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W e t heoret icall y study quadratic i nteractions in Ùnite , one-di mensi onal,

photonic band gap structures w ith deep gratings, under strong pumping and
global phase matching conditions . For second harmonic generation, w e Ùnd
that above a certain input intensity a dynamics reminiscent of a comp eti-

tive, multi- w ave mi xing pro cess ta kes hold : the pump Ùeld is mostly reÛected,
revealing a novel typ e of optical limiti ng behavior, while forward and back-
w ard generation is generall y balanced. W e also study the case of parametric
dow n-conversion, w here an intense second harmonic signal is in j ected in or-

der to control a much w eaker fundamental b eam. Our results reveal the onset
of a new pro cess that has no counterpart in bulk materials: b oth transmis-
sion and reÛection display an unexp ected, unusual, resonance- like e˜ect as
functions of input second harmonic p ower.

PAC S numb ers: 42.65.K y

1. I n t rod uct io n

For m ore tha n hal f century semiconducto rs have had a prom inent role to
pl ay in alm ost every Ùeld of technology tha nks to the abi l i ty to ta i lor thei r con-
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ducti ve properti es. Just as ta i lori ng the pro perti es of semiconducto rs consti tuted a
chal lenge several decades ago in sol id state physi cs, to day ta i lori ng the pro perti es
of photo nic crysta ls (PC) m ay hold the key to achi eving signiÙcant technological
adv ances in the Ùeld of photo nics. For thi s purp ose we believe tha t a new class
of m ateri als, cal led photo nic band gap (PB G) structures, app ears to hold much
pro mise. One-dim ensional (1-D ) PBG structures are made by arra nging macro -
scopic dielectri c and/ or m etal l ic uni t cells into a periodi c or quasi-periodic arra y,
in order to a˜ect the pro perti es of the l ight in almost the same way tha t semicon-
ducto r crysta ls a˜ect the pro perti es of electrons. The periodi c arra ngement resul ts
in al lowed and f orbi dden frequency bands and gaps for the l ight, in analogy to
energy bands and gaps of semiconducto rs.

The study of PBG materi als as such began wi th the works of Yabl onovi tch [1]
and Jo hn [2] on sponta neous emission contro l and l ight local izati on. These con-
tri buti ons gave way to an intense theo reti cal and exp erim ental inv estigati on of
PBG structures tha t has conti nued since. Some of the appl icati ons tha t have
been pro posed over the years include photo ni c crysta ls Ùbers [3], photo nic crysta ls
ci rcui ts [4], tra nsparent m etal { dielectri c stacks [5], highl y e£ cient m icron-sized
devi ces for nonl inear frequency conversi on [6{ 8]. An up to date revi ew of recent
adv ancements in the Ùeld of PBG structures m ay be found in R ef. [9].

Al tho ugh the numb er of exp erimenta l and theo reti cal reports on quadra ti c
intera cti ons in PBG structures is signi Ùcant [6{ 8, 10{ 19], in our vi ew the chapter on
quadra ti c intera cti ons in PBG structure s is sti l l far from being consi dered closed.
For insta nce, the dyna mics tha t takes pl ace under strong pum pi ng condi ti ons,
or under condi ti ons of pum p depleti on, leads to hi ghly unusua l and previ ousl y
unkno wn e˜ects such as a novel â ( 2 ) -based opti cal lim i ti ng tha t we wi l l discuss
below.

The paper is organized as fol lows: in Sec. 2 we summari ze a general ized
coupl ed mode theo ry, under the m onochromati c appro xi mati on, tha t is val id for
arbi tra ry index modul ati on and pro Ùle, and in the depleted pum p regime [20]. In
Sec. 3 we num erical ly integ rate the coupl ed mode equati ons deri ved in Sec. 2 using
a shooti ng pro cedure [21], and study two di ˜erent regim es characteri zed by stro ng
pum ping condi ti ons: (a) second harm oni c generati on (SHG ), and (b) param etri c
down- conv ersion.

2. T he m odel

The scalar nonl inear Hel mhol tz equati ons governi ng the quadrati c intera c-
ti ons of two l inearl y polarized plane wa ves at funda mental frequency (FF) ! , and
SH frequency 2 ! in a lay ered, 1-D , Ùnite structure can be wri tten as [14]:

d 2 E !

dz 2
+

! 2 " ! (z )

c2
E ! = À 2

! 2

c 2
d (2 ) ( z ) E Ê

!
E 2 ! ; (1a)
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d 2 E 2 !

dz 2
+

4 ! 2 " 2 ! ( z )

c 2
E 2 ! = À 4

! 2

c2
d (2 ) ( z ) E 2

! ; (1b)

" j ! ( z ) ( j = 1 ; 2 ) are the spati al ly dependent, l inear di electri c functi ons for the
FF and SH Ùelds. In general , " j ! ( z ) are assumed to be compl ex functi ons. The
condi ti on " ! ( z ) 6= " 2 ! ( z ) ta kes into account possible m ateri al di spersion. Fi nal ly,
d (2 ) ( z ) i s the spati al ly dependent quadrati c coupl ing f uncti on.

In spite of thei r apparent simpl ici ty, Eqs. (1) adm i t no kno wn, general an-
alyti cal soluti ons. Equa ti ons (1) can be integ rated num erical ly by resorti ng to a
nonl inear matri x tra nsfer techni que [22], assuming no pum p depleti on and a weak
nonl ineari ty . Mo diÙcati ons of the matri x tra nsfer techni que have been perform ed
to take pum p depleti on into account [23, 24]. Ho wever, in our vi ew tho se tech-
ni ques might become in some casesqui te cum bersom e to implem ent. The analysis
of Eqs. (1) can be sim pl iÙed consi derabl y by identi fyi ng two di ˜erent spati al scales
of variati on of the electri c Ùelds: (i ) a fast-scale, whi ch accounts for oscil lati ons
tha t may occur wi thi n a spati al scale on the order of the wa velength due to l inear
interf erence e˜ects ; and (i i ) a slow- scale, whi ch ta kes into account the nonl inear
polari zati on source term s on the ri ght- hand side of Eqs. (1): the ro le of the non-
l ineari ty is to m odul ate the l inear soluti on over a length scale much longer wi th
respect to the fast scale. In order to separate fast and slow- scale v ariati ons we
intro duce a new set of independent vari ables, z ˜ = Ñ ˜ z wi th ˜ = 0 ,1,2. . . , where
Ñ i s a di m ensionl essparameter. Once the mul tipl escales expansion [14, 25{ 27] has
been perform ed, the pro cedure cal ls for the appl icati on of the lim i t Ñ ! 1 to re-
store the ori ginal space vari able z . The deri vati v e operato r is expanded accordi ng
to the new set of vari ables, namely:

d

dz
=

@

@z0

+ Ñ
@

@z1

+ Ñ2
@

@z2

+ . . . (2)

The l inear and nonl inear dielectri c functi ons, " j ! ( z ) and d (2 ) ( z ) , respectivel y, wi l l
be considered f uncti ons of the fast vari able z0 . The compl ex Ùeld am pl itude func-
ti ons, whi ch we intro duce below, wi l l be functi ons of the slowl y varyi ng variabl es
z 1 ; z2 , etc. The electri c Ùelds are also expanded in powers of the perturbi ng pa-
ram eter Ñ in a self-consi stent m anner:

E j ! = ÑE
(1 )

j !
( z0 ; z 1 ; z 2 ; . . .) + Ñ 2 E

(2 )

j !
( z0 ; z 1 ; z 2 ; . . .) + . . . ; j = 1 ; 2 : (3)

Substi tuti ng Eqs. (2{ 3) into Eqs. (1a{ b), and col lecting the term s proporti onal
to Ñ we Ùnd tha t the Ùrst order expansion of the electri c Ùelds can be expressed
as fol lows:

E
(1 )

j !
= A

( +)

j !
(z 1 ; z 2 ; . . .) `

(+)

j !
( z 0 ) + A

( À )

j !
( z1 ; z 2 ; . . . )`

( À )

j !
( z0 ) ; (4)

where f `
( Ï )
j ! g are the left- to -ri ght (LTR ) and right- to -left (R TL) l inear m odes

tha t are functi ons of f ast vari able z0 . LTR and RTL m odes can be calcul ated
usi ng a standard l inear m atri x tra nsfer techni que, assuming a uni ta ry electri c
Ùeld is inci dent on the structure from LTR for the `

(+)

j ! modes, and f rom RTL
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for `
( À )

j !
the modes [28]. W e note tha t `

( Ï )

j !
carry inf orm ati on about the l inear

local izati on properti es of electri c Ùeld inside the structure, and A
( Ï )

j !
( z 1 ; z2 ; . . . ) are

the com plex ampl i tudes of the Ùelds tha t depend on the slow vari ables z 1 ; z 2 ; . . ..
In case there are no nonl inear intera cti ons, A

( Ï )

j !
( z1 ; z 2 ; . . . ) represent constant

am pl i tudes of LTR and RTL incident Ùelds. Then, (a) col lecting term s proporti onal
to Ñ2 ; (b) pro jecti ng the resulti ng equati ons over the LTR and RTL m odes using
the standard metri c h f j g j i ² (1 =L )

R
L

0
f Ê ( z ) g ( z ) dz ; and (c) ta ki ng the l im i t Ñ ! 1 ,

we arri ve at four coupl ed, nonl inear di ˜erenti al equati ons:

X

l =+ ; À

p (+ ; l )
!

dA
( l )
!

dz
= i

!

c

X

( k ; l )=(+ ; À )

À
( k ; l )

( ! ; +)
A

( k )
2 ! A ( l ) Ê

! ; (5a)

X

l =+ ; À

p ( À ; l )
!

dA
( l )
!

dz
= i

!

c

X

( k ; l )=(+ ; À )

À
( k ; l )

( ! ; À )
A

( k )

2 !
A ( l ) Ê

!
; (5b)

X

l =+ ; À

p
(+ ; l )
2 !

dA
( l )

2 !

dz
= i

!

c

X

( k ; l )=(+ ; À )

À
( k ; l )

(2 ! ;+)
A ( k )

! A ( l )
! ; (5c)

X

l =+ ; À

p
( À ; l )

2 !

dA
( l )
2 !

dz
= i

!

c
( k ; l )=(+ ; À )

À
( k ; l )

(2 ! ; À )
A ( k )

!
A ( l )

!
; (5d)

where p
( k ; l )

j !
= h `

( k )

j !
j p̂ j ! `

( l )

j !
i , for j = 1 ; 2 and k ; l = + ; À ; À

( k ; l )

( ! ; n )
=

h `
( n )
! j d (2 ) `

( k )

2 !
`

( l ) Ê

! i , À
( k ; l )

(2 ! ;n )
= h `

( n )

2 !
j d (2 ) `

( k )
! `

( l )
! i , for n; k ; l = + ; À . The p

( k ; l )

j !

are m atri x elements of the m omentum operato r p̂ j ! ² À i ( c= j ! ) d/ dz calcul ated
over the RTL and LTR l inear m odes.

The overl ap coe£ cients À
( k ; l )

( j ! ;n )
are e˜ecti ve, com pl ex coupl ing coe£ cients

tha t reÛect the way in whi ch the LTR and RTL modes sam ple the di stri buti on of
the nonl ineari ty d (2 ) (z ) over the structure. The values of À

( k ; l )

( j ! ;n )
are m axi mized,

and can be greater tha n the magnitude of d (2 ) ( z ) , when the Ùelds intera ct coher-
entl y insi de the structure. Since no assumpti ons were m ade regardi ng the typ e
of grati ng, Eqs. (5) are val id for arbi tra ry index proÙles and tuni ng condi ti ons.
W e note tha t thi s form ulati on al lows analyti cal soluti ons in the undepl eted pum p
regim e [20]. We also note tha t Eqs. (5) are val id when the steady state regime is
appro ached. In general , the steady state regime is appro ached when the intera cti on
ti m e (dwel l ti m e) of an input pul se in the PBG structure is much shorter tha n
the dura ti on of the pul se i tsel f. In the case of tra nsform l imi ted pulses, thi s m eans
tha t the spectra l bandwi dth of the pul se should be much narrower tha n the spec-
tra l bandwi dth of each tra nsmission resonance. In the PBG structure we consider
(see Fi g. 1), the maxi mum intera cti on ti me § ¤ 1 = Â ! at the band edge
resonance is approxi matel y 1 ps. Thi s m eans tha t for al l intents and purp oses the
dyna mics of input pul ses of a few tens of pi coseconds can be consi dered to be in
the steady state regim e.
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Equa ti ons (5) m ay be recast in a sim pler f orm , pro vi ded we restri ct our at-
tenti on to the case when both the FF and SH modes are tuned to tra nsmission
resonances, and the structure is not absorpti ve. W echoose these tuni ng condi ti ons
because o˜- resonant intera cti ons becom e qui te ine£ cient for at least two rea-
sons: (a) im possibi li t y to Ùnd pha se m atchi ng condi ti ons, and (b) poor Ùeld lo-
cal izati on inside the structure [8, 10, 13]. Theref ore, i f resonant tuni ng condi -
ti ons restri cti ons are imposed, the di agonal m atri x elements of the momentum
operato r can be calcul ated analyti cally: p

(+ ; +)

j !
= h `

(+)

j !
j p̂ j ! `

(+)

j !
i = 1 ; p

( À ; À )

j !
=

h `
( À )

j !
j p̂ j ! `

( À )

j !
i = À 1 .

Further sim pl iÙcati ons can be perform ed by consideri ng symm etri c or pe-
ri odi c structures . The o˜- diagonal elements of the m omentum operator can be
estim ated as p

( À ;+)

j !
¤ À [ p

(+ ; À )

j !
] ¤ ( Ñ= 2 ¤ j L ) sin [ ¢ t ( j ! )] [20], where L is the to ta l

length of the structure, and ¢ t ( j ! ) i s the phase of i ts l inear tra nsmission functi on,
t j ! =

p
T j ! exp [ i¢ t ( j ! )] . For periodi c structures under resonant condi ti ons, the

phase of the tra nsmi tted Ùeld is pro porti onal to multi pl es of ¤ [29, 30]. There-
fore, the o˜- diagonal elements of the m omentum operato r becom e negl igible wi th
respect to the diagonal ones. For sym m etri c PBG structure s, the o˜- di agonal el-
ements are also negl igible, pro vi ded Ñ § 2 ¤ L ( Ñ is the wa velength of the FF
Ùeld in vacuum ). Sim ply stated, thi s am ounts to choosing a structure tha t is at
least several wa velengths long. Fi nal ly, neglecting the o˜- diagonal elements wi th
respect to the diagonal ones, the coupl ed m ode equati ons can be rewri tten in the
fol lowi ng sim pl iÙed f orm :

dA
(+)
!

dz
= i

!

c

X

( k ; l )=(+ ; À )

À
( k ; l )

( ! ;+)
A

( k )
2 ! A ( l ) Ê

! ; (6a)

dA
( À )
!

dz
= À i

!

c

X

( k ; l )=(+ ; À )

À
( k ; l )

( ! ; À )
A

( k )

2 !
A ( l ) Ê

!
; (6b)

dA
(+)

2 !

dz
= i

!

c

X

( k ; l )=(+ ; À )

À
( k ; l )

(2 ! ; +)
A ( k )

!
A ( l )

!
; (6c)

dA
( À )

2 !

dz
= À i

!

c

X

( k ; l )=(+ ; À )

À
( k ; l )

(2 ! ; À )
A ( k )

! A ( l )
! : (6d)

W e stress tha t i f one wi shes to investi gate structures such tha t the Ùelds
are not resonant or absorpti ve, one should resort Eqs. (5), whi ch reta in thei r
general val idi ty in the steady state regime. Analysis of deep grat ing and model
equations in quadrat ical ly nonl inear per iodic media has been repor ted for the Ùrst
t ime in Ref. [31, 32], where the Ùeld is expanded in term of Bloch modes according
t o the approach used by de Sterke and Sipe [26] for cubi cal ly nonl inear per iodic
media. We indeed pursue solut ions based on LT R and RT L l inear modes of the
st ructure that explici tly t ake int o account the boundar y condi tions at t he input and
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t he out put int er faces, as explained at length in Ref. [20] . Once again, we stress
t hat our approach is valid for any kind of index modulat ion (per iodic or not ).

3 . R esul t s an d d iscu ssio n

3.1. SHG

As an exam ple, let us consider a PBG structure composed of 59 al terna t-
ing layers of ai r (index uni ty at all frequenci es) and an ideal , generic, quadra ti c
di electri c m ateri al . The index of refracti on of the materi al at Ñ = 1 :5 5 ñ m is
n 1 ( ! ) = 3 : 3 4 2 , and i ts index of refracti on at the SH frequency is n 1 (2 ! ) = 3 : 6 1 ;
the nonl inear coe£ ci ent is assumed to be d (2 ) = 1 2 0 pm / V y . The structure under
considerati on is sym metri c, and more detai ls are described in the capti on of Fi g. 1.
The FF Ùeld is tuned at the Ùrst tra nsmission resonance near the Ùrst order band
gap, and the SH Ùeld is tuned at the second tra nsmission resonance near the sec-
ond order band gap (see Fi g. 1). T uni ng in thi s fashion, the SH Ùeld is global ly
phase-m atched wi th the FF Ùeld [13].

Fig. 1. Linear transmittance vs. normali zed frequency ! =! 0 ; ! 0 = 2¤ c =Ñ 0 m.

T he structure is comp osed of 59 alternating layers of air and a dielectric material. T he

index of refraction of the dielectric material at FF ( m ) is and

its index of ref raction at the SH frequency is . T he layers ha ve thicknesses

nm (air) and nm (dielectric material), the total length of the structure

is m. The arrow identiÙes the tuning of the FF and SH Ùeld, resp ectively .

W e have num erical ly integ rated Eqs. (6) z using a shooti ng pro cedure [21]. In
Fi g. 2 we show the reÛected and tra nsmi tted FF Ùeld, the backwa rd and f orwa rd
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Fig. 2. Forw ard SH conversion e£ciency ²
+

SH = j A
(+ )

2 ! ( L ) (Ùlled

circle- sol id line), backw ard SH conversion e£ciency (op en

squared- short dashed line), reÛected FF Ùeld (op en

circle- long dashed line), and transmitted FF Ùeld (op en

triangle- soli d line) vs. input FF intensity . T he FF intensity

is inciden t from vacuo on the PB G structure in the L TR direction. T he nonlin ear co-

e£cient of the dielectric material is pm/ V . The symb ols (circles, triangles,

and squares) represent the values calculated by numerically integrating Eqs. (6) via a

shooting pro cedure. N ote that the energy among the four channels is conserved, as one

might expect: 1. I nset: MagniÙcati on of the forw ard and

backw ard SH conversion e£ciencies in the region of neglig ib le depletio n of the FF Ùeld.

SH conversion e£ cienci es as a functi on of the intensi ty of the inci dent FF Ùeld.
The fol lowing are, in our vi ew, the most sal ient points of Fi g. 2:

(i ) The forwa rd and backwa rd SH conversi on e£ ci encies are appro xi matel y
the same at al l ti m es.Thi s is a consequence of the f act tha t the structure has stro ng
feedback due to the hi gh- index contra st between layers. Cho osing smaller index
contra sts between adjacent layers causes an im balance between forwa rd and back-
wa rd generati on. In the l im iti ng case where there is no index mismatch (i .e., bul k)
SHG occurs enti rely in the forwa rd di recti on.

(i i ) Even under global phase matching condi ti ons, SH conversion e£ ciency
does not increase m onoto nicall y to depl ete the pum p, as one m ight be tem pted
to thi nk since tha t is how bul k materi als behave. W e calcul ate a tota l maxi mum
conversion e£ ciency of roughly 50%, equal ly di stri buted between the forwa rd and
the backward SH channel s, for input FF intensi ti es of appro xi matel y 0.6 GW / cm .
The to ta l conversi on e£ ciency then decreasesto about 40% for input FF intensi ti es
of 1 0 GW cm . Thi s behavi or is unusua l i f one thi nks of a phase-matched
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pro cess and neglects the vari ous components, or channel s, tha t compete for the
sam e avai lable energy.

(i i i ) In fact, the f orwa rd FF channel is not only converti ng energy into SH
forwa rd and backwa rd channels, but i t is also stro ngly coupl ing to the backward FF
channel , leading to excessreÛections. Thi s resul t is new and unexp ected. Theref ore,
the pro cessof SHG in a PBG structure under condi ti ons of pum p depleti on should
be m ore appro pri atel y regarded as a m ul ti -wave mixi ng process.Qui te surpri sing ly,
the pro cess tha t is pri vi leged under stro ng pum pi ng condi ti ons is not the SH
generati on; in fact, m ost of the energy is converted from the FF forwa rd channel
to the FF backward channel . The Ùgure suggests tha t pum p reÛections exceed
60%, whi le i ts tra nsmission dro ps to appro xi matel y 5%.

(i v) The dyna m ics outl ined above is also stro ngly suggestive of a novel,
unusua l opti cal l im i ting behavi or. Using quadra ti c intera cti ons for opti cal l imiti ng
purp oseswould result in m uch faster devi cescom pared wi th other, m ore tra di ti onal
schemes of opti cal l imi ters based on cubi c nonl ineari ti es. In addi ti on, the devi ce
wo uld not su˜er f rom the detri menta l e˜ects typi cal of cubi c materi als, such as
absorpti on, heati ng or satura ti on, since energy is always stored in the Ùeld, and
not tra nsferred to the materi al : our pro posed opti cal l imi ter wo uld act on the
tra nsmi tted FF (see Fi g. 2) by l im iti ng its energy on the basis of a purel y quadra ti c
intera cti on. Mo re speciÙcal ly, i t can be shown tha t for our structure the output

FF intensi ty scales appro xi matel y as fol lows: I
( out put )

FF
¤ a

q
I

( input )

FF
wi th a ¿=

0 : 1 9 (G W )1 = 2 / cm.
The physi cal m echanism tha t in thi s case leads to opti cal l im i ting is di ˜erent

tha n the physi cal mechanism requi red for the onset of opti cal l im iti ng in the case
of cubi c nonl ineari ti es. In the latter case, opti cal lim iti ng can occur because of

Fig. 3. A bsolute value squared of the FF Ùeld (thin solid line) and of the SH Ùeld

(thick solid line) inside the PBG structure, for di˜erent values of the input intensity ;

(a) I
( 0 05 GW cm , (b) 0 5 GW cm , (c) 4 8 GW cm .
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dyna mical, spectra l band-shif t in the locati on of the band gap [33], and/ or in
combi nati on wi th nonl inear absorpti on. In our case, the m echanism of the opti cal
l im iti ng process consi sts of an energy exchange between the FF forwa rd and the
FF backwa rd channels, m ediated by the SHG process.

T o highl ight the di ˜erent mechani sms tha t dri ve opti cal lim iti ng in the case
of quadrati c and cubi c nonl ineari ti es, in Fi gs. 3 we show the FF and SH Ùeld
pro Ùles inside the PBG structure duri ng the SHG process, f or di ˜erent values of
the input intensi ty . The Fi gures suggest tha t the FF rem ains wel l localized inside
the structure , even when i ts tra nsmission drops to values less tha n 10% (Fi g. 3c).
W e do not record any exp onenti al ly decayi ng ta i ls in the FF m ode, whi ch are
typi cal of cubi c nonl ineari ti es tha t cause shifts of the band edge, and push the
FF inside the gap [33]. Fi nal ly, the dyna m ics described in Fi g. 2 also suggests
another appl icati on, nam ely a phase-insensiti ve, nonl inear reÛector. In our case,
the reÛection coe£ cient can be appro xi matel y described by the fol lowing scal ing

law: R FF ¤ b
3

q
T

( input )

FF , where b ¿= 0 :2 8 ( cm 2=GW ) 1= 3. A more detai led analysis
of SHG under pump depletion condi tions wi l l be presented elsewhere [34].

Li mi ting ẽ e cts dur ing SHG have also been discussed in cont ext of the so-cal led
\p aramet r ic gap soli tons", the reader int erested may consul t the revi ew ar ticle by
T r i l lo et al. [35] and t he extended l ist of ref erences ci t ed t herein.

3.2. Paramet r ic down-conver sion

W e now inv estigate the param etri c down- conversion regim e tha t ari seswhen
an intense SH Ùeld is inj ected to gether wi th a weak funda menta l Ùeld. The tuni ng
condi ti ons are the sam e as tho se outl ined in Fi g. 1 for the SHG process. W hen
both the input FF and SH Ùeld are present, the intera cti on wi l l be dependent
on the rel ati ve phase di ˜erence between the input Ùelds. In Fi gs. 4 we show the
reÛected and tra nsmitted FF Ùelds vs. the relati ve input phase di ˜erence for Ùxed
input FF and SH Ùelds. T aki ng the SH input intensi ty to be at least eight or-
ders of m agnitude greater tha n the FF input intensi ty ( I SH = 13:27 MW =cm
and I = 0:132 W =cm ), our calcul ati ons show tha t the SH Ùeld rem ains pra c-
ti cal ly undepl eted at all ti m es. Fi gures 4 suggest tha t tra nsmission and reÛec-
ti on coe£ cients are periodi c f uncti ons of £ ¢ [22], as one might exp ect. In addi -
ti on, the FF tra nsmi tted and reÛected Ùelds underg o an am pl iÙcati on pro cess
tha t is enhanced for £ ¢ = 3 ¤ =4 + m¤ , whi le de-ampl iÙcati on ta kes place for
£ ¢ = ¤ =4 + m¤ (m = 0 ,1 ,2. . . ).

In Fi gs. 5 we show: (a) the reÛection and tra nsmission, and (b) the pha ses
of the FF output Ùeld vs. the SH input intensi ty . The phase di ˜erence of the in-
put Ùelds is chosen to be £ ¢ = 3 ¤ =4 . The Fi gures also show a new and interesti ng
phenom enon: the FF Ùeld di splays an unusua l , resonance-l ike dyna m icsby increas-
ing reÛection and tra nsmission (as a functi on of input SH intensi ty) Ùrst sharpl y
fol lowed by an equal ly sharp decrease beginning ¿ 1 7 0 MW / cm 2 . Thi s behavi or
indi cates an inv ersion of the gain pro cess, whi ch favo rs energy Ûow from the FF
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Fig. 4. (a) R F F = j A
( À )
! ( 0) j

2 A 0 (dashed line) and (b)

A L A 0 (solid line) vs. the phase di˜erence of the input Ùelds

. The input Ùelds intensities are resp ectively 1 32 10À W cm

and 13 27 MW cm . N ote that in our case the ampliÙcati on pro cess is enhanced

for input phase di˜erences around .

Fig. 5. (a) A
À

0 A 0 (op en squared- dashed line) and

A L A 0 (Ùlled circle- solid line) vs. SH input intensity . (b) Phase of the FF

Ùeld up on reÛection arg À (op en squared- dashed line) and phase

of the FF Ùeld upon transmission arg (Ùlled circle- sol id line) vs.

SH input intensity . The FF input intensity is 1 32 10À W cm and the phase

di˜erence of the input Ùelds is . T he symb ols (circles and squares) represent

the values calculated by numerically integrating Eqs. (6) via a shooting pro cedure.
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back to the SH Ùeld. The inversi on of gain is accompanied by a ¤ phase shift in
both reÛected and tra nsmi tted Ùelds.

W hi le i t is not atypi cal for ¤ phase shif ts to occur when the inversion of
the quadra ti c process ta kes place in bul k m ateri als, under perfect phase m atchi ng
condi ti ons [36{ 38], we Ùnd tha t ¤ phaseshi fts also occur under resonant condi ti ons
in a PBG structures. The reÛected and tra nsmi tted FF Ùelds reach thei r m axim a
( I r eÛec te d

FF ¤ I tr an smitte d
FF ¤ 10À 1 MW =cm 2) for I SH ¿ 170 MW = cm2 . Even in thi s

case the SH Ùeld rem ains pra cti cal ly undepl eted due to the inversi on of gain. Thi s
resul t is also new and unexp ected.

Fig. 6. A bsolute value squared of the FF Ùeld inside the PBG structure, for di˜erent

values of the input SH intensity; (a) I
i n p u t
SH

50 MW cm , (b) 110 MW cm ,

(c) 169 MW cm , (d) 200 MW cm .

In Fi g. 6 we show the absolute value squared of the FF Ùeld inside the
PBG structure, for di ˜erent values of the input SH intensi ty . The Fi gures suggest
tha t the FF rem ains well local ized inside the structure for SH intensi ti es beyond
I ¿ 170 MW =cm , wi th tuni ng condi ti ons tha t remain consistent wi th the
peak of the Ùrst resonance near the band edge. Once again we do not record any
exp onenti al ly decayi ng ta i ls in the FF m ode, or a push of FF to ward the gap. The
Fi gures also suggest another appl icati on: an intensi ty- contro l led, true ti m e, opti cal
delay l ine. As outl ined in R ef. [39], the tunnel ing ti m e of a quasi monochro matic
pul se tha t tra verses a Ùnite barri er is di rectl y proporti onal to the electrom agneti c
energy density stored wi thi n the barri er. Fi gure 6 thus suggests tha t the group
vel ocity of the FF pul se m ay be modul ated by contro l l ing SH pum ping levels: the
pul se is slowed down for intensi ti es below I ¿ 170 MW =cm , and speeded up
above these values. Fol lowi ng R ef. [35], the tunnel ing ti m e of the tra nsmi tted FF
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Ùeld can be calcul ated as fol lows:

§ ! =
1

2 j E
input
! j

2 c

Z L

0

"

" ! ( z ) j E ! j
2 +

c 2

! 2

Ù
Ù
Ù
Ù
dE !

dz

Ù
Ù
Ù
Ù

2
#

dz : (7)

Fi na l ly, in Fi g. 7 we show the tra nsmitted and reÛected FF Ùelds for an input phase
di ˜erence £ ¢ = ¤ =4 . We note tha t the intera cti on is qui te ine£ ci ent compared to
the case just studi ed, i .e., Fi g. 5. Fi gure 7 also suggests tha t the tra nsmi tted FF
Ùeld m onoto nical ly decreases, whi le the FF reÛected Ùeld monoto nical ly increases:
no ¤ phase shift occurs to invert energy Ûow, and the FF tends to be reÛected for
the most part.

Fig. 7. (a) R A 0 A 0 (op en squared- dashed line) and

A 0 A 0 (Ùlled circle- solid line) vs. SH input intensity . (b) Phase of the FF

Ùeld up on reÛection arg (op en squared- dashed line) and phase

of the FF Ùeld upon transmission arg (Ùlled circle- sol id line) vs.

SH input intensity . The FF input intensity is 1 32 10 W cm and the phase

di˜erence of the input Ùelds is .

In summ ary, we have analyzed the properti es of nonl inear quadrati c in-
tera cti ons near the photo nic band edge under stro ng pum ping and global phase
m atchi ng condi ti ons. Our results reveal tha t, i f the pum p is al lowed to deplete,
several new phenom ena can be identi Ùed, incl udi ng a novel, â (2 ) -based opti cal
l im iti ng behavi or f or SHG , and an unexp ected satura ti on of the up-conversion
pro cess. For param etri c down- conversion processes, we Ùnd tha t above a certa in
thresho ld value an inv ersion of gain occurs, and the FF Ùeld gives energy back
to the SH Ùeld. Both tra nsmi tted and reÛected FF Ùeld com ponents then di splay
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sharp resonance-l ike behavi or, whi ch does not al low the pum p to becom e depleted
at any ti m e. Neverthel ess, thi s dyna m ics can lead to a gain-modul ated true ti m e
delay l ine.

W e tha nk Na dia Ma tti ucci for interesti ng discussions. G. D ' Aguanno and
M. Centi ni tha nk the U.S. Arm y and the Arm y Research La borato ry- Euro pean
R esearch O£ ce for parti al Ùnanci al support.
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