D(z) := diag(¢’(z1),...,¢' (xn)). Since each ¢'(x;) > 0,
we see that AD(z) + AT A is positive semidefinite for all A’s and z’s.

We show below that for any (A°,y°) in the set S defined in (3.1), the matrix
J.F(z°, A°,y°) is positive definite, where z° := z*(A®, y°®). For this purpose, de-
fine the index set J := {i|xf # 0}. Partition D® := D(z°) and A° as D°® =
diag(D1, D2) and A°® = [A; As), respectively, where Dy := diag(g'(x?))icse = 0,
Dy = diag(g'(x7))ics is positive definite, A, := A ;., and Ay := AZ,. It follows
from Proposition 3.1 that |7¢| < m —1 such that the columns of A; are linearly inde-
pendent. Suppose there exists a vector z € RY such that z7[AD® + (A°)T A°]z = 0.
Let u := z7c and v := z7. Since 2T [AD® + (A°)T A°]z > 2TAD®z = AT Dyv > 0 and
D is positive definite, we have v = 0. Hence, 2T [AD® + (A°)T A%z > 2T (A*)T A°2 =
|A°z]|3 = ||Aju|? > 0. Since the columns of A; are linearly independent, we have
u =0 and thus z = 0. Thus J,F(2°, A°,y°) = AD° + (A°)T A° is positive definite.

By the implicit function theorem, there are local C* functions G and Gy such
that o* = (2%, 2%.) = (G1(A,y),G2(A,y)) := G(A,y) and F(G(A,y),A,y) = 0 for
all (4,y) in a neighborhood of (A°,y°) € S. By the chain rule, we have

JLF %) |
where
J,F(2°, A% y°) = —(A°)T = —[4; As]T.
Let P be the inverse of J,F(z°, A°,y°), i.e.,
e {Pu Plz} B {)\D1+A1TA1 AT, 17
o Py Py o AgAl )\Dg + AgAQ

Since Dy = 0, we obtain Pi; AT Ay + PioAY Ay = 1. Further, since V,G1(A4°,9°) =
P AT + Py AT we have V,G1(A®,y°)- Ay = I. Therefore, each row of V,G1(A°, y°)
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is nonzero or equivalently the gradient of x(A,y) is nonzero at (A°, y°) for each i €
J¢. By virtue of Lemma 3.3, |supp(z* (A, y))| = N for almost all (4,y) € R™*N xR™.
(ii) 1 < p < 2. Let S be the set of all (A, y) € R™*N x R™ such that each column
of A is nonzero and ATy # 0. Obviously, S is open and its complement has zero
measure. Further, for any (A,y) € S, it follows from the optimality condition and
ATy # 0 that the unique optimal solution z* # 0.
Define the function

1+ h( A" taT (Az —y))
F(z,Ay) = : ;
TN + h()\fla]T\,(Aa: —v))

where h is defined in (4.1). For any (A,y) € R™*Y x R™ the unique optimal solution
x*, as a function of (4, y), satisfies F(z*, A, y) = 0. Further, F is C! and its Jacobian
with respect to x is

J.F(z,Ay) = T+ 271 T(x,A,y)AT A,

where the matrix I'(z, A, y) = diag(h' (A "Laf (Az — y)),..., V(A tak (Az — y))).

We show next that for any (A°,y°) € S, the matrix J,F(z°, A° 5°) is in-
vertible, where z° := z*(A4°,y°). Define the index set J := {i|z{ # 0}, as be-
fore. Since (A4°,y°) € S implies that 2° # 0, the set J is nonempty. Parti-
tion I'® := T'(x°, A%, y°) and A® as I'° = diag(l'y, I's) and A° = [A; Aj] respec-
tively, where T'; := diag(h’/(\"1(a?)T(A°2° — ¥°)))icge = O due to 1 < p < 2,
[y = diag(h/ (A" (a?)T (A%2° — y°)))ics is positive definite, af is the ith column
of A% Ay := A3 ;., and Ay := A7 ;. Therefore, we obtain

I 0

< < o\
(43) JoF @ ASY) =\ 1pAT A, T4 A-ToAT Ay

Since I'y is positive definite, we deduce that I +A"1T9A47 Ay =Ty (1"271 +A71AT Ay) is
invertible. Hence J, F(x°, A®, y°) is invertible. By the implicit function theorem, there
are local C! functions Gy and G such that 2* = (2%, 2%.) = (G1(4,y),G2(A,y)) =
G(A,y)and F(G(A,y), A,y) = 0 for all (A, y) in aneighborhood of (A°,y°) € R™*N x
R™. By the chain rule, we have

vyGl(Aoayo) . O A0 O\ Iy )\_IA{
Vng(Ao,yo) = JyF(x VA YS) = Ty /\—1A%“

In view of equation (4.3), I'; = 0, and the invertibility of J, F(x°, A®,y°), we obtain
VyGl(AO,yQ) =0 and VyGQ(AQ,yO) = (I + AilrgA%’Ag)ilrgAilAg.

Noting that zf = —h(A\ " tal (Az* — y)) for each i = 1,..., N, we deduce via
the property of the function h in (4.1) that sgn(x}) = sgn(al (y — Az*)) for each i.
Therefore, it suffices to show that the zero set of a] (y — Az*) has zero measure for
eachi=1,...,N. It follows from the previous development that for any (4°,y°) € S,
(x%e,2%) = (G1(A,y), G2(A, y)) in a neighborhood of (A°,y°) for local C'*! functions
G1 and Gs. For each i € J¢, define

ai(A,y) = a] (y—A-2*(A,)).

Then V, ¢;(A%y°) = (a3)T(I — Az - V,G2(A°,y°)). Note that by the Sherman-
Morrison—-Woodbury formula [20, section 3.8], we have

Ay - VyGo(A®,y°) = Ag(I + N 'ToAT Ag) TN 1AL = T — (I + N1 AT AT

JZEF(:EQ? A<>7y<>) : |: :| E RNXm.
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where we use the fact that I+ A~ A,T5 AT is invertible. Hence, for any (A°,y°) € S,
we deduce via a # 0 that V, ¢;(A°,y°) = (a?)T(I + A" AsT2AT)~1 #£ 0 for each
i € J¢ By Lemma 3.3, [supp(z*(4,y))| = N for almost all (4,y) € R™*N x R™. 0O

The next result pertains to the generalized elastic net (2.5).

THEOREM 4.6. Let p > 1, N > m, r > 1, and A\, 2 > 0. For almost all
(A, y) € RN x R™ the unique optimal solution fo g to the EN, (2.5) satisfies

jsupp(af,, )| = N

Proof. Recall that for any given (A, y) € R™*N x R™ the unique optimal solution
x* to the EN,, (2.5) is characterized by equation (3.2):

(4.4) AT(Az* —y) +p'rA - [z*][,77 - Vf(z") + 2 2" = 0,

where » > 1 and Aj, A2 > 0 are the penalty parameters.

(i) p > 2. Consider the open set S defined in (3.1). For any (A,y) € S, since
A has full row rank and y # 0, we have ATy # 0. Hence, it follows from (4.4) and
ATy # 0 that the unique optimal solution z* # 0 for any (A,y) € S.

Define the function F(z, A,y) := AT(Az —y) +p~'rAy - 2|77 - Vf(z) + 2X\p z,
where Vf(z) = (g(z1),...,9(xn))T. Hence, the optimal solution z*, as a function of
(A,y), satisfies the equation F(z*, A,y) = 0. Since | - ||, is C% on RY \ {0}, we see
that F is C* on the open set (RY \ {0}) x R™*N x R™_ and its Jacobian with respect
to z is given by

JoF (2, Ay) = AT A+ MH(||z|[) + 2221,

where H(]|z||};,) denotes the Hessian of [ - [}, at any nonzero x. Since r > 1, || - [}
is a convex function and its Hessian at any nonzero x must be positive semidefinite.
This shows that for any (A4°,y°) € S, J,F(z°, A% y°) is positive definite, where
x°® = 2*(A°,y°) # 0. Hence, there exists a local C'! function G such that z* = G(4,y)
with FI(G(A,y),A,y) =0 for all (A,y) in a neighborhood of (A°, y°).

For any given (A°,y°) € S, define the (nonempty) index set J := {i |y # 0}. Let
A(z) := diag(¢'(z1), ..., ¢ (zn)). Partition A® := A(2®) and A° as A® = diag(A1, A2)
and A° = [A; As], respectively, where A; := diag(¢'(?))iege, A2 := diag(q'(3))ics
is positive definite, Ay := A3 /., and A := A7 ;. Thus Ay =0 for p > 2, and Ay = 21

LIS

for p = 2. Using V(||z,) = (pll=[5~")~" - V(||z[5) for any 2 # 0, we have

r r r— r—p T
H(lzly) = ol - [A@) + T2 V@) (Vi@)"] v 0.
p plilly
Based on the partition given above, we have H(||x°[|;7?) = diag(H}, H2), where the
matrix Hs is positive semidefinite, and Hy = 0 for p > 2, and H; = r|z°||5~2 - I for
p = 2. Therefore, we obtain J, F(z°, A°,y°) = —(A°)T = —[4; A5]T, and

T T
sy [P L)
Let @ be the inverse of J, F(z°, A°,y°), i.e.,
Q= [Qn le] '
Qa1 Qa2
Hence, we have
(4.5) (QuAT + Q1247) Az + Q12(2X21 + A\ Ha) = 0.
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We claim that each row of Q11 AT 4+ Q1241 is nonzero. Suppose not, that is, sup-
pose instead that (Q11 AT + Q12414 = 0 for some i. Then it follows from (4.5) that
(Q12)ie(2A2I + A1 Ho) = 0. Since 2X21 4 A1 Ho is positive definite, we have (Q12):e = 0.
By (Q11 AT +Q12A471);6 = 0, we obtain (Q11)ie AT = 0. It follows from Proposition 3.1
that |7¢| < m — 1 such that the columns of A; are linearly independent. Hence, we
have (Q11)ie = 0 or equivalently @);e = 0 for some j. This contradicts the invert-
ibility of @, and thus completes the proof of the claim. Furthermore, let G1, G2
be local C' functions such that z* = (2%.,2%) = (G1(A4,y), G2(4,y)) for all (A,y)
in a neighborhood of (A°,4°) € S. By a similar argument as before, we see that
V,G1(A%, y°) = Q11 AT 4+ Q12A% . Therefore, we deduce that the gradient of x} (A, y)
at (A°,y°) is nonzero for each ¢ € J¢. In light of Lemma 3.3, |[supp(z*(4,y))| = N
for almost all (A,y) € R™*N x R™.

(ii) 1 < p < 2. Let S be the set defined in case (i) of Theorem 4.5, i.c., S is the set
of all (4,y) € R™*N 5 R™ such that each column of A is nonzero and 4Ty # 0. The
set S is open and its complement has zero measure. For any (A,y) € S, the unique
optimal solution x*, treated as a function of (A,y), is nonzero. By the optimality
condition (4.4) and the definition of the function h in (4.1), we see that z* satisfies
the following equation for any (A,y) € S:

I —+ h(wl)
(46) F(vaay) = =0,
N + h(wy)

where w; = pl|z|b~" [a] (Az —y) +2Xom;] /(rA1) for each i = 1,..., N. It is easy to
show that F is C! on (RY \ {0}) x R™*¥ x R™ and its Jacobian with respect to z is

ToF(,Ay) = T+ T, Ay) - {[A7(Az — ) + o] - [V(Jal}27)]"

+ llzllp " (AT A+ 2201) },

where the diagonal matrix T'(z, 4,y) = diag(h'(wl), .. .,h’(wN)) and V(||z||2~")
(p =)V @)/l [l=]5]- ~

We show next that J, F'(z°, A®,y°) is invertible for any (A°,y°) € S, where z° :=
x*(A®,y°). As before, define the (nonempty) index set J := {i|z{ # 0}. Partition
I := T'(z°, A°,y°) and A° as I'* = diag(l'1, I's) and A® = [A; As], respectively,
where I'; := diag(h/(w;))iege = 0, T'a := diag(h/(w;))ic 7 is positive definite, af is the
ith column of A°; Ay := AQ ., and Ay := A7 ;. Therefore, we obtain

L o <><>_I 0
W_Jaf:F(va7y)_|:* W227

where, by letting the vector b := (Vf(z°)),

., L T o o (p — T)bT olp—r( AT
W22 = I+ 'FQ’ [AQ (Agl'j y)+2>\2$J}'70 . +H’l} ||p (A2 A2+2>\QI) .
7“)\1 pHx ”;)
It follows from (4.4) that £ - [AT (Agx — y) + 2Xoa%] = —|z°|; P -b. Hence,
(47) T3t Wa =Dyl —— L 3.37 Pl (AT Ay + 2Xo1).
’ ° o plel rA ’
=U
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Clearly, when r > p > 1, the matrix I'y "Was is positive definite. In what follows, we
consider the case in which 2 > p > r > 1. Let the vector b := (sgn(z?) - |23[P " )ics
so that b = p-b. In view of (4.6), we have w; = h™1(—x?) = p - sgn(—z;)|x|P~! for

each i. Using the formula for A'(-) given below (4.1), we obtain that for each i € 7,

. 2-p
TR 17 o S (11 ) R
wi = = = .
(pfl).pﬁ (p71)~pﬁ (p—1)-p

This implies that T'; ' = p(p—1)D, where the diagonal matrix D := diag(|z¢|P~2);cs.
Clearly, D is positive definite. We thus have, viap—1>p—1 > 0,

_ rT—p = =p p—r b-bl b- bl
U =T+ b =p<p—1>(D— - = pp—1) (D- 7).
2 plellp p=1 =3 [ F

where = denotes the positive semidefinite order. Since the diagonal matrix D is
positive definite, we further have

_beo” _ pi/2 I_D_1/2b'bTD_1/2 py2 — pi2(r_ u-u” Dl/?
[Ed]7 [Ed]7 ull3 7

where u := D7V2 . b = (sgn(z?)|2¢|P/?);es such that ||[ul|3 = |lz|E. Since I —
w-u”/||ul]3 is positive semidefinite, so is D — b - b"/||lz[[5. This shows that U in
(4.7) is positive semidefinite. Since the last term on the right-hand side of (4.7) is
positive definite, I's YW,y is positive definite. Therefore, Wasy is invertible, and so is
W for all 1 < p < 2 and r > 1. By the implicit function theorem, there are local
C! functions Gy and Gy such that 2* = (2%, 2%.) = (G1(4,y),G2(A,y)) == G(A,y)
and F(G(A,y),A,y) = 0 for all (A,y) in a neighborhood of (A°,y°) € R™*N x R™.

Moreover, we have
V,G1(A°,y°)
<& <& AN Yy I — _ < <& <
J. F(z°, A%, y°) {Vng(Aﬂyo) Jy F(x°, A%, y°)

pll=?llp™" [Ty AT N
— P R ><m.
A1 Ty A7 <

In view of the invertibility of J, F(x®, A°,y°) and T'; = 0, we obtain

O ,0) — o 0\ p”ong_T -1 T
V,G1(A%,y°) =0, VyGa(A%y°) = v Wio T2 A; .
Since zf = —h(w;) for each i« = 1,..., N, where w; is defined below (4.6), we

deduce via the positivity of ||z||, and the property of the function h in (4.1) that
sgn(z}) = sgn(al (y — Az*) — 2X9x}) for each i. For each i € J¢, define

ai(Ay) = a] (y—A-2*(4,y)) — 22z} (4, ).

In what follows, we show that for each i € J¢, the gradient of ¢;(4,y) at (A®,y°) 65
is nonzero. It follows from the previous development that for any (A°,y°) € S,
(2%, 2%) = (G1(A,y),G2(A, y)) in a neighborhood of (A°,y°) for local C'*! functions
G1 and Go. Using V,G1(A°,y°) =0, we have

Vy ai(A%,y°) = ()" (I = Az - V,Ga(A%, 7).
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Letting o := p[|z°[|P~"/rA; > 0 and by (4.7), we have

A2 . VyGQ(AO, y<>) = aA2W2_21F2Ag = OZAQ(F2_1W22)71A%1
aAs[U + (AT Ay + 2X01)] " AT

Since U is positive semidefinite and AL A, 4 2)\o1 is positive definite, we have
As (AT Ay +2X001) AT = @Ay [U + a(AT Ay +2001)] AT = 0.

Since each eigenvalue of Ay(A% Ag +2Xo1) 71 AT is strictly less than one, we conclude
that Ay - V,G2(A®,y°) is positive semidefinite and each of its eigenvalues is strictly
less than one. Therefore, I — Ay - V,,G2(A°, y°) is invertible. Since each af # 0, we
have V,, ¢;(A°,y°) # 0 for each ¢ € J°. In view of Lemma 3.3, |supp(z*(4,y))| = N
for almost all (A,y) € R™*N x R™, d

4.3. Least sparsity of the generalized basis pursuit denoising with p > 1.
We consider the case in which p > 2 first.

PROPOSITION 4.7. Let p > 2 and N > m. For almost all (A,y) € R™*N x R™
with y # 0, if 0 < & < ||yll2, then the unique optimal solution (4, to the BPDN,

(2.2) satisfies [supp(z{, )| = N.

Proof. Consider the set S defined in (3.1). It follows from the proof for case (ii) in
Proposition 3.1 that for any given (A,y) € S and any € > 0 with € < ||y||2, the unique
optimal solution x* satisfies the optimality conditions V f(z*) + 2uA” (Az* —y) =0
for a unique positive u, and ||Az* — y||3 = 2. Hence, (z*, 1) € RV*! is a function of
(A,y) on S and satisfies the following equation:

g(z1) +2paf (Az —y)

F('ruuﬂAay) = : = 0.
g(zn) + 2ua (Az —y)

Az — yli3 - 2

Clearly, F : RN x R x R™*N x R™ — R¥*1 is C! and its Jacobian with respect to
(z,p) is given by

Mz A) 247 (Az — )
J(z,,u)F('ra,u/7A7 y) = 2(A$ _ y)TA 0 ’

where M (z, 1, A) := A(x) +2pAT A, and A(x) := diag(¢'(21), ..., 9 (zn)) is diagonal
and positive semidefinite. Given (A°,y°) € S, define z° = 2*(4°,¢°) and p°® :=
w(A®,y°) > 0. We claim that J, ,)F(z°, u®, A, y°) is invertible for any (A°®,y°) € S.
To show it, define the index set J := {i|x{ # 0}. Note that J is nonempty by
virtue of Proposition 3.1. Partition A°® := A(z°) and A as A® = diag(A1, A2) and
A°® = [A; Ay, respectively, where A; = diag(¢'(x?))icge, A2 := diag(¢'(z9))ics
is positive definite, A; := A%, and Ay = A%;. Hence, AT (A%2° —y°) = 0,
Ay = 0 for p > 2, and A° = diag(A1, As) = 21 for p = 2. Tt follows from a
similar argument to that for case (i) in Theorem 4.5 that M° := M(z°, u®, A®) is
positive definite. Moreover, it has been shown in the proof of Proposition 3.1 that
b= 2(A°)T(A°2° — y°) € RY is nonzero. Hence, for any z = [21; 20] € RV with
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z1 € RN and 7 € R, we have
Me b
@ F (a1 A y%)z = |:bT 0} (2) =0 = M°2 +bz=0,0"2=0
= T (M°) bz = 0,

This implies that zo = 0 and further z; = 0. Therefore, J(, ,)F(2°, u°, A% y°) is
invertible. By the implicit function theorem, there are local C'! functions G, G2, H
such that o* = (a%.,2%) = (G1(A,y),Ga(A,y)) = G(A,y), p = H(A,y), and

F(G(A,y),H(A,y),A,y) = 0 for all (4,y) in a neighborhood of (A4°,y°). By the
chain rule, we have

V,G1(A%,y°)

J(LM)F(J;Ov,anAQayO) : vyGQ(onyo) = _JyF(zo7/~‘L(>aA<>7yo)
7 VyH(A®,y°)
2u°A?
=| 2weAT |,
2(A<>$<> _ yo)T
where
A+ QMOA?Al 2/LOA{A2 2AlT(A‘>x<> —y°)
V= 2/,L°A2TA1 Ao+ 2,u°A2TA2 2142T(A°x<> —y°)
2(A%° —y*)TA; 2(A4°2° —y°)T Ay 0

Let P be the inverse of V' given by the symmetric matrix

Py Py Pi3
P= Plg P22 P23
qu;) Pg;) Ps3

Consider p > 2 first. In this case, A; = 0 such that P;;2u°AT Ay + P 2u° AT Ay +
Pi32(A°2° — y*)T Ay = I,,,. Since

VyG1(A°,y°) = —[Pn Py P13] ‘JyF(fﬂoaﬂoaAoayo)
= P1i2u®A] + P 2u° A7 + Py 2(A°2° — )7,

we have V,G1(A°,y°) - A1 = I, We then consider p = 2. In this case, letting B :=
V,G1(A°, y°) = Pi12u° AT 4+ Pro 2p° AL + Py3 2(A°2° —y°)T and using diag(A1, Ao) =
21, we have 2P;; + BA; = I and 2Pj5 + BAs = 0. Suppose, by contradiction, that
the ith row of B is zero, i.e., Bjy = 0. Then (Pi1);e = €l /2 and (Pi2)ie = 0,
where e; denotes the ith column of I. Substituting these results into B and using
AT(A°2° — y°) = 0, we have 0 = Bjo(A°2° — y°) = 2u°(P11)ie AT (A%2° — ¢°) +
2(Pi3)i||A°2® — y°|I3 = 2(P13)il|A°2® — y°||3, which implies that the real number
(P13); = 0 as A°z°—y° # 0. In view of the symmetry of P, V = P~ and A; = 2I, we
have (21 +2u° AT Ay);; = 2, which yields (A;)s; = 0, a contradiction. Therefore, each
row of V,G1(A®,y°) is nonzero. Consequently, by Lemma 3.3, |supp(z*(4,y))| = N
for almost all (A,y) € R™*N x R™, |

In what follows, we consider the case in which 1 < p < 2.

PROPOSITION 4.8. Let1 < p <2 and N > m. For almost all (A, y) € R™*N xR™
with y £ 0, if 0 < € < ||y|l2, then the unique optimal solution (4, to the BPDN,

(2.2) satisfies [supp(z{, )| = N.
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Proof. Let S be the set of all (A,y) € R™*N x R™ such that each column of A
is nonzero and y # 0. Obviously, S is open in R™*Y x R™ and its complement has
zero measure. For any (A,y) € S and any positive ¢ with & < [|y||2, it follows from
the proof for case (ii) in Proposition 3.1 that the unique optimal solution 2* # 0 with
a unique positive . Further, (z*, 1) € RNV+! satisfies the following equation:

z1 + h(2paf (Az — y))

F(.’E,/J,,A, y) = = 07

an + h(2pal; (Az —y))
4z — yl}3 — &2

where h is defined in (4.1). Hence, F : RY x R x R™*N x R™ — RN¥+1 is C1 and its
Jacobian with respect to (z, ) is given by

Viz,p,Ayy)  20(z,p, A, y)AT (Az — y)

RN+ X(N+1)
2(Az —y)TA 0 € ’

J(m,u)F('xa Iz Aa y) =

where T'(z,u, A, y) := diag(h' (2uat (Azx — y)),...,h' (2uak (Az — y))) € RV*N | and
Vi(z,p, Ayy) =1 +T(x, 1, A y) 2uAT A.

We use the same notation z° and p° as before. For any (A°,y°) € R™*N x R™,
define the index set J := {i|x{ # 0}. Note that J is nonempty as ||y||2 > €. Partition
I :=T(x°% p°, A%, y°) and A° as I'* = diag(T'1, I'2) and A® = [A; As], respectively,
where

Iy o= diag(h (2u°(a9)" (A°2° — °)))iege = 0,
Ty = diag(h'(21°(a?)" (4°2° — y°)))ies

is positive definite, Ay := Ag 7., and Ay := A ;. Therefore, using the fact that I'y = 0
and I'y is positive definite, we obtain

J(z,/L)F(xoa ,U/Ov AO? y<>)

I 0 0
(48) = 2,LLOF2A§A1 I+ ZﬂQFQAgAQ QFQAg(AOIO — yo)
2(A%° —y*)TA; 2(A°2° —y°)T Ay 0

As Ty is positive definite, the lower diagonal block in J, ) F(z°, u®, A®,3°) becomes

{ I+2u°ToAT Ay 205 AT (A%2® — y°)}

2(A%z° — y*)T Ay 0
(4.9) _[Te 0] [Tt +2u°AT Ay 247 (A% —y°)
’ L0 T [2(A4%2° — y°)T Ay 0 )
=Q

Clearly, I‘gl +2u° AT A, is positive definite. Further, since z® > 0 and ¢ # 0 Vi € 7,
we have Al'(A°r® — y°) # 0. Hence, by a similar argument to that for Proposi-
tion 4.7, we see that the matrix @Q is invertible such that J, ,\F'(2°, u°, A% y°) is
invertible. By the implicit function theorem, there are local C'! functions G, Ga, H
such that z* = (2%.,7%) = (G1(4,y),G2(4,y)) = G(A,y), p = H(A,y), and
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F(G(A,y),H(A,y),A,y) = 0 for all (A,y) in a neighborhood of (A°,y°). By the
chain rule, we obtain

V,G1(A%, y°) 0
J(w,u)F(xoa ,uovA<>7y<>)' vyGZ(AO7yO) = *JyF(IO, ‘LL<>7A<>’y<>) = Iy 2M0Ag ’
VyH(AO,yO) Q(ono _ y<>>T

where we use the fact that 'y = 0. In view of (4.8) and the above results, we have
V,G1(A°,y°) =0, and we deduce via (4.9) that

(4.10)
V,Ga(A%y°)\ _ [T3'+2p°AT Ay 24T (A%° —y)] 7" [ 2ucA]
VyH (A% y?) 2(A%° — y°)T A 0 2(A%° — )T )

where A°z° — y° # 0 because otherwise ||A°x® — y°||3 — 2 # 0.

For eachi € J¢, let q;(A,y) := al (y—A-2*(A,y)). It follows from sgn(x} (A, y)) =
sgn(g;(A,y)) and the previous argument that it suffices to show that V,, ¢;(A°,y°) # 0
for each i € J¢, where V, ¢;(A%,y°) = (a?)T(I — Ay - V, G2(A°,y°)). Toward this
end, we see, by using (a)” (A°z° —y°) =0 Vi € J¢ and (4.10), that for each i € J¢,

as T 5 o 0
(a;‘))TAQVyG2(AQayO) = ( 1) [2#0143 Q(Aowo_yo)] . <VyG (A Y ))

2p° VyH(A®,y°)
_ (a;?)T o AS © 0 o Fz_l + 2M0A5A2 QAg(AOxO -v°) -
- 2° [QM A3 2(A%2° —y )} ’ 2(A°z° —yO)TAQ 0
. 2u° AT
2(A%2° — )T |

Define

Ffl
di= A%~y £0, C o= | VU@ Ay, \[E-d], D= | 2l
" 0 —sldlz

It is easy to verify that

{FQI +2u°AT Ay 24T (A%2° — )

2(A°%z° — )T Ay 0 } =D+07C.

Therefore, we obtain

2

(a9)T (I — Ay - VG (A%, y%)) = (af)T — (af)TC(D +CTC)CT.

Recall that J is nonempty such that Ay exists and AZd # 0. Since AsT'2AZ" and
I —dd"/||d||3 are both positive semidefinite and N(I — dd*/||d||3) = span{d}, it is
easy to see that N(A2T'9AT) NN (I — dd?/||d||3) = {0}. Hence, the following matrix
is positive definite:

dd”

I+CD'CT = 2u° AT AT + 1 — TR
2

By the Sherman—-Morrison-Woodbury formula [20, section 3.8], we have

cp+cTey et =1-(I+cCcp ety
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Consequently, for any (A°,y°) € S, in view of ay # 0 Vi, we deduce that for each
1€ J°,

Vyai(A° %) = (a§)" (I — Az - VyGa(A°,y°)) = (af)" — (af)"C(D+CTC)~'CT
= (a2)T(I+CD'CT)! £ 0.

By Lemma 3.3, the zero set of x}(A,y) has zero measure for each ¢« = 1,...,N.
Therefore, |supp(z*(4,y))| = N for almost all (A, y) € R™*N x R™. O

Putting Propositions 4.7 and 4.8 together, we obtain the following result.

THEOREM 4.9. Let p > 1 and N > m. For almost all (A,y) € R™*N x R™ with
y#0, if 0 < e < |yll2, then the unique optimal solution (4, to the BPDN, (2.2)

satisfies [supp(z{, )| = N.

Next, we extend the above result to the optimization problem (2.3) pertaining to
another version of the generalized basis pursuit denoising under a suitable assumption
on 7. Since its proof follows an argument similar to that for Theorem 4.9, we will be
concise with regard to the overlapping parts.

THEOREM 4.10. Letp > 1 and N > m. For almost all (A,y) € R™*N x R™ with
y € R(A), if 0 <n <minag—y ||z, then the unique optimal solution x7, ., to (2.3)
satisfies [supp(z{, )| = N.

Proof. We consider the following two cases: (i) p > 2 and (ii) 1 < p < 2.

(i) p > 2. Consider the set S defined in (3.1). Clearly, A has full row rank and
y € R(A) for any (A,y) € S. It follows from Proposition 3.2 that the optimal solution
z* is unique and the associated unique Lagrange multiplier p is positive. Define
i:=1/p > 0. Hence, (z*, 1) is a function of (A4,y) on S and satisfies the following
equation obtained from (3.3):

g9(z1) + pai (Az —y)

F(z,m, Ay) = = = 0.
g(xn) + frag (Az —y)

flx) —nP

Clearly, F : RN x R x R™*N x R™ — RN+ is O and its Jacobian with respect to
(2, 1) is
~ M(z, i, A) AT (Az —y)
J(w,ﬁ)F(xhuvA)y) = (vf(x))T 0 )

where M (x,pu, A) := A(z) + pAT A, and A(x) := diag(¢'(z1),...,9'(zn)) is diago-
nal and positive semidefinite. For any (A®,4°) € S, we use the same notation z°,
e, J, A° = diag(Aq,A2), and A® = [A; As] as before, where Ay = 0 for p > 2,
and diag(Ai,As) = 21 for p = 2. In light of N > m and the second statement
of Proposition 3.2, we have [supp(z®)] > N —m + 1 > 1 such that the index set
J is nonempty. It follows from (3.3) that Vf(z°) + i - (A°)T(A°z° — y°) = 0.
Further, Vf(z°) # 0 and (A°)T(A°2° — y°) # 0. Therefore, using a similar argu-
ment to that for Proposition 4.7, we deduce that J, z)F(z°, i°, A®,3°) is invertible
for any (A°,y°) € S. By the implicit function theorem, there are local C! functions
G1, G2, H such that 2* = (z%.,27%) = (G1(4,y),G2(A,y)) == G(A,y), p = H(A,y),
and F(G(A,y),H(A,y),A,y) =0 for all (4,y) in a neighborhood of (A4°,y°). By the
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chain rule, we have

VyG1(A%,y°) e AT
J(x,ﬁ)F(xovﬁoaAo7yo) : vyG2(A<>7yO) = _JyF($o7ﬁoaAoayo) = ﬁOAg
VyH(A y°) 0

Since Vf(2°) = —pu° - (A°)T(A%2° — y°) and g(x?) = 0 Vi € J¢, it follows that we
have AT(A°z° —y°) =0, and

A+ AT A, AT A, 0
JomFao i A%y = | BoATA, M+ peald,
0 _ﬁo(Aozo _ yo)TA2 0
Let
Py P Pi3
P= Py P Py
P31 Py Ps3

be the inverse of the above Jacobian. We consider p > 2 first. In this case, A; = 0 such
that PllﬁoA{Al + P12 ﬁoAgAl = Im. Since B := VyGl(A°,y°) = —[PH P12 PL;] .
J F (2, p1°, A°, y°) = Piup® Al + Pio i° AL, we have V,G1(A°,y°) - Ay = I,,. This
shows that each row of V,G1(A°, y°) is nonzero. We next consider p = 2, where
diag(A1, Ag) = 21. Hence,

2P, + BA; =1 and 2Pj5+ BAy — i°Pi3(A%z° —y°)T Ay = 0.
Suppose, by contradiction, that the ith row of B is zero, i.e., B;s = 0. Then
(Pi)ie=e] /2 and (Piz)ie = (B°(P13)i)/2 - (A%2° — y°)T As.
Using Bie = 1°[(P11)ie AT + (P12)ie AT], we have
0= Bja(A%2° — y°) = B°[(Pu1)in AT (A% = y°) + (5°(Pr3)i) /2 - || A7 (A°2° — y°)[13].

Since AT(A°2° —y°) = 0 and AL (A°2° — y°) # 0, we have (P3); = 0, which
leads to (Pi2)ie = 0. Following a similar argument to that for Proposition 4.7, we
obtain (A1)e; = 0, and this yields a contradiction. Thus each row of V,G1 (A%, y°) is
nonzero. Consequently, we deduce that |supp(z*(4,y))| = N for almost all (A4,y) €
Rme x R™.

(i) 1 < p < 2. Let S be the set of (4,y) € R™*N x R™ with N > m such that
y # 0, each column of A is nonzero, and A has full row rank. Hence, y € R(A) for any
(A4,y) € S. By Proposition 3.2, we see that (2.3) attains a unique optimal solution
z* and a unique Lagrange multiplier u > 0 for any (A,y) € S. Define w:=1/u>0.
Hence, (z*, 1), as a function of (A4,y) on S, satisfies the following equation:

1 + h(fiaf (Az — y))

F(m7lJ” A7y) = = 0'

an + h(fiay (Az —y))
flx) —nP
Here F : RY x R x R™*N x R™ — RN+ is C1 and its Jacobian with respect to (z, i)
is given by
V(xﬁjuAay) F($7ﬁ7A7y)AT(A$ - y)
(Vf(@)" 0

J(m,ﬁ)F(I,ﬁ,A,y) = c ]R(Nﬂ)x(NH)7
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where T'(z, 1, A,y) = diag(h' (paf (Az — y)),..., W (ak (Az — y))) € RV*N  and
V(x, i, Ayy) = I+T(z, 1, A, y) AT A. Using the same notation introduced in Propo-
sition 4.8, we deduce that for any (A°,y°) € 5,

1 0 0
J(xﬁ)F(:L'o, ﬁo, Ao, y<>) = |(x I + ﬁOFQAgAQ FgA%(AOxO — yo) s
* vl 0
where the column vector v := (g(z¢))ics. Note that the index set J is nonempty

since y # 0 and A has full row rank such that ATy # 0. In view of (3.3), we have v =
—n°AY (A°x® —y°), where i° > 0. This result, along with a similar argument to that
for (4.9), shows that J, 5 F(z°, 1°, A®,y°) is invertible. Therefore, there are local Ct
functions G, Go, H such that 2* = (2%., %) = (G1(4,y),G2(A,y)) := G(A,y),
= H(A,y), and F(G(A,y),H(A,y),A,y) = 0 for all (A,y) in a neighborhood of
(A°,y°). Moreover,

i V.G (4°. ) i 0
J(m,ﬁ)F(‘TovMoaAoayo) : vyGQ(AO’yO) = _JyF(xoaMo7Ao7yo) = |2 uOA%’ )
VyH(A®, y°) 0

where the fact that I'; = 0 is used. Therefore, we have V,G1(A°,y°) =0, and

V,Ca(A%y°)) _ [T5' + AT Ay AT(A%00 — )] (@0AS
V H(A ) ) T [(A°2° — y°)T Ay 0 0o )

In what follows, define b := AT (A%2® — y°) # 0 and M := I';' + i AT Ay, which is
positive definite.

For each i € J¢, define ¢;(A,y) := (a$)T (y— A-2*(A,y)). It suffices to show that
Vy qi(A°,y°) # 0 for each i € J¢, where V,, ¢;(A°,y°) = (a?)T (I—A2-V, G2(A°,y°)).
Direct calculations show that

-1 ~,
M b °AY
I— Ay V,Ga(A%,y°) =1 — [As O].[bT 0} -<”02>
M
bTM~1h

Ao M~ 1T M—1 AT
~. T —1~ T ~. 2 2
>u°A2 =1—AM "1°A; +1° =15 .

=T~ AM (T
By the definition of M and the Sherman—Morrison-Woodbury formula [20, section
3.8], we have I — Ao M~ i° AT = (I+71°AaT2AT) 1, which is positive definite. Hence,
I—A;-V,Gy(A° y°) is positive definite and thus invertible. Since aj # 0, we have
V4 qi(A°,y°) # 0 for each i € J°. Consequently, [supp(z*(A4,y))| = N for almost all
(A, y) € R™*N x R™, O

5. Extensions and comparison. This section extends the least sparsity results
to constrained measurement vectors for p > 1, and compares these results with those
from ¢, minimization for 0 < p < 1; the complex setting is also considered.

5.1. Extensions to constrained measurement vectors and the noisy
case. In the previous sections, we consider general measurement vectors in R™. How-
ever, in many applications, such as compressed sensing, a measurement vector y is
restricted to a proper subspace of R(A), to which the results in section 4 are not
applicable since this subspace may have dimension less than m so that it has zero
measure in R™. In what follows, we extend the least sparsity results in section 4
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to this scenario. For simplicity, we consider the generalized basis pursuit BP, (2.1)
with p > 1 only, although its result can be extended to the other problems, e.g.,
the BPDN,,, RR,, and EN,,; see Remark 5.2 for discussions on the generalized ridge
regression.

THEOREM 5.1. Letp >1, N >2m—1, andZ C {1,...,N} be a nonempty index
set. Then there exists a set Sy C R™*N whose complement has zero measure such
that for each fized A € Sa, the unique optimal solution x* to the BP, (2.1) satisfies
|[supp(z*)| = N for almost all y € R(Aez).

Proof. For the given p > 1, Nym € N with N > 2m — 1, and the index set Z,
we consider two cases: (i) |Z| > m and (ii) |Z] < m. For the first case, let S4 be
the set of all A € R™*N such that any m x m submatrix of A is invertible. Clearly,
the complement of S4 has zero measure in the space R™*¥. Further, since |Z| > m,
R(Aez) = R™ for any A € S4. Hence, by Corollary 4.4, the desired result follows.

We then consider the second case, where |Z| < m. Define r := |Z| and let S,
be the set of all A € R™*N satisfying the following condition: for any index set J
with |J| = 7, the r x r matrix (Aez)T - Aes is invertible. Note that for any index
set J with |J| = 7, det((Aez)” Aey) = 0 gives rise to a polynomial equation of the
elements of A. Hence, we deduce that the complement of S4 has zero measure in
R™*N  Further, for any A € S4, the columns of A,7 must be linearly independent.
Therefore, for any y € R(Asz), there exists a unique z, € R” such that Aez -z, = .
This shows that Az =y in the BP, (2.1) can be equivalently written as
-1

[(Aer)T Auz]

Define the r x N matrix g i= [(Aez)"T Aez] ' (Aez)T A for cach A € Sa. Tt follows
from the property of A € Sa that any r x r submatrix of A is invertible. Hence, for
any A € S4 and any y € R(A.z), the original BP, (2.1) is converted to the following
equivalent optimization problem: for a given z € R",

. (A.I)T . Ax = Zy.

(5.1) min ||z]l, subject to Az = z.
z€RN

For a fixed A obtained from a given A € §A, by applying Corollary 4.4 to (5.1), we
deduce that |supp(z*(z))| = N for almost all z € R". Since A4z has full column rank,
the same conclusion holds for almost all y € R(Aez). O

The following corollary can be easily established with the aid of Theorem 5.1 and
the extension of Proposition 3.1 to (5.1); its proof is thus omitted.

COROLLARY 5.2. Letp>1, N>2m —1, and 1 < s < N. The following hold:

(i) There exists a set Sy4 C R™*N whose complement has zero measure such that
for each fixed A € Sy and any index set T with |Z| < s, the unique optimal
solution x* to the BP, (2.1) satisfies [supp(z*)| > N —m+1 for any nonzero
S R(A.I) R

(ii) There exists a set Sy C R™N whose complement has zero measure such
that for each fized A € Sa and any index set T with |Z| < s, the unique
optimal solution x* to the BP, (2.1) satisfies |[supp(z*)| = N for almost all
AS R(A.I)

Remark 5.1. The least sparsity results can be extended to the case in which mea-
surement vectors are polluted by noise or errors. Specifically, consider the measure-
ment vector y = w + e, where w € R(A) and e € R™ denotes noise or an error. It
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follows from Corollary 4.4 that for a given A € R™*¥ satisfying a suitable condition
stated in Corollary 4.4 and any given w € R(A), the optimal solution szvy) to the
BP, (2.1) has full support for almost all e € R™. For comparison, see relevant re-
sults on robust sparse recovery using ¢;-norm based basis pursuit denoising [3] and
¢,-minimization with 0 < p < 1 [23, 28].

5.2. Comparison with p-norm based optimization with 0 < p < 1.
For a given sparsity level s with 1 < s < N (especially s < N), we call a vector
x € RY s-sparse if [supp(z)| < s. Furthermore, we say that a measurement vector
y is generated by an s-sparse vector if there is an s-sparse vector such that y = Ax.
Using these terminologies, we see that Corollary 5.2 states that when p > 1, for almost
all A € R™N with N > max(m, s) and almost all y generated by s-sparse vectors,
the optimal solution z* to the BP, (2.1) is far from sparse, i.e., |[supp(z*)| > s.
Equivalently, it means that when p > 1, the BP,, (2.1) might recover a sparse vector
x from y = Az only for a set of A’s of zero measure in R™*" | no matter how large N
and m are. Moreover, an arbitrarily small perturbation to a measurement matrix A
in this zero measure set will lead to a least sparse solution. This shows the extremely
weak robustness of the BP,, (2.1) with p > 1 in terms of solution sparsity.

For comparison, it is interesting to ask what happens to the BP, (2.1) when
0 < p < 1. We show below that when 0 < p < 1, there exists a nonzero measure set
of A’s such that the BP, (2.1) recovers any sparse vector x from y = Az. This result
also demonstrates the strong robustness of the BP, (2.1) for 0 < p < 1. Toward this
end, recall that an m x N matrix A satisfies the restricted isometry property (RIP) of
order k if there is a constant 03, € (0,1) such that (1—3dx)||z[|3 < ||Az||3 < (1+8)||=||3
for all k-sparse vectors z € RV,

PROPOSITION 5.3. Fiz p € (0,1], v € (0,1), and s € N. Suppose m = [yN].
Then for all N sufficiently large, there exists an open set Uy C R™*N such that for
any A € Uy and any index set T with |Z| < s, the optimal solution x* to the BP,
(2.1) satisfies |supp(a*)| = |Z| for all y € R(Aez).

Proof. Consider p = 1 first, which corresponds to the ¢;-optimization based basis
pursuit [14]. For the given constants v € (0, 1), the sparsity level s, and d35 € (0,1/3),
it is known via a random matrix argument that for all N sufficiently large with s < m,
there exists a matrix A° € R™*¥ which satisfies the RIP of order 3s with constant
d35(A°) < 1/3 [1, 4]. Hence, the BP, (2.1) recovers any s-sparse vector = exactly
from y = A°zx [14, Theorem 6.9] or [4]. Furthermore, in view of ||| Az|2 — ||4°z]2] <
[|[A—A®||2-||z||2 for any A and z, we see that there exists n > 0 such that d3s(A4) < 1/3
for all A’s with ||A— A°||; < 7. Let the open set Uy := {4 € R™*N | ||[A— A°||y < n}.
This shows that for any A € Uy, every s-sparse vector x can be recovered from y = Az
via the BP,, (2.1). Finally, when 0 < p < 1, it follows from [14, Theorem 4.10] that
for any A € Uga, the BP, (2.1) recovers any s-sparse vector = from y = Ax. O

Remark 5.2. We consider the generalized ridge regression RR,, (2.4) and compare
the sparsity property for p > 1 with that for 0 < p < 1. It is shown in [9, Theorem
2.1(2)] that when 0 < p < 1, for any A € R™*¥ 4 € R™ and A > 0, any (lo-
cal/global) optimal solution z* to the RR,, (2.4) satisfies [supp(z*)| < m. In contrast,
Theorem 4.5 shows that when p > 1, an optimal solution z* to (2.4) has full support,
i.e., [supp(z*)| = N, for almost all A and y.

5.3. Extension to complex measurement matrices and vectors. This sub-
section extends the previous results for the real setting to the complex setting, i.e.,
(A,y) € C™*N x C™. In the latter setting, each of the problems BP, (2.1), BPDN,,
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(2.2) and (2.3), RR,, (2.4), and EN,, (2.5) seeks a complex optimal solution z* € CV,
which is also unique under similar conditions to those stated in Propositions 2.1 and
3.2. Let ¢ denote the imaginary unit. For a complex matrix A = Ag +124; € CmxN
with Ag, A; € R™*N  define the real matrix A : [A1 2, AQN 1:2n] € R2mX2N
where (Ag) (D)
e o R)ek —\411)ek 2mx2 _
Agg—1:2k = (ADer  (AR)er eR Vk=1,...,N.

ey

Here (AR)er and (Ap)er denote the kth columns of Ag and Aj, respectively. For a
complex N-vector = u +w with u,v € R, define 7 := [¥1.0;...;Tan_1.2n] € RZY,
where Top, 1.1 := (up,vx)?T € R? for each k = 1,..., N. Similarly, we define § € R?™
for y € C™. Note that supp(z) = {k | Zox_1.21 7# 0} (but supp(x) # supp(z)). Based
on the definitions of A, 7 and y, the following facts can be easily established:
() |Az — yH2 = ||AZ — gHQ, and Az =y if and only if AT =7y,
(i) [lllp = Zk  lzelP = Zk ((uf )PP = Zk 1 [1Z2k—1:20][3; and
(iii) for an index subset Z C {1,..., N}, the columns of A,z are linearly inde-
pendent (over the complex ﬁeld (C) if and only if the columns of the matrix
[Agk 1.2k kez € R2m*2IZ] are linearly 1ndependent (over the real field R).
Let p > 1. Define the functions g : R? — R? and h:R? = R? as follows: for any
2= (21,22)T € R?,
(5.2)

_ p-llzlb 22 ifz#£0, 7 ||z|| 2 if 2 #£0
g9(z) == . h(z) = 1/(1’ 1) ’
) {0 irz2o, ") 0 if 2 =0.

These functions are analogous to those defined in (4.1) in the real setting. It is easy to
verify that h is the inverse function of g and that g and h are positively homogeneous of
degree p—1 and 1/(p—1), respectively. Letting f(Z) := Z]kvzl |Z2k—1:2x |5, where Z =
[51:2; . ;552N_1:2N}~€ RQN, we have Vf(&;) = [@.(3512)’ . ;§(f2N—1:2N)]- Additional
properties of g and h are given in the following lemma.

LEMMA 5.4. When p > 2, G is continuously differentiable on R?; when p > 2, its
Jacobian Jg(z) is positive definite at any z # 0, and Jg(0) = 0. When 1 <p <2, h
is continuously differentiable on R2; when 1 < p < 2, its Jacobian Jﬁ(z) 18 positive
definite at any z # 0, and Jh(0) =

Proof. When p = 2, J§(z) = 2 and Jh(z) = I/2 for all z € R2. A straightforward
but lengthy computation shows that (i) when p > 2, Jg(0) = 0, and for any z =

(217 22)T # 03

T S [ R DE i o B () EA T S O e st
Jg(z) =p- =[5 (p— 2)z122 24 (p—1)22 =p-llzllz 7 U diag(p—1,1)U,
where the orthogonal matrix

_ z1 —2Z9
v=lelt (272

and (i) when 1 < p < 2, Jh(0) = 0, and

2
- 1 2-p_o —Zl +22 2Pz 1
The) = — el TR TR o e U diag(—,1) U
pp—l P 13122 Zl+p I pp,
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for any z = (21,22)" # 0. It follows from the above results that Jg(z), Jh(z) are
positive definite at any z # 0, and g, h are continuously differentiable on R2. O

Define the following set in C™*N % C™ with N > m, which is analogous to the
set S defined in (3.1):
(5.3)

Sc = {(A,y) € C™*N xC™ | every m x m submatrix of A is invertible, and y # 0}.

In many important applications such as compressed sensing, a complex matrix A satis-
fying the condition specified in (5.3) can be obtained by uniformly at random choosing
from a square Fourier matrix of prime order [10] using row-repetition free Bernoulli
selectors or a random subset model [3]. The following result extends Proposition 3.1
to the complex setting.

PROPOSITION 5.5. Let p > 1. For any (A,y) € Sc, the following hold:

(i) The minimizer x* € CN of the BP, (2.1) satisfies |[supp(z*)| > N —m + 1.

(ii) If 0 < & < ||yll2, then the minimizer x* € CN of the BPDN, (2.2) satisfies
|supp(z*)| > N —m + 1.

(iii) For any r >0, Ay > 0, and Ay > 0, each nonzero minimizer x* € C of the
EN, (2.5) satisfies |supp(z*)| > N —m + 1.

(iv) For any A > 0, the minimizer z* € C of the RR, (2.4) satisfies [supp(z*)| >
N —-—m+1.

(v) If 0 < 1 < minagz—y ||z||p, then the unique minimizer x* of (2.3) satisfies
|[supp(z*)| > N —m + 1.

Proof. For each (A,y) € Sc, let (A,7) € R2mx2N R?™ be defined as be-

fore, where A = [A1.,...,Aon_1.2n]. Hence, § # 0, and [Aok_1.2k|kez is invert-
ible for any index set Z with |Z| = m. For any z € CN satisfying Az = v,
T = [T1.2;...;Tan—12n] € R?N satisfies A7 = § and supp(z) = {k | T2k—_1.0¢ # 0}

Recall that f(z) = 22]:1 [Zor—1:2ll5 = |lz[[5. We sketch the proofs for (i)~(v) as
follows.

(i) The vector z* € R*V associated with the unique nonzero minimizer r* € cN
of the BP,, (2.1) satisfies the KKT condition: V f(z*) — ATv = 0 and AZ* = y, where
v € R?™ is the Lagrange multiplier, and V f(Z*) = [§(Z}.5); ... ; 9(Tsn_1.0n)] With ¢
defined in (5.2). Suppose z* has at least m nonzero elements. Then there exists an
index set Z with |Z| = m such that x5, _, ., = 0 for each k € Z. By the properties of g,
we have g(Z5,_,.5;,) = 0 for all k € Z. Since [Asg—1.2k]kez is invertible, it follows from
the KKT condition that v = 0 so that V f(Z*) = 0. Therefore, 2* = 0 or equivalently
x* = 0, which is a contradiction.

(ii) Define (%) := ||AZ —7]|3 —¢2 for any 7 € R?" associated with z € CV. Hence,
0(%) = ||Az — y||3 — 2. By a similar argument to that for (ii) of Proposition 3.1, we
deduce that the vector z* € R?V associated with the unique nonzero minimizer z* €
C¥ of the BPDN,, (2.2) satisfies the KKT condition: V f(z*)+pxV6(z*) = 0 and 0 <
u L 0(z*) > 0, where the multiplier u > 0. It follows from V6(z*) = 2AT (Az* — 7))
and a similar argument to that for (ii) of Proposition 3.1 that [supp(z*)| > N —m+1.

(iii) For an arbitrary r > 0, we have [z, = [f(@)]"/?. Hence, the EN,, (2.5) is
equivalent to mingepen %Hgi — 713 + M [f@)]/? + X2||Z||3. For a nonzero minimizer
x*, its corresponding z* is also nonzero and satisfies the optimality condition:

AT(AZ* =) + M(r/p)[f @) PPV F(F) + 2007 = 0.
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Applying a similar argument to that for (iv) of Proposition 3.1 leads to |supp(z*)| >
N-m+1.

(iv), (v) These proofs are omitted as they resemble those for case (ii) and Propo-
sition 3.2, respectively. 0

THEOREM 5.6. Let p > 1. The following hold for almost all (A,y) € C™*N xC™.

(i) Let N > 2m — 1. The unique minimizer z* € CV of the BP, (2.1) satisfies
supp(z*)| = N

(ii) Let N > m and X\ > 0. The unique minimizer z* € CN of the RR, (2.4)
satisfies [supp(z*)| = N

(iii) Let N >m. Ify #0 and 0 < € < ||y|2, then the unique minimizer x* € CN
of the BPDN,, (2.2) satisfies [supp(z*)| = N

(iv) Let N > m, r > 1, and M1, o > 0. The unique minimizer z* € CN of the
EN, (2.5) satisfies |[supp(z*)| = N

(v) Let N > m. Ify € R(A) and 0 < 1 < minag—y ||z|/p, then the unique
minimizer x* € CN of (2.3) satisfies |supp(z*)| = N

Proof. Letting 3 € R?>™ be the unique correspondence of y € C™ defined before,
we define the set S := {(Agr, A1,9) | (Ar + 141,y) € Sc}. Clearly, S is open and its
complement has zero measure in lR’”XN x R™*N 5 R2™_ For any A = A +1A; given
from S¢, we write A(Ag, A1) as A to simplify notation when the context is clear. For
any (unique) minimizer z* € CV associated with (4,%) € Sc in each problem, let

T =Ak|a # 0} ={k|T3_1.0, #0} S{1,..., N},

and define 7 := {2k — 1,2k |k € J°}. Partition /Tgs A = [A; A,), where A, =
[Aok—1.2k)kege and Ag := [Aok_1.0k|kes. Note that A has full row rank and | J¢| <
m — 1 by Proposition 5.5. Hence, the columns of A,z are linearly independent, and
so are the columns of A;.

(i) Consider p > 2 first. For any (Agr,Arny) € S, (z*,v*) € R*N x R¥™ is
a unique solution to the equation F(Z,v, Ar,Ary) = [Vf(T) — ATv; AT — 3] =
0. Let A(z*) = diag(Jg(77.0), -, J9(@5N_1.on)) = diag(A1, Az), where Ay :
diag(Jg(T5,_1.01) ) kege = 0, Ao := diag(Jg(T5,_1.01) ) kes, and JG(Z3, _,.o;) is posi-
tive definite for any k € J. Using this result, we can show J ) F'(Z*,v*, AR, A1, Y)
is invertible and z* (AR, A1, 7) is a local C* function. Following a similar argument to
that for Proposition 4.1, it can be further shown that for any i € Z, V3 Z; (AR, A1,9)
is nonzero. This yields the desired result. S

Consider 1 < p < 2. In this case, T3, ;.. = h(AL _,,.v) for each k =

,N, where the multiplier v E Rzm satisfies the equation F(v, AR,AI,@

Zk 1A2k 1:2k ° h(Agk 12kV) - = 0. Then Q =17 F(l/ AR,AI,g) = A@AT
where © := diag(Jh(AL,v), .. Jh(AQN Lon?)), and A has full row rank. When
p =2, @ = I/2 so that Q is pomtlve definite. When 1 < p < 2, we have wT Quw =
S (AT ew)T - IR(AT, ) (AT w) for any w € R?™. By Lemma 5.4, the
property of S, and a similar argument for Proposition 4.2, we see that @ is positive
definite for 1 < p < 2. Since each column of A from the set Sc is nonzero, each column
of A is also nonzero. This, along with a similar argument for Proposition 4.2, shows
that VgAT (Ag, A1, 9) = ALQ7 1 # 0 for each i = 1,...,2N at any (Ag, Ar,7) € S.
In light of sgn(Z}) = sgn(AT v) for each i =1,...,2N, the desired result follows.

(ii) Consider p > 2. The vector z* € ]RQN associated with the unique minimizer
x* € CV satisfies the equation F(z,Ag, A1, y) == AVf(Z) + AT(A —73) = 0, where
J;F (%, Ar, AL 7) = AD(Z) + AT A, and D(%) is a block diagonal matrix. Partition
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D(z) = diag(D1, D) as before, where D; = 0, Dy is positive definite, and A; has
full column rank. Using these results and a similar argument to that for case (i) in
Theorem 4.5, we have that JzF(z*, Ag, A1,7) is positive definite and each row of
Vi @5 (AR, A1, ) is nonzero at any (Ar, Ar,y) € S. The case in which 1 < p < 2 can
be shown via a similar but lengthy computation and is thus omitted.

(iii) Consider p > 2 first. For any (AR, A1,7) € S, (%, u*) € RN x R is a unique
solution to the equation

F(Z,p, Ar, Ar, §) = [V (@) + 2uAT (AT - ); | AZ - 3|5 — ] = 0,

where p* > 0. It can be shown that Jz ) F(Z, u, Ar, A1, ¥) is invertible and each row
of V5 2% (Ag, A1, y) is nonzero at each (Ar, Ar,y) € S. When 1 < p < 2, it can be
shown via a similar argument to that for Proposition 4.8 that *(Ag, A1, ﬂ) is a local
C* function. Further, using AT (AZ* —7) = 0, AT (AZ* — 7)) # 0, and each A,; # 0, it
can be shown that for any i € Z, we have V3 ¢;(ARr, A1,7) # 0, where ¢;(Ar, A1,9) :=
AT ST = A-7*(A, 7). In light of sgn(Zf(Ar, 41,7)) = sgn(ql(AR,AI, y)) for each
i=1,...,2N, the desired result follows.

(iv), (v) These proofs are omitted as they are similar to those for Theorems 4.6
and 4.10, respectively. 0

The extension of Theorem 5.1 and Corollary 5.2 to the complex setting can be
made similarly.

6. Conclusions. This paper provides an in-depth study of sparse properties of
a wide range of p-norm based optimization problems with p > 1 generalized from
sparse optimization and other related areas. By applying optimization and matrix
analysis techniques, we show that optimal solutions to these generalized problems
are the least sparse for almost all measurement matrices and measurement vectors.
We also compare these problems with those when 0 < p < 1. This paper not only
gives a formal justification of the usage of £,-optimization with 0 < p < 1 for sparse
optimization but it also offers a quantitative characterization of the adverse sparse
properties of £,-optimization with p > 1. These results will shed light on analysis and
computation of general p-norm based optimization problems. Future research includes
the compressibility of ¢, minimization with p > 1 and extensions to matrix norm
based optimization problems. Our preliminary results show the poor compressibility
for p > 1; a further study of this property will be reported in a future work.

7. Appendix. We show that the function || - ||} with p > 1 is strictly convex.
Proof. Let p > 1. By the Minkowski inequality, we have ||z + y|l, < ||z, + l|yll»
for all 2,y € RN, and the equality holds if and only if y = pa for u > 0. For any
x,y € RN with # # y and any A € (0, 1), consider two cases: (i) y = px for some
>0 with p # 1, (ii) otherwise. For case (i),
Az + (1= Nyl = Az + (1 = A)pael[}
=[- A+ p- (=N [lz]}
<A+ P =Ml
= Allzll + (1 = Mllyll5,
where we use the fact that |z|P is strictly convex on R;. For case (ii), we have
1Az + (1= Nylp < (Allzll + (1= Nllyllp)” < Allllg + (1= X)]ly|lp. This shows that
[| - |2 is strictly convex. This result can be easily extended to CV. d
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