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First we consider various inviscid equations of fluid dynamics and show that if
the initial data is analytic in the space variables, then the resulting flows extend as
analytic functions of both space and time variables, with explicit estimates of the
analyticity radius. We then consider higher order regularity of the viscous magne-
tohydrodynamic equations for an incompressible conductive fluid. We establish the
Gevrey regularity of solutions when the initial data is in a Sobolev class, of possibly
negative order, in two and three spatial dimensions. In particular, we show that so-
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of magnetohydrodynamic flows. This algorithm convergences exponentially in time

to the reference solution and moreover, the reconstruction is exact on the attractor.
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Preface

The content of this document is organized as follows: Chapter 1 is devoted
to introducing the notation and setting used in the following chapters. The reader
familiar with fluid dynamics may simply use Chapter 1 to get acquainted with
the notation, or may find it sufficient to skip this chapter and consult the list of
abbreviations when needed.

In Chapter 2 we show that solutions to a large class of inviscid equations,
in Eulerian variables, extend as holomorphic functions of time, with values in a
Gevrey class (thus they are space-time analytic), and are solutions of complexified
versions of the said equations. The class of equations we consider includes those of
fluid dynamics such as the Euler, surface quasi-geostrophic, Boussinesq and magne-
tohydrodynamic equations, as well as other equations with analytic nonlinearities,
under periodic boundary conditions. The initial data are assumed to belong to a
Gevrey class, i.e., they are analytic in the space variables. Our technique follows
that of the seminal work of Foias and Temam (1989), where they introduced the
so-called Gevrey class technique for the Navier-Stokes equations to show that the
solutions of the Navier-Stokes equations extend as holomorphic functions of time,
in a complex neighborhood of (0,7"), with values in a Gevrey class of functions (in
the space variable). We show that their technique extends to a wide class of inviscid
models.

In Chapter 3 we restrict our attention to the wviscous magnetohydrodynamic

(MHD) equations, either on the whole space (R?) or with space periodic boundary
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conditions. We obtain local (for initial data of arbitrary size) and global (for initial
data with small norm in critical homogeneous Sobolev spaces) existence in Gevrey
norms for solutions of the 2D and 3D MHD equations. Then, using a new uniform
bound on both the curl of the velocity and the curl of the magnetic field in L, as well
as an adequate version of the Leray energy inequality, we get eventual smoothness
and decay for all higher order derivatives of the solutions.

In Chapter 4 we consider data assimilation for the 2D MHD equations (for
which global existence is known) under periodic boundary conditions. We propose
several continuous data assimilation (downscaling) algorithms based on feedback
control. We show that for sufficiently large values of the control parameter and fine
enough resolution, and assuming that the observed data is error-free, the solution
of the controlled system converges at an exponential rate (in L? and H' norms) to
the reference solution, independently of the initial data chosen for the controlled
system. Furthermore, we show that a similar result holds when controls are placed
on only the horizontal (or vertical) variables, or on a single Elsisser variable, under
more restrictive conditions on the control parameter and resolution. Finally, using
the data assimilation system, we show the existence of abridged determining modes,
nodes and volume elements.

In Chapter 4 we study the (numerical) efficacy of the algorithms described in
Chapter 4 for the 2D magnetohydrodynamic equations, as well as some additional
feedback control data assimilation algorithms. We find that the algorithms work
with much less resolution in the data than required by the rigorous estimates. We
also obtain numerical evidence that it may be possible to approximate a general
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MHD flow using velocity measurements alone.

We defer the techical proofs of each chapter to the Appendix. Chapter 1
contains material from [20], [19], and [21]. The material from Chapter 2 was taken
entirely from [20]. Chapter 3 was mostly taken from [19], but also contains material
from [21], and [83] in the introduction. The content of Chapter 4 and Chapter 5

can be found in [21] and [83] respectively.
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Chapter 1: Notation and setting for incompressible fluid dynamics

In the following chapters, we will consider several evolutionary (incompress-
ible) fluid dynamic models including the incompressible Euler equations, the surface
quasi-geostrophic equation (SQG), the Boussinesq equations and the magnetohy-
drodynamic equations (MHD). In each case, the equations will be considered on
a spatial domain Q = [0, L]?, d € N, and supplemented with the space periodic
boundary condition (with spatial period L), i.e., the phase space will consist of
scalar-valued or vector-valued functions, which are periodic in the space variable x
with period L in all spatial directions. In Chapter 3, we will also allow for ) = R¢.

For notational simplicity in the periodic setting, we will often assume

2
L = 2m, and therefore, kg := % =1.

The inner product on L*(Q) := {u: Q = R?, [, |u(x)[*dx < oo} is denoted (-,-)

and the corresponding L?—norm will be denoted as || - ||. As usual, the Euclidean
length of a vector in R4(or C%) is denoted by | - |, and for a matrix M, we denote
|MJ? = > i 1M ;P We also define [|(v, w)]|* := [lv[|* + [Jw||* given a pair v,w in

L?(Q), and extend the definition of other norms to pairs (v, w) in a similar way.



For a function w : Q — R?(or C%), its Fourier coefficients are defined by

ak) = w(x)e "ok *dx d
(k) = (%)d/Q (%) dx (k € 7.

Then by the Parseval identity,

lul® = (2m)" ) Jak)[.

kezd

In the case that Q = R, we have

i) — /R u(x)e TN (€ € BY)

and by the Plancherel theorem,

Julf = [ fae) .

In all the models we consider, if the space average of the initial data is zero,
then the space average remains zero for all future times under the evolution. There-
fore, we will always make the additional assumption that the elements of the phase
space have space average zero (over the spatial domain ). In terms of the Fourier
coefficients, this amounts to the condition %(0) = 0 (which is then preserved under
the evolution).

We will denote
L*(Q) = {u € L*() : / u(x) dx = 0, or equivalently, u(0) = 0} .
Q
In the case of incompressible fluid dynamics, the phase space H is given by

H:{uGLQ(Q), V-u:O},



where the derivative is understood in the distributional sense. We will also define

the usual Sobolev spaces,
H* = {u € L*(Q) : |0"ul|2 < oo, for all multi-indices o, |a| < k}.

Note that the space (—A)(H N H?) C H. The Stokes operator, A, with
domain D(A) = H N H?, is defined to be A = (—A)|pa). A is positive and self
adjoint with a compact inverse, and therefore admits a unique, positive square root,
denoted A = AY2. The domain, V, of A is characterized by

V=A{ueH:|Aul*=(2m)" ) k]’|uk)]* < oo},

keZd

where Z? = 72\ {0}. The spectrum of A is comprised of eigenvalues 0 < 1 = X\; <
Ay < ---, where, for each i, \; € {|k|> : k € Z?}. The set of eigenvectors {e;}%2,
where e; is an eigenvector corresponding to the eigenvalue \;, form an orthonormal
basis of H. We will denote Hy = span{ey,--- ,ey}.

It is easy to see that the dual V' of V is given by

[w(k)|”

V'={ve7: k) =v(-k), 5(0)=0, >

keZd

where & denotes the space of distributions. The duality bracket between V' and V'
is given by

vl ol = S ARFE), uweVweV.
keZd

In Chapter 3 we will consider the existence times of solutions in general LP

spaces,

1
i fus 0 & ul < ook Jul = el = ([ 1)
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In addition, we define the homogeneous Sobolev spaces,
HY = {u: Q=R ¢ lufzy < oo, Vou=0}, ]z =A%,
where A“ is defined as the Fourier multiplier with symbol |£], i.e.
Ru(€) = | a(e).
We will find it useful in Chapter 2 to define the so-called Wiener algebra,
W:={ueH:|u|y:= Z lu(k)| < oo} (1.1)
Kk

Clearly, from the expression of u in terms of its Fourier series,

u(x) = ) ak)e’™,

keZd

it immediately follows that

[l e < el

In addition, we have the elementary inequality

L d
| ullre < [ullw < 2ot Asy|, s > 3 (1.2)

We will be using (1.2) with s = r — £ for a number r > £, and so for readability we

ord—12(r—3)—d+1 1 2r—d

LT 2(r—L)y—a T m2T T 2r—1-d

will define ¢, =

1.0.1 Standard Inequalities

We recall some standard inequalities. Here € > 0, a,b > 0, and u, v, and w are
divergence-free periodic functions, with sufficient regularity to make all the norms

involved finite.



We will frequently use the following forms of Young’s inequality and Hoélder’s

inequality:

€ 1
b< —a®+ —b? 1.
s oe o (1.3)
‘/ uvwdmdy‘ < w2z ||v]| ]| w]| 4 (1.4)
Q

We also recall the following version of Poincaré’s inequality, valid for periodic

functions with zero space average on €2:
|IVu| Lz > 2m||u||Lz. (1.5)
In Chapter 3 we will make use of the standard interpolation inequalities,
0110, 1/1—0 1
lully < fleflillely™, PR (1-0)/2, 1<q¢<2, (1.6)

||u||H3 < ||'u,||?ﬁ1§1 ||| }1%92, a="0a;+(1—-0)as, 0€(0,1), as,a0 €R, (1.7)

and the Sobolev inequality,

d d d
ull, < C|lul|gs, 0<d<—, 0=———, 1.8
[ully < Cllull g , P (1.8)
as well as the following, which is a product of (1.7) and (1.8):
s 1-s s 2d
lellze S A%l < flul = Aw]®, p=——- 1<d <4, (1.9)

where a < b has the same meaning as when we write a < Cb (where C' is used to
denote a general constant). We will also need a generalization of the Gagliardo-

Nirenberg inequality,

1 0 1—-406
Jull e < Cllul%ellulll?, 6€(0,1), a=0a, —=—+ : (1.10)
P a p Q1 q2




and the following consequence of the Calderon-Zygmund theorem:
||V X UHHZZS ~ ||’u,||H;+5, 1 <qg< o0, 0 >0. (1.11)

The following inequality due to Ladyzhenskaya will be used to prove some of

the results in Chapter 4:
lullZe < erllullpz | Vull 2 (1.12)

The next two inequalities are extensions of the Brezis-Gallouet inequality and

are due to Titi [124]. They will also become useful in Chapter 4:

v 1/2
/u@ivwda:dy‘ < egl|Vul| 2| V|| g2 ||w]| 2 (1 +1In (W)) , (1.13)
Q

27 ||w]| g2

Az L2 12
vAw drdy| < 2 2[|A 2 14+In| ———— , (1.14
/Quﬁv w dz y‘ < op||Vull2 ||Vl 2 || Aw|| ( +In <27r||VZ||L2 ( )

where in (1.14), z can be u or v.

1.0.2  Gevrey Classes
Let 0 < 8 < o0 and a > 0. We define the Gevrey norm by
lullcs.am = 1A% u] L.

In Chapter 3, we establish bounds on higher order derivatives, and we do this by
showing that the Gevrey norm of a solution is bounded. The reason this works is
that Gevrey regularity is closely related to space analyticity, where for a function
u € C%°(R?) to be real analytic we mean for each bounded domain 2 € R? there is
a M >0 and a d > 0 such that

|
0%u(z)| < M%

6



for all x € © and for all multi-indices a. The following proposition explains this

connection (for more information, see [110]).

Proposition 1.0.1 For any o > 0,

U Gsaz c C*(R),

B8>0

where C¥(R%) denotes the class of real analytic functions on R%. In particular if

(RS GC%M then w is real analytic with radius \/g uniformly on all of RY.

The Gevrey norm is characterized by the decay rate of higher order derivatives,
namely, if ||u|¢ga2 < oo for some B > 0, then we have the higher derivative

estimates

n!
||| gra+n < (5—) |u|l(8,a,2) Where n € N. (1.15)

In particular, w in (1.15) is analytic with (uniform) analyticity radius 5 (see Theorem
4 in [101] and Theorem 5 in [110]). We can use (1.15) to obtain the following

estimate, which will be used in the proof of Theorem 3.2.6 (for details, see [8]).

Proposition 1.0.2 Suppose that supeo 1) [|6llg(yiaep) < 00 Then

»&0,P

—La—a
lul®)ll s < CEH Jalt) gy @ > 0.

This property is where the “higher” in the phrase “all higher order derivatives” is

derived, in that a > «q is required in the conclusion of the proposition.

1.0.3 Gronwall Inequality

The following generalization of the Gronwall Lemma will be useful, which was
first shown by Foias et al. in [65]. For a proof of an even more general version due

7



to Jones and Titi, see [64].

Proposition 1.0.3 (Generalized Gronwall Inequality) Let ¢ : [0,00) — R be

a locally integrable function such that for some T' > 0 the following two conditions

hold:
1 t+T
llggf 7 (s)ds > 0, (1.16a)
1 t+T
limsup—/ Y~ (s)ds < 00, (1.16b)
t—o00 T t

where ¥~ (t) := max{0, —(t)}. Then if Y : [0,00) — [0,00) is absolutely continuous
and for almost all t,

d
ZY Y <o, (1.16¢)

where o(t) — 0 as t — oo, then Y (t) — 0 as well. Furthermore, if ¢ = 0 then

Y (t) — 0 at an exponential rate as t — oo.



Chapter 2: Space and time analyticity for inviscid equations of

fluid dynamics

2.1 Introduction

It is well-known that solutions to a large class of dissipative equations are
analytic in space and time [8,23,28,60,68,69,79,106,110]. In fluid dynamics, space
analyticity radius has a physical interpretation. It denotes a length scale below which
the viscous effects dominate and the Fourier spectrum decays exponentially, while
above it, the inertial effects dominate [50]. This fact concerning exponential decay
can be used to show that the Galerkin approximation converges at an exponential
rate to the exact solution [49]. Other applications of the analyticity radius occur
in establishing sharp temporal decay rates of solutions in higher Sobolev norms
[17,110], establishing geometric regularity criteria for solutions, and in measuring the
spatial complexity of fluid flows [78,93]. Likewise, time analyticity also has several
important applications including establishing backward uniqueness of trajectories
[40], parameterizing turbulent flows by finitely many space-time points [94] and
numerical determination of the attractor [62].

Space and time analyticity of inviscid equations, particularly the Euler equa-



tions, has received considerable attention recently, as well as in the past. Space ana-
lyticity for Euler, in the Eulerian variables, was considered for instance in [10,11,95,
96, 101], while in [4,9,48] real analyticity in the time (and space) variable is estab-
lished using harmonic analysis tools. In the above mentioned works, the initial data
are taken to be analytic in the space variable. By contrast, in a recent work [43], it
is shown that the Lagrangian trajectories are real analytic (in time), even though
the initial velocity fields are slightly more regular than Lipschitz in the space vari-
able. Similar results also appear elsewhere; see for instance in [74,118,120] and the
references therein. Additionally, the contrast between the analytic properties in the
Eulerian and Lagrangian variables has been considered recently in [41].

In this chapter, we show that solutions of the Euler, as well as the inviscid
versions of the SQG, Boussinesq, MHD, and similar equations with analytic nonlin-
earities, with analytic initial data, extend as solutions of the complexified versions
of the equations, as holomorphic functions of time, with values in a suitable Gevrey
class of functions in the space variable. Since belonging to a Gevrey class is equiv-
alent to a function being (complex) analytic, this immediately establishes that the
solutions extend as holomorphic functions of both space and time. In contrast to,
for instance, the results in [4, 48], we not only obtain holomorphic extensions (as
opposed to real in time analyticity in [4,48]) but also obtain explicit estimates on
the domain of (time) analyticity, while in [4, 48], the region is given implicitly in
terms of the flow map generated by the solutions. Our approach follows [69], in
which such results are obtained for the Navier-Stokes equations. We also make use

of the ideas introduced in [101] and [95].
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It should be noted that unlike their “real” counterparts, the complexified in-
viscid models are not known to conserve “energy”, which is due to the fact that the
complexified nonlinear terms do not in general possess cancellation properties akin
to their real counterparts. Yet, as in [101], the mild dissipation generated due to
working in a Gevrey class setting is enough for local existence for the complexified
versions of these inviscid models.

The chapter is organized as follows: in Sections 2.2-2.6, we respectively con-
sider the Euler equations, the inviscid surface quasi-geostrophic equations, the in-
viscid Boussinesq equations, the inviscid magnetohydrdynamic equations and an

equation with an anlytic nonlinearity.

2.1.1 Complexification.

In order to extend the solutions of the equations to complex times, we need
to complexify the associated phase spaces and operators. Accordingly, let £ be
an arbitrary, real, separable Hilbert space with (real) inner-product (-,-). The

complexified Hilbert space L¢ and the associated inner-product is given by

Le={u=u; +1uy:u,us €L}

and for uw,v € L¢ with u = uw; + 1uy, v = v + 109, the complex inner-product is
given by

(u,v)c = (w1, v1) + (U, v2) + 1[{uUs, v1) — (ug, va)].

Observe that the complex inner-product (-, -)¢ is linear in the first argument while it
is conjugate linear in the second argument. If A is a linear operator on £ with domain

11



D(A), we extend it to a linear operator A¢ with domain D(Ac) = D(A) +1D(A) by

Ac(ug + 1us) = Aug + 1tAug, ug, uy € D(A).

Henceforth, we will drop the subscript notation from the complexified operators and
inner-products and denote Ac and (-, )¢ respectively as A and (-, -), but will retain

the subscript in the notation of the corresponding complexified Hilbert spaces.

2.2 Incompressible Euler Equations

The incompressible Euler equations, on a spatial domain Q = [0, 27]¢, d = 2, 3,

are given by

du+ (u-V)u+Vp=0, in Q x Ry, (2.1a)
Vou=0, in Q xRy, (2.1b)
u(x,0) = up(x), in £, (2.1c)

where u = u(x,t) denotes the fluid velocity at a location x € 2 and time ¢ €
R, :=[0,00) and p = p(x,t) is the fluid pressure. Since its introduction in [53], it
has been the subject of intense research both in analysis and mathematical physics;
see [13,15] for a survey of recent results on 2.1. We supplement (2.1) with the space
periodic boundary condition with space period 27, i.e., the functions w and p are
periodic with period 27 in all spatial directions.

We will also denote

B(u,v) =P(u-Vv) =PV (u®v), (2.2)

12



where P : L?(Q2) — H is the Leray-Helmholtz orthogonal projection operator onto
the closed subspace H of L2(Q). From (1.9), it readily follows that if w,v € V, then
lu ® v|| < oo and consequently, B(u,v) € V.

The functional form of the incompressible Euler equations is given by

d
—u+ B(u,u) = 0. 2.

We will consider the complexified Euler equation given by

T Bew,w) = 0.u(0) = s, (24)

where, for u = wy +1us, v = v1 +1v5 € Hc, the complexified nonlinear term is given
by
Be(u,v) := B(uq,v1) — B(ug, v2) +1[B(u, v2) + B(uz, v1)].

As before, we will drop the subscript and write B = Bc.

d+1

In the following, let r > 4

be fixed, and we will consider the corresponding

Gevrey norm, || - [|g(s,r2), as defined in Section 1.0.2.

Theorem 2.2.1 Let 5y > 0 be fized, and let wy be such that ||wol|c(syr2) < 00. The

complexified FEuler equation (2.4) admits a unique solution in the region

. C
R:{(:se’ezeé[O,Qﬂ),0<S< - bo } (2.5)
27¢r||lwollGgor2)

For the Euler equations in the real setting, it is well known that if the Beale-Kato-
Majda condition [14], fOT |V x || g(ree ra) < 00, is satisfied, and there exists 3y such
that ||A"ef0M || < oo, then there exists a continuous function S(t) > 0 on [0, 7]
such that [10,95,96, 101]

sup ||A"e? DA ()| < occ.
[0,7]
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In this case, u extends as a holomorphic function satisfying (2.4) in a neighborhood

of (0,00) in C. More precisely we have the following:
Corollary 2.2.2 [f there ezists a continuous function 3(-) > 0 on [0,T] such that

M = sup ||’u,(t)||g(g(t)7r,2) < 00, (2.6)
te[0,7)

where w s a solution of (2.3), then u(-) extends as a holomorphic function in a

complex neighborhood of (0,T), satisfying (2.4).

Proof. Let fy = inficjopB(t) > 0. Then by Theorem 2.2.1, u extends as

CBo
27c. M *°

a holomorphic function in a complex neighborhood of (0,¢), where ¢ =

The proof follows by reapplying Theorem 2.2.1 with uwy = wu(ty), for each ¢y, €

{

[\

= 3= n[0,7]. O

» 2

N

Before proceeding with the proof of the theorem, we will need the following

estimate of the nonlinear term.

Proposition 2.2.3 Let u € He with |AY?ul|g(s,2) < 0o. Then,
(B, w), A" e* )| S 27 [|ullag o A ulZ s - (2.7)

Proof. See the appendix. OJ

2.2.1 Proof of Theorem 2.2.1.

Proof. Recall that for each N € N, Hy = span{ey,--- ,ey} C Hc, where {e;}2,
is the complete, orthonormal system (in H¢) of eigenvectors of A. Denote the

14



orthogonal projection on Hy by Py. The Galerkin system corresponding to (2.4) is
given by

du
d—év -+ PNB(uN,uN) = O, ’U,N<O) = PN'LLO, ’U,N(C) c HN. (28)

The Galerkin system is an ODE with a quadratic nonlinerity. Therefore it admits
a unique solution in a neighborhood of the origin in C. We will obtain a priori
estimates on the Galerkin system in R (defined in (2.5)) independent of N. This
will show that the Galerkin system corresponding to (2.4) has a solution for all
¢ € R and forms a normal family on the domain R. We can then pass to the limit
through a subsequence by (the Hilbert space-valued version of) Montel’s theorem to
obtain a solution of (2.4) in R. Since we will obtain estimates independent of N,
henceforth we will denote by wu(-) a solution to (2.8), i.e., we will drop the subscript
N.
Fix 6 € [0,27), and let

i0

¢ =se", s>0.

We assume that the initial data ug satisfies |[uol|G(sy,r2) < 00 for some fy > 0. Fix

0 > 0, to be chosen later and define the time-varying norm

[u(O)] = llw(Olla@-ssr2)-

The corresponding (time-varying) inner product will be denoted by ((,)), i.e.,

((u,v))
_ <AT€(BO_6S)A’U,, Are(ﬁo—és)A,l))
_ <'U,7A2T62(60_58)A’U>.

15



Taking the inner-product of (2.4) (in He) with A%e2(%0=99)Aq then multiplying by

e’ and finally taking the real part of the resulting equation, we readily obtain

1d

5 71O + 3 [A2u(Q)]? = = Re (e ((B(w(C), w(Q)), w(()))

< [((B(u(C), u(C)), u(C)))I-

For s < %, using Proposition 2.2.3, we obtain

1d

§d—|u|2 + 0 |AY2u)? < 27¢,|u||[AY ). (2.9)
s

Now choose

0 = C2 ¢, ||l uollcor2)-

From (2.9), we see that |u| is non-increasing and

o

[w(Q)] < [Jwollggorz ¥V ¢ =se?, 0 <s< =

In particular, this means

sup [|A"u(Q)[} < fluollaeso.r2)-
CER

As remarked above, the proof is now complete by invoking Montel’s theorem.  [J
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2.3 Surface Quasi-geostrophic Equations

We consider the inviscid, two-dimensional (surface) quasi-gesotrophic equation

henceforth SQG) on Q = [0, 272, given b
( g y

on+u-Vn=0, in QxR (2.10)
u=[—Ron, Rin]", in QxR,, (2.11)
n(0) =no, in Q. (2.12)

Here u is the velocity field, 7 is the temperature, and the operators R; = ;A~!,i =
1,2, are the usual Riesz transforms.
Observe that by the definition of u, it is divergence-free. Also, without loss of

generality, we will take w and 7 to be mean-free, i.e.,

/uzO,/n:O.
Q Q

The SQG was introduced in [42] and variants of it arise in geophysics and me-
teorology (see, for instance [112]). Moreover, the critical SQG is the two-dimensional
analogue of the three-dimensional Navier-Stokes equations. Existence and regular-
ity issues for the viscous and inviscid cases were first extensively examined in [113].
This equation, particularly the dissipative case with various fractional orders of dis-
sipation, has received considerable attention recently; see [31,44,91,92], and the ref-
erences therein. As in section 2.2, our focus here is time analyticity of the inviscid
SQG, with values in an appropriate Gevrey class.

As before, for r > %,5 > 0, we define

Inllcs.ra) = A7 ]| and [[ullas,e) = A" ull.

17



Note that because u is the Riesz transform of 1, we have ||n||qgr2) ~ ||©|csr2)-

Theorem 2.3.1 Let 1y be such that ||nollcsr2 < oo for some By > 0. The

complexified inviscid SQG equation

d
d—z + B(u,n) = 0,1(0) =1y, where B(u,n) =u - Vn, (2.13)

admits a unique solution in the region

- C
R:{C:sezQ:QG[O,QW),O<S< - B } (2.14)
27ce|1nollcso.r2)

Proof. Proceeding in a similar manner as in Proposition 2.2.3, we obtain

[(B(u,n), A" e* )|

< 2°¢; (IIllara 1A *ullaern A *0llasre) + lullagn 1A 03)

S 2ellnllogrn 1A 0l (2.15)

where the last inequality follows by noting that u is the Riesz transform of 7.

Fix 6 € [0,27). Let

The initial data 7y satisfies ||no]|G(gy,r2) < 00 for some By > 0. Fix 0 > 0, to be

specified later, and define the time-varying norm

Il = (O llats-ss.r2);

and the corresponding (time-varying) inner product, ((,)), as we did in the proof of

Theorem 2.2.1.

18



Taking the inner-product of (2.13) (in H¢) with A% e2%0=98)A, multiplying by

e’ and taking the real part, we obtain

1d

5 72 MQF + S A (O = Re (e ((B(w(¢),n(¢),n(0)))) -

Using (2.15), we deduce

1d

gl + 9 |AY )2 < 27¢, |n| |AY )2 (2.16)

Now choose
6 = C27¢c,||nollcsor2)-

From (2.16), we see that |n| is non-increasing and

i B
In(Q)| < ||770||G(50,r,2) V(= se? 0<s< 70

In particular, this means

sup [[7(2) || < l|nollcso,r,2)-
ZER

This establishes a uniform bound on the Galerkin system and the proof is complete

by invoking Montel’s theorem as before. U
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2.4 Inviscid Boussinesq Equations

The inviscid Boussinesq system (without rotation) in the periodic domain

Q:=10,27]¢,d = 2,3, for time t > 0 is given by

du+ (u-V)u+Vp=nge, in QxR (2.17a)
om+ (u-V)n=0, in Q xRy, (2.17b)
V-u=0, in Q x Ry, (2.17¢)

u(0) =ug, n(0)=mny, in €, (2.17d)

equipped with periodic boundary conditions in space. Here e denotes the unit
vector in R? pointing upward and g denotes the (scalar) acceleration due to gravity.
The unknowns are the fluid velocity field w, the fluid pressure p, and the function
1, which may be interpreted physically as the temperature. The Boussinesq system
arises in the study of atmospheric, oceanic and astrophysical turbulence, particularly
where rotation and stratification play a dominant role [112,116]. We will follow the

notation for the norms as in Section 2.2 and Section 2.3

Theorem 2.4.1 Let (ug,n0) be such that ||(wo,n0)|lc(ser2) < 00 for some [y >
0, where ||(wo,M0) 2 g0.r2) = N0llexse.r2) T IM0llE50r2)- The complexified inviscid

Boussinesq equations (2.17) admit a unique solution (w(¢),n(¢)) in the region

. 21n2
R:{CZSBW:QE[O,QW),0<8<min{ Cho ; - }}
2re, || (wo, mo)llagor2)” 9

(2.18)

Proof. We proceed as in Section 2.2 and Section 2.3 by taking the inner prod-
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uct of the complexified versions of (2.17a) and (2.17b) with A?"e2(%0=99)A¢y and
A?re2Bo=09)Ay respectively, then multiplying by e and taking the real part. Us-

ing (2.7) and (2.15) and adding the results, for (u(¢),n(¢)), ¢ = se?, we obtain

d
Sl [n) + S(AVuf? + A2y )

< 2eo(Jul + D (1A 2wl + [AY20]%) + glnl|u|

. g
< 2%¢,(Jul + ) (JA2ul? + [AY29)?) + o (ul” + ). (2.19)

Thus, as long as

< 2.20
(jul + I £ 51 (2.20)

by the Gronwall inequality, we have
ul® + nl* < e (lluollE gz + 10llEsym2), 0 < s < T (2.21)

Using the fact that (a + b) < /2(a? + b?), as long as (2.20) holds, from (2.21) we
have

Tg
(ful + Inl) < €% V2| (wo, 10) | 66002 (2.22)

Now choose

§ = C27¢,||(wo, m0) ||l G(gor2)-

Forall0 <s<T = min{%, QITHQ}, (2.20) is satisfied and consequently, (2.22) holds.

O

21



2.5 Inviscid Magnetohydrodynamic Equations

The inviscid incompressible magnetohydrodynamic system in the periodic do-

main Q := [0,27]%,d = 2,3, for time ¢ > 0 is given by the following system

O+ (u-Viu—1(b-V)b+V(ip+)=0 mQxRy, (2.23a)
b+ (u-V)b—(b-V)u=0, inQxR,, (2.23b)

V-u=0, V-b=0, inQxR,, (2.23c)

w(0) = uo, b(0) = by, inQ, (2.23d)

equipped with periodic boundary conditions in space. Here, u represents the fluid
velocity field, b the magnetic field and p the fluid pressure. The constant pq is the
fluid density, and S = popp, Where g is the permeability of free space.

We will discuss the magnetohydrodynamic equations in more detail in the later
chapters. Simply stated, the magnetohydrodynamic equations govern the evolution
of an electrically conductive fluid under the influence of a magnetic field, and so
are useful in the design of fusion reactors, or the study of solar storms and other
natural phenomenon. See [47] for more on the derivation of (2.23), and [46,103] for
some applications of the magnetohydrodynamic equations (MHD). The existence
and uniqueness of solutions to the incompressible MHD for the viscous case is the
subject of Chapter 3 (see also [97,108]). For now, we consider the inviscid case,
for which the existence and uniqueness of solutions is treated in [12,32]. The space
analyticity of solutions of (2.23) is discussed in [30], whereas in the present work we
give criteria for solutions to be holomorphic functions of both the time and space
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variables.
By rewriting the equations in terms of the Elsésser variables (which are defined
1

via the transformations v = u + %b, w=u— ﬁb), we obtain the equivalent

system

ov+(w-V)v+Vp=0, inQxR,, (2.24a)
Ow+ (v-V)w+Vr=0, inQxRy, (2.24b)
V-v=0, V-w=0, inQxR,, (2.24c¢)
v(0) = vy, w(0) =wp, in Q, (2.24d)

_ 1 [v—w|®
where P = 7y

Theorem 2.5.1 Let (vg,wy) be such that ||(vo, wo)llc(go,r2) < 00 for some By > 0.
The complezxified inviscid magnetohydrodynamic equations (2.24) admit a unique

solution (v(C),w(()) in the region

. C
Rz{(zsew:QG[O,Qﬂ),O<s< - bo }
2r¢e||(vo, wo)|c(go.r2)

Proof. Proceeding as in the previous sections and using (2.7), for a fixed 0 € [0, 27),

for (v(¢),w(¢)), = se?, we obtain

1d

s—{[v]” + |w|*} + §(|]A?v|* + |\ w]?)

2ds

< 276, ([o] + [w])(JA20]? + [A2w]?)

S 276 (v, w) [ (JA 2] + [APw]?). (2.25)
Now choose

§ = C2"¢, || (vo, wo) ||l Gsor2)-
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From (2.25), we see that |(v, w)|? is non-increasing and

Bo

|(0(0), w(O) < (w0, wo) s r) ¥ ¢ = se, 0 <5 < .

In particular, this means

sup [[(v(2), w(2)]] < f[(vo, wo)llaaora)-

2.6 Analytic Nonlinearity

In this section, we consider the more general case of an analytic nonlinearity
on our basic spatial domain Q := [0, 27]¢. Again, we consider an equation without
viscous effects (see [60] for the dissipative version). For simplicity of exposition, we
consider only the case of a scalar equation here. A vector-valued version, i.e. the
case of a system, can be handled in precisely the same way, although notationally

it becomes more cumbersome. Let

F(z)= Z a,z"

n=1
be a real analytic function in a neighborhood of the origin. The “majorizing
function” for F' is defined to be
Fuy(s) = Z la,|s", s < o0. (2.26)
n=1

The functions F' and F; are clearly analytic in the open balls (in R¢ and R respec-

tively) with center zero and radius

Ry =sup{s: Fy(s) < oo}. (2.27)
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We assume that Ry, > 0. The derivative of the function Fj;, denoted by F},, is also
analytic in the ball of radius Rj;. Therefore, for any fixed r > 0, the function F ,
defined by

F(s) = i lan ™2 (c,)" 5™, s ER, (2.28)
n=1
is analytic in the ball of radius Ry;/c,. Moreover,
F(s)>0for s>0and F(s;) < F(s3) for 0 < sy < . (2.29)
We will consider an inviscid equation of the form
Ou =TF(u), u(0)=uo, (2.30)
where T' is given by
Tuk) = mr(k)i(k), |mr(k)| < C|k| k € Z°.

We will assume that (2.30) preserves the mean free condition under evolution. Here,

the phase space H = L2(Q) As before, we fix r > % and define
lullas.rz) = 1A ull.
The following proposition is elementary.
Proposition 2.6.1 For xy,--- ,x, € R, and any r > 0, we have
(o1 20) S (@ ).

Proof. Without loss of generality, assume z7 = max{zy, -+ ,z,} > 0. Let § = ;"—1

and note that 0 < & < 1. Then,

n n

O w) =250 &) <O 1) =n"ap <n" Y al.
i=1 i=1 ]

=1 =1
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We will need the following estimate of the nonlinear term to proceed.
Proposition 2.6.2 Let u € Hc with ||AY?ul|gsr2) < 0o. Then
(TF(u), A e u)| S F(llullas.r2) 1A ull s - (2.31)

Proof. See the appendix. U

Theorem 2.6.3 Letr > % and By > 0 be fized and ug be such that ||uo||lc(sr2) <

00. Then, the complexified equation (2.30) admits a unique solution in the region

R:{Z:S(EMZQE[O,QT(),O<S<~ Cho }
E(lluollc(sor2)

Proof. Fix § > 0, to be chosen later and, as before, define the time-varying norm

[u(O)] = Nlu($)llaso—ss.r,2)-

Recall that the corresponding (time-varying) inner product is denoted by ((, )), i.e.,

((u, )

_ <Ar€(50768)/\u’ Are(ﬁofés)Av>

_ <u’ A2re2(50763)AU>'

Multiplying (2.30) by e, taking the real part and then the inner-product with
A% e2(Bo=99)Ay, e readily obtain

1d

§£|u(g)|2 4+ |A1/2u(<)|2 — _(( Re(ewF(u(C))),u(g) )), (= set?
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Using Proposition 2.6.2, we obtain
Ld, /2,12 < 7 1/2,,12
§£|u| + 5 | A 2] < F(|ul)| A=) (2.32)
Now choose

§ = CF([luollcisorz)

From (2.32), and the fact that F(-) is strictly increasing (2.29), we see that |u] is

non-increasing and

I 60
[u(Q)] < lluollagorz) ¥ ¢ = se, 0 <s < 5
In particular, this means
sup [[u(2)]| < [[uollcgo,r2)-
zER
As before, the proof is now complete by invoking Montel’s theorem. O

Remark 2.6.4 One can extend the method of this section to handle a nonlinearity
of the form

F(u) =TyG(Thu,- -, Tyu),

where GG is an analytic function of n-variables and T; are Fourier multipliers with

symbol m; satisfying

mi(k)| S K™ VkeZ\0<i<n Y o<1

i=0
Using the exact same technique, one can in fact also consider the case of systems,

in which case Theorem 2.2.1 becomes a special case.
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Chapter 3: Eventual regularity and decay of solutions to the mag-

netohydrodynamic equations

3.1 Introduction to magnetohydrodynamics

The magnetohydrodynamic equations are a set of equations that model fluid
dynamics when the fluid is conductive and coupled with an evolving magnetic field.
A typical example of such a fluid is plasma, but any fluid which can hold a charge
could also be described by the MHD, for instance salt water, liquefied metals, or
the liquid part of the Earth’s core. When an electrically conductive fluid is in the
presence of a magnetic field, as the fluid moves, the magnetic field responds and
in turn induces motion in the fluid. As a result of this interaction, the evolution
equations for the fluid velocity and the magnetic field are coupled through quadratic
nonlinear terms, the same type of nonlinearity present in the Navier-Stokes equations
(NSE).

We consider the MHD equations for a fluid and magnetic field with zero space
average, under incompressibility assumptions. In this chapter, we will consider the
spatial dimension, d, to be either 2 or 3, and that the fields either fill all of R? or

satisfy periodic boundary conditions on the bounded domain [0, L]?. In Chapter 4
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and Chapter 5 we will restrict ourselves to d = 2 and the periodic case. Let u, b,
and p represent the fluid velocity, magnetic field, and fluid pressure, respectively.

The system can be written as (see, e.g., [47]):

System 3.1.1 (MHD)

O~ vAu+ (u- V)u+ 1V (p+ 5L b*) =S4 (b- V) b+ f, (3.1a)
Ob—AAb+ (u-V)b+Vqg=(b-V)u+g, (3.1b)
V-ou=V-b=0, (3.1¢)

Here, v > 0 is the kinematic fluid viscosity, po is the fluid density, py := 47 X
10~"H/m is the permeability of free space, A = (poo)~! > 0 is the magnetic diffu-
sivity, and o is the electrical conductivity of the fluid. We impose initial conditions
u(0,z,y) = uo(x,y) and b(0,z,y) = bp(x,y) in an appropriate function space, and
allow for time-dependent forcing functions, denoted above by f and g.

We will non-dimensionalize the system so that we can later reformulate it in
terms of the Elsdsser variables. Let U be a reference velocity and use L as a reference
length. We denote the dimensionless fluid Reynolds number and the dimensionless
magnetic Reynolds number by Re := UL/v and Rm := UL/, respectively. In non-

dimensional form, the system can be written as:

du—Au+(u-Viu—(b-V)b=-Vr+f, (3.2a)
Ob— 4 Ab+ (u-V)b—(b-V)u =g, (3.2b)
V.b=0, V-u=0. (3.2¢)

with the initial conditions u(0) = ug and b(0) = by, where P is the (non-dimensionalized)

29



sum of the fluid and magnetic pressures, and wu, b, ug, by, f, and g have been
replaced by their appropriate non-dimensional versions. Note the bilinearity in
(u,b) on the left-hand side of (3.2b) allows for the important fact that the four
non-linear terms in (3.2) can be written with coefficients 1. We will denote the

non-dimensionalized spatial domain by

O := R

Y

or in the case of a bounded domain,
Q:=1[0,1]Y c R%

Next, in order to simplify our calculations we will reformulate the MHD equa-
tions in terms of new variables which we call v and w, in such a way as to symmetrize

the system.

1

7> and denote the Elsasser

We assume, without loss of generality, that é >
variables [52] by v = w + b and w = u — b (if 4= < 7z then we would denote
w = b — u and proceed similarly).

Then we can derive evolution equations for v and w by considering both the

sum and difference of (3.2a) and (3.2b) and obtain the following system:

System 3.1.2
0w —alAv — fAw + (w-V)v=-Vr+ f, (3.3a)
ow — alAw — fAv+ (v-V)w = -Vr+g, (3.3b)
V-v=0, V.-w=0, (3.3¢)

subject to the initial conditions v(0) = vy := ug + by and w(0) = wy := uwy — by.
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Here we relabeled the forcing terms as f := f + g and g := f — g, and we denote
o= (7 + 7=) and = 3(5; — 7). It will be important to note that o — 5 =
ﬁ > 0 and that o > 0 and 5 > 0 (this last inequality is true by the assumption
that ﬁ > ﬁ, however if é < ﬁ then we would arrive at the above system except
with a different sign on the pressure, and g = R%n — é, so still we have 5 > 0, and
in general we will have a — f = min{ %, 7= 1}).

Note that v and w solve this system with initial conditions vy = uy + by and
wy = ug — by if and only if uw = $(v + w) and b = (v — w) are solutions to the

MHD equations with initial conditions uwy and by, and by the triangle inequality,

|v|| + ||w|| < oo if and only if ||u|| + ||b]| < oo, for any norm || - ||.

3.1.1 Known Results

The global well-posedness of these equations under periodic boundary condi-
tions was established for the 2D case and local well-posedness for the 2D and 3D
cases by Sermange and Temam in 1989 [119]. In 1999, Kim showed that locally
solutions of the MHD equations with periodic boundary conditions have Gevrey
regularity, and thus are immediately smooth, and are analytic in time [90].

In the half-space, Han and He [80] found algebraic decay rates of LP norms for
space derivatives of solutions up to order two as well as one order of time derivative,
for small initial data in 3D or large initial data in 2D.

In the whole space, the subject of local well-posedness in various spaces and

global existence in critical spaces has been studied by many authors. In [125], Wang
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discusses the decay of the global solutions in 3D arising from initial conditions in a
critical frequency domain of negative “derivative” order, the decay being in terms of
the negative order norm (like a negative order homogeneous Sobolev norm). Agapito
and Schonbek [2] showed the decay of L” norms of solutions with small initial data,
and showed the L? decay of the velocity of solutions arising from the MHD equations
without the presence of magnetic diffusion. They also found that solutions arising
from initial conditions which are only assumed to be in L? converge to 0 in L? at a
nonuniform rate in 2D and 3D, and that the nonuniform rate is optimal.

Recently, Biswas and Bae showed the local well-posedness and Gevrey regu-
larity for a large class of dissipative equations in the whole space, also obtaining
small data global existence results, and showed the eventual decay of solutions of
the NSE in higher order Sobolev norms [8].

In this chapter, we follow the approach of Biswas and Bae and obtain local
well-posedness and small data results with Gevrey regularity for the MHD equations,
with initial conditions in a large range of homogeneous Sobolev spaces (including
spaces of negative Sobolev order). Furthermore, we obtain the decay of the L?
norms of all higher order derivatives (not just first and second order) at algebraic
rates when the initial data is in L? for p > 2. We are able to extend these results to
the range 1 < p < 2 by additionally requiring that the curl of the initial data be in
L.

It is interesting to note that the result of Agapito and Schonbek says the L2
norm can decay at a nonuniform rate only when the initial data is only in L? while
we show that for the same initial data, the L? norms of all derivatives of positive
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order will decay at algebraic rates.

3.2 Results

3.2.1 Main Idea

We will need to first establish the local (in time) existence of solutions, the
notion of existence being the finiteness of a time varying Gevrey norm, when the
initial data is in certain homogeneous Sobolev spaces. We also obtain global exis-
tence for the case that the initial data is in a critical homogeneous Sobolev space
(critical in the sense of a scaling invariance) and is sufficiently small in the corre-
sponding norm.

To establish these existence results, we use the integral form of our simplified
equations (called the mild-formulation) and define a self-map on a certain subset of
c([0,17, Hg) in such a way that a fixed point of this map will give rise to a solution
of the MHD equations. Then, if the initial data is in a non-critical space H;‘ , wWe
will show that the self-map is a strict contraction when the time of existence, T is
sufficiently smaller than a power of the norm of the initial data, and so it will have
a fixed point. This also gives us an estimate of the existence time.

If the initial data is in a critical space then whether or not the self-map is a
contraction is not determined explicitly by the time of existence T. However, we
can show that we will have a contraction anyway as 17" — 0, thus we still have

local existence. Furthermore, we can instead let 7' = oo and obtain a contraction by

forcing the size of the norm of the initial data to be sufficiently small, thus obtaining
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the small data global existence result.

With the existence results established, we then focus on showing the decay
of higher order derivatives. To start, we use the Leray energy inequality for the
case that p > 2 and show that solutions will eventually become arbitrarily small
in the critical space at a time ¢y, and thus will have global existence after such a
time. Using the properties of the Gevrey norm (which we then know will not blow-
up after time ¢y) and the Sobolev inequalities, we can show that the LP norms of
derivatives higher than a certain order will decay algebraically in time, for p > 2.

The Sobolev inequalities we use in establishing this result do not allow us to
extend to the case that 1 < p < 2. To circumvent this, with an additional assumption
on the initial data, we can establish a uniform (in time) bound on the L' norm
of the curl of the solutions, and, using various other inequalities and interpolating

between p = 1 and p = 2, we can extend the results.

3.2.2  Assumptions and Definitions

Before we proceed further, we will make some additional assumptions. For the
rest of this chapter, we will assume that there is no external forcing (f = g = 0),
as we are currently interested in finding the rate at which solutions will decay when
no external force is present. For simplicity, we will also assume that Re = Rm = 1.
Now we apply the Leray Projection P to (3.3) (i.e. we will project onto the
space of divergence free vector fields) which cancels the gradient term on the right

hand side. We can then define a classical solution as follows:
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Definition 3.2.1 (Classical Solution) A classical solution of the MHD equations

is a pair (v, w) such that v(-,x),w(-,x) € C1(0,T) for all x € Q, v(t,-), w(t,") €
C2(Q) N L2 for all t € [0,T], v(0) = vy, w(0) = wy, and

0w —Av+Plw - V)v =0, (3.4)

Jw — Aw + P(v - V)w = 0. (3.5)

Furthermore, (v, w) is called a strong solution if v,w € C ([0,T], H N H') and (3.4)

and (3.5) are satisfied for almost all t.
However, we will need to introduce a weaker notion of solution:
Definition 3.2.2 (Mild Solution) A pair (v, w) € C([0,T], Hz?) satisfying
2 t 2
v(t) = e My — / e~ IV P(w - V)wvds, (3.6)
0
2 t 2
w(t) = e ™ wy — / e~ INP(y - V)wds, (3.7)
0

will be called a mild solution when v(0) = vy, w(0) = wy, and we are considering
the case that vy, wy € Hg‘ (we arrive at these equations by integrating (3.4) and

(3.5) in time).

Also, to establish a uniform bound in L' (which we will use to prove the
eventual decay of solutions in certain Sobolev spaces), we’ll need to consider the
vorticity formulation. Defining the “vorticities” 7 := V x v and ¥ := V x w, we

can write the vorticity formulation by taking the curl of (3.3a) and (3.3b), obtaining:
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System 3.2.3 (Vorticity Formulation)

T — AT+ (w - V)T = Vo x Vuw, (3.8)

Oy — A + (v-V)p = Vo x Vuw, (3.9)
with 7(0) = V x v(0), ¥(0) = V x 9(0),

where A x B := —¢;, A Bije; = €;j:AjBige; for any matrices A and B (e, is the
permutation symbol). Note that |A % B| < |A||B|, where the first | - | is the regular

euclidean norm of the vector A% B and the second we are defining by |A| := />~ AZ,.

3.2.3 Statements of the Results

Theorem 3.2.4 Let p > 1, and % > > ;‘—f — 1. If vy, wy € H;, then there exists
aT > 0 and a mild solution (v,w) on [0,T] such that (v,w) € C’([O,T],Hg) X

C([O,T],H;), and for some 3 > 0,

8
max{ sup ||v(t),w(t ap), SUp tZjjv(t o < Cl|lvg, wol| gre- (3.10
{0<th|| ), w®)llc(viap) Sup lv(Olle(viarspt < Cllvo, woll g (3.10)

Furthermore, if &« > 4 — 1, there is a X > 0 such that T > #W
P (v, o)l o

Otherwise, o = g and there is an € > 0 such that if ||(vo, wo)|| < €, then we may

take T = 0.

The next theorem establishes the persistence of solutions of the vorticity for-
mulation in L', and is essential to proving the decay results of Theorem 3.2.6 when
1 < p < 2. The corresponding result for the NSE was first shown by Constantin and
Fefferman [39]. We are able to extend their arguments to the MHD, and obtain the
following result:
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Theorem 3.2.5 Let T and v be solutions of the vorticity formulation, with Ty, ¢ €
L' and vy, wy € L2, where 7o = V X vy and 1y = V X wy. Then the L' norms of T

and ¥ remain finite for all time. In fact,

1
sup I @)l < 4 (lvolllwoll)* + lI7oll1- (3.11a)

NI

sup |9 (1)1 < 4 (Jlvollllwoll)* + 3ol (3.11b)

The following theorem establishes explicit algebraic decay estimates of all

higher derivative orders in L” norms when p > 1.

Theorem 3.2.6 Suppose d = 3 and let p > 2. For all initial conditions vy, wy € L*
with corresponding solutions v, w, there is a time tg such that for all t > ty and
oz>g—1, we have

3

IA“w(t)], < C(t — to) "2 5D,

with a similar inequality holding for w.

Furthermore, if 19,4 € L' we may take 1 < p < 2.

The theorem is stated for d = 3 but the main ideas and techniques carry over
to the case when d = 2. The difference is that the critical spaces are different,
so some extra results are needed when d = 2. Specifically, when p = 2 the crit-
ical space is L? (since the critical value for « is % — 1 = 0) so we need to show

liminf; , |[(v(¢), w(t))|| = 0, which is shown in [2] for instance. A uniform bound

in the Hp_ “ norm for o € (0, 1) is also needed, and will be shown in a future work.
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3.3 Proofs of the Results

3.3.1 Proof of Existence Results
Given any T' > 0 and 3 > 0, define $ C C([0,T], H$) x C([0,T], HS) by
L=A{(v,w) | [[(v,w)|s < oo},
where
ol = sup t5 o) oyt

olls = max ( sup [0(8) (vt uvuz) .
0<t<T

The space X will be the main setting in the proof of Theorem 3.2.4.

To simplify our notation, we will define the operators S, GG, and I by

Now, let N = || (G(v), G(w)) ||s, and consider the set
E={(n,w) e | [[(v,w) — (G(v),Gw)) |s < N}.

The following proposition gives a bound on N, and can be proved using similar

arguments to those found in [§].

Proposition 3.3.1 Ifv,w € H} then N < C,BH(Uo,wo)HHg, and if o = %— 1, then
N—=0asT —0
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We next show that S is a self-map on ¥ and a contraction mapping when
restricted to F, and therefore there will be a fixed point, i.e. a mild solution. But

first we need the following estimate:

Proposition 3.3.2 For a > % — 1, there is a A > 0 such that ||I(v(t), w(t))|s <

CTMv(#)||s ||lw(t)|s. Furthermore, A = 0 if and only if a = % —1.

The proof for the case p = 2 can be found in [24] (see Proposition 4.6 for a > % —1
and Proposition 4.8 for a = % — 1). For the case p # 2, see [8].

Proof of Theorem 3.2.4 Since [|(vg, wp)||a, < 00 we have that N < oo since
N < ||[(vo, wo)|lap by Proposition 3.5.1. Now, by Proposition 3.3.2, (v,w)
(I(v,w), I(w,v) ), which we call I, is a self map on ¥, and hence so is S which is
the mapping (v, w) — (S(v,w), S(w,v) ). What remains to be shown is that S is
a contraction mapping on E.

Let (v,w), (v',w’) € E. Then

S(v,w) — S(v,w') = —I(v,w) + I(v,w)
= —I(v,w) + I(v,w') — I(v, —w') + I(—v,w’)

= —I(v,w—w) +I(v —v,w)

39



S0,

1S(v, w) = S(v', w)|ls < [[H(v, w — w')||s + [[I(v — v, w)|x
= [H(v,w —w)|s + [{(w —w' v)|[z + [[(v" = v, w)|ls + (w0 = v)|s
< OT* (||v]|gr||w — w'||sr + ||w'||s||v — v'||sr) (by Proposition 2.2.)
< CTN (Jw - w'lls + o — v'[s)

= CT*N|(v — v, w — w)|x.

So if CT*N < 3, then [[S(v, w) — S(v/,w’)|s < 3|[(v — v, w — w')||sr, and S is a
strict contraction on F.

If A > 0, then it suffices to take T" such that T' < m which will imply
that 7' < <55 since N < H(vo,wo)HHg. If A = 0 (which hap;ens if and only if
a = z% —1and p > 1), then we obtain a strict contraction using the fact that N — 0
as T" — 0, by Proposition 3.5.1, giving a local existence time, or we can take 7' = co

if ||(vo, wo)|| iy < 56, giving the global existence for small data result.

In all the above cases, the solution is in E, so ||(v,w)]||x < 2N. O

3.3.2  Proof of Decay Results

By the Leray energy inequalities (A.10) and (A.11), for solutions v and w of

the simplified MHD with initial conditions vy, wy € L?, we have

sup [0(t)]| < [eo]l and sup [w(®)] < [w]. (3.12)
£>0 >0
lm i (1) = lim nf (0] = 0. (3.13)
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Now we can prove Theorem 3.2.6, proceeding as is done for the Navier-Stokes
equations in [8].
Proof of Theorem 3.2.6 We will show the result for v, the proof for w being
identical.

First let p > 2 and set ay =

[\ 1o}

—1 =1 (so that Hz‘fo is the critical space when p=2),
and let € be the small data constant given by Theorem 1.1. Then from (3.13), 3 ¢,
such that [[v(to)l| 7 < (G/HvOHG)ﬁ (where 6 = 1), and so using (1.7) followed by
(3.12),

lo(to)ll o < llo(t0)|”llv(to)ll7,” < llwol*llo(to)ll " < e.
2 2 2
Now Theorem 3.2.4 guarantees the solution is a global solution starting from time
to, and satisfies
sup [|v|¢ (= ,a0.2) < ©
t>to

and therefore Vt >ty and VYo > «ap, by Proposition 1.0.2 and (3.10),
lo@llg < Cllwtto)llgo (t — to) 2. (3.14)

Now, if p > 2, then by (1.8) and (3.14), Vt > t; and Yo > max{ay — 6,0} where

lo(®)ll e = IA0 O], < Cllo@)llgg+s < Cllv(to) g (t = to) 721070,

So, all that remains to show is the result for 1 < p < 2, and for this we need the
additional assumption that V x vy, V x wo € L'. Then by (3.11), sup,s [|7(¢)[1 <

00. Therefore, by (1.6), ||T(®)|l, < |l T(®)]|¢]|7(#)||l3?, and so using (1.11) with § = 0,

@l < Cllr@ll, < Cllr@IElT Ol < Cllr@Ellv @)1,
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Again by (3.13), 3o such that [|[v(to)|; < (e/CHT(tO)H?)%B , SO
lv(to)lly < Clrto)ll, < Clr)llvt)l" <e pe(1,2). (3.15)

Choosing p = 3/2 (so 8 = 1/6), the critical a; = 3‘;’—2 — 1 = 1, and we have
lv(to)]| g, < € 80 We can apply the small data result of Theorem 3.2.4 and pro-

ceeding as before, we get
« —La+s—a
o)l = 1A 0@l < Clo@llsg5s < Cllv(to)l gz, (8 = to) 27,

forall%§p<2anda>a1—5,with5:2—§.
Lastly, we need to consider the case where 1 < p < %

By (3.14) and (1.11) with ¢ = 2,

lim || 7(t)]] e < Jim [lo@)ll g+ =0,  Vaz=0.
2 —00

t—00

By (1.10),
171l oo < CllrlGelIml,~",

where 0 := ’i; and 1 < ¢ < 2 is chosen so that 0 < 6 < 1.

2
p2—
Then using (3.15)

h{ggf ”T(t)”HISQQ) =0,

and therefore since a, := % —1>1forl<p< %, we have
lim inf |[v ()] e =0,

by choosing o > 0 so that fa + 1 = a,. The rest follows as before, using Theo-

rem 3.2.4. [l
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3.4 Conclusion and Future Work

Although we know that solutions with initial data in H » will immediately have
Gevrey regularity for a short period of time (called an existence time, T'), and if
the initial data is in L? then the solutions will eventually become Gevrey regular at
some time ty, this does not preclude the possibility of a solution blowing-up in the
interim (i.e. between T and ty.)

We established some estimates for the existence time 7" in Theorem 1.1 when
the initial data is in a non-critical homogeneous Sobolev space, in terms of the
Gevrey norm, and these existence times are identical to those obtained by Biswas
and Bae for the NSE. However, Robinson obtains better existence times in terms of
the homogeneous Sobolev norms when o > 2 and p = 2 for the NSE [114]. Can the
same be obtained for the MHD equations? Also, can the same improved rates be
obtained in terms of the Gevrey norm, even for the NSE?

In [90] it was shown that solutions of the MHD equations are time analytic
under periodic boundary conditions when the initial data is sufficiently regular (H; ).
Can we show solutions are time analytic with values in a Gevrey class of functions
when the space domain is all of R? and for rougher initial data?

When considering the equations with a nonzero forcing term the solutions
will not in general decay to 0. In this case one can ask if there is an attractor
and the question has been pursued for the bounded domain case or for periodic
boundary conditions. Also, the size of the attractor (size in the sense of the Hausdorff

dimension) when it exists has been studied. What can we say about the attractor
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for the MHD equations in the whole space when there is a nonzero forcing term?
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Chapter 4: Continuous data assimilation for the 2D magnetohydro-
dynamic equations using one component of the velocity

and magnetic fields

4.1 Introduction

In the study of solar storms, space weather forecasting, earth’s geodynamo,
and other areas, predicting the motion of fluids with magnetic properties is a central
concern. The governing equations are often taken to be the magnetohydrodynamic
(MHD) equations, or some modification of them. These equations are notoriously
difficult to solve both analytically and computationally. Moreover, accurately ini-
tializing the system is challenging due to the sparsity of the available data. Fortu-
nately, data is often given not just at a single time, but can be streaming in (e.g.,
from devices monitoring space plasma dynamics), or given in history (e.g., from
surface geomagnetic observations, which in the earth can be traced back up to 7000
years [25,38,115]). This situation is similar to the problem of weather prediction
on earth. Therefore the techniques of data assimilation, which were developed in
weather prediction, have been applied to the MHD equations in recent years (see,

e.g., [29,34,71,72,77,102,107,117,121,122]). It has also been speculated in [1] that
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data assimilation for magnetohydrodynamics may be useful in liquid sodium exper-
iments modeling the Earth’s core.

Data assimilation has been the subject of a very large body of work. Classi-
cally, these techniques are based on linear quadratic estimation, also known as the
Kalman Filter. The Kalman Filter has the drawback of assuming that the underly-
ing system and any corresponding observation models are linear. It also assumes that
measurement noise is Gaussian distributed. This has been somewhat generalized via
modifications, such as the Extended Kalman Filter and the Unscented Kalman Fil-
ter. For more about the Kalman Filter and its modifications, see, e.g., [45,89,100],
and the references therein. Recently, a promising new approach to data assimilation
was pioneered by Azouani, Olson, and Titi in [6,7] (see also [33,81,111] for early
ideas in this direction). This new approach is based on feedback control at the PDE
level. The first works in this area assumed noise-free observations, but [16] adapted
the method to the case of noisy data, and [66] adapted it to the case where mea-
surements are obtained discretely in time and may be contaminated by systematic
errors. Computational experiments on this technique were carried out in the cases
of the 2D Navier-Stokes equations [75], the 2D Bénard convection equations [5],
and the 1D Kuramoto-Sivashinsky equations [99,104]. In [99], several nonlinear
versions of this approach were proposed and studied. In addition to the results
discussed here, a large amount of recent literature has built upon this idea; see,
e.g., [3,22,54,56-59,73,76,84,85,98,105,109].

In the present work, we adapt the approach of [6,7,56] to the 2D MHD equa-

tions. In Theorem 4.3.1, we show that solutions of the feedback-controlled system
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converge exponentially in the L2-norm to solutions of the MHD system when feed-
back control is applied to all variables (here, we use Elsésser variables for simplicity).
This convergence holds under certain conditions on the spacing of the data and the
weight given to the feedback control. Moreover, in Theorems 4.3.2 and 4.3.3, we
establish abridged data assimilation, i.e., we show that feedback control need be ap-
plied to only a reduced set of the variables (horizontal variables or a single Elsésser
variable, respectively) to obtain exponential convergence, at the cost of more restric-
tive conditions on the data resolution h and control weight p. In Theorem 4.3.4,
we establish exponential convergence in the H'-norm. Next, in Theorem 4.3.8, we
show that if one makes weaker assumptions on the data interpolation function, and
if feedback control is applied only to horizontal variables, then exponential conver-
gence in the H! norm holds as well. Finally, in Section 4.3.3, we establish a rigorous

connection between data assimilation and the concept of determining quantities,

first introduced in [63], and further studied in [37,67,86-88|.

4.1.1 Background on Data Assimilation

We now describe the general idea of the data assimilation scheme we use for
the 2D MHD equations, based on the idea of feedback control, that was developed
by Azouni, Olson and Titi in [6,7] in the context of the 2D Navier-Stokes equations.

In the study of a dynamical system in the form,

d
—Y = F(Y), (4.1)
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subject to certain boundary conditions, one normally tries to show that unique

solutions will arise given any initial value

Y(0) = Yo,

in a certain space, and that the solution will change in a continuous way with respect
to a change in the initial value.

The problem arises in practice that the initial value may not be known ex-
actly, but it may approximate the true initial value of a given observable, for ex-
ample the temperature, which we would like to predict the value of in the future.
The continuous dependence on initial data addresses this issue, in that if the initial
approximation is close enough to the true value, then the solution we obtain will
accurately approximate the true value of the observable for some period of time.
However, usually the length of time the approximation is guaranteed to be good is
short, in that the error may grow exponentially in time. Also, the initial measure-
ment may need to give a very close approximation to the true initial value, but in
practice measurements may only be available on a coarse grid, limiting the accu-
racy of the initial approximation and thus limiting both the accuracy the solution
can be guaranteed to have, as well as the duration for which this accuracy can be
guaranteed.

Data assimilation is the method where, to compensate for this limit to the ac-
curacy of the measured initial condition, measurements are taken of the observable
as time goes on (over the same possibly coarse grid on which the initial value is ap-

proximated) and fed back into the differential equation (giving a different equation,
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called the data assimilation equation) in such a way that the solution will become a
better approximation as time goes on. This gives us the accuracy we need to apply
the continuous dependence on initial data and say the prediction will be accurate
for some duration from that time onwards.

The data assimilation algorithm (the way measurements are introduced to the
differential equation) can take different forms, but the one we consider here was first
introduced by Azouani, Olson, and Titi in [6,7]. Given that the true value of the

observable at time ¢ is Y (), then the data assimilation equation will be:

P )
Y = F() + p(I(Y) = Li(Y))

= F(V)+ ply(Y =), (4.2)

where the second equality in the above equation follows because we assume the
interpolant operator, I, is linear. Here, u will be an adequately chosen tuning
parameter. In addition, we will assume that for all u € H!, I, satisfies one of the
following:

|lu —Tp(u)||z2 < c1h||Vu||Le, (4.3)

or

lw — Tn(u)||z2 < coh||Vul| g2 4 csh?|| Aul| . (4.4)

Many relevant examples of operators satisfy one of these two conditions, including
the projection onto the low modes, finite volume element operators, and nodal in-

terpolant operators. For more information, see, e.g. [6,70,104].
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4.2 Data assimilation algorithms for the MHD

Now, we describe the data assimilation algorithms we will study. Following
the ideas of [6,7] we incorporate measurements obtained from a fixed reference
solution (of which we want to predict future values) through a damping term. This
will “steer” the data assimilation solutions to the reference solution exponentially
in time. In what sense we will have convergence depends on the type of interpolant
I;, with which we take measurements.

The results are separated by the type of interpolant considered and by which
measurements are recorded. We assume that for a given reference solution, (u,b),
of (3.2), we have data being collected on some subset of the fields {uy, ug, b1, bo}. A
feedback control term could be introduced into the evolution equation of any variable
on which we are collecting data, and so we can consider a different algorithm for each
combination of the variables we assume to be measuring. We consider algorithms
which require measurements taken only on the first components, u; and b; (which
is the same as measuring v; and wj ), by measuring all the components of u and b,
or by measuring either the sum w + b or the difference u — b only. We frame our

results in terms of the Elsasser variables, not in terms of w and b.

Remark 4.2.1 As the pressure field, p, does not have an evolution equation, we
cannot directly make use of any data collected on p with an equation like (4.2).

Therefore, we do not consider taking pressure measurements.

In the following, let (v, w) be a fixed solution of (3.3), and denote the data
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assimilation variables by V' and W, which will approximate v and w respectively.
I, may satisfy either (4.3) or (4.4); we will analyze each case separately. Because
we are introducing the feedback term into the equations, the magnetic field will no
longer be divergence free (in general). Therefore, to explicitly enforce the diver-
gence free conditions on the data assimilation variables without making the systems
overdetermined, we also introduce a potential field, Vq.

As for the original system, in the following systems we consider periodic bound-
ary conditions, and assume that » and ¢ have zero space average. First, we have
the following algorithm which utilizes measurements taken on all components (so

measuring v and b):

Algorithm 4.2.2 Solve

OV —aAV — BAW + (W - V)V = —Vp—Vg+ f+ullv—V)  (4.5)
OW — aAW — BAV + (V- V)W = —Vp+ Vq+g + ply(w— W)  (4.5b)
V-V=0 V-W=0, (4.5¢)

for (V, W) with the initial conditions V (0) = W(0) = 0.

We would also like to consider cases where we do not need to collect data on
all of the variables. In the next algorithm, we only require data to be collected on

the horizontal components of v and w (which is equivalent to measuring u; and by ):
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Algorithm 4.2.3 Solve

OV —aAV — AW + (W - V)V = —Vp - Vq+ f+ ply(v, — Vi)e

OW — aAW — BAV + (V- V)W = —V5 + Vq+ g+ pl(wi — Wi)er

V- V=0 V-W=0,
for (VW) with the initial condition V (0) = W (0) = 0.
Finally, taking measurements on only v:

Algorithm 4.2.4 Solve

OV — oAV — BAW + (W - V)V = —Vp — Vg + f + plp(v — V)
AW — aAW — BAV +(V -V)W = -V + Vg +g

V.-V=0 V-W=0,

for (V, W) with the initial condition V (0) = W (0) = 0.

(4.6a)
(4.6b)

(4.6¢)

(4.7a)
(4.7b)

(4.7¢)

Remark 4.2.5 Although we chose to consider taking measurements on the first

components of v and w in Algorithm 4.2.3, we could instead use the second com-

ponents with no substantial differences. Likewise, in Algorithm 4.2.4 we could also

consider taking measurements on w and we would obtain similar results.

Remark 4.2.6 In the above we chose to make the initial conditions 0, but in fact the

initial conditions may be chosen essentially arbitrarily, albeit in accordance with the

existence theorems. Theorem 4.3.8 additionally requires that the initial conditions

satisfy an upper bound of the form (4.9).
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Remark 4.2.7 Here we first constructed the Elsdsser variables from the original
variables w and b after nondimensionalizing, and then proceeded to define the various
data assimilation algorithms and variables. However, since the transformations were
linear, if we were to define each data assimilation algorithm using the original
variables, in the process defining data assimilation variables U and B, and then
nondimensionalize and change to the Elsdsser variables, we would arrive at the same
systems above. So, all our results apply to the corresponding algorithms formulated

in terms of the original variables (we give these explicitly in Chapter 5).

We define weak solutions for all the systems mentioned in the distributional
sense in the usual way. See [119] for a precise definition in the case of (3.2) (the
other systems are similar). In addition to being a weak solution, we say (v, w) (or

(V,W)) is a global strong solution of (3.3) (or (4.5), (4.6), or (4.7)) if
v,w e L*(0,T; H*) N L>(0,T; H"), VT > 0.

In [119], it was shown that if ess supjy .|| f|l2 < 0o and wug,by € H', then there
exists a unique global strong solution to (3.2) (which can be transformed to a solution
of (3.3)). Therefore, we will be assuming that, in addition to being space periodic

and divergence free,
ess Sup| ooy Max{ || fllzz, [|gllzz} < oo and  [[Vul|rz, [[Vb|| 2 < oo

The proofs of the corresponding existence and uniqueness results for solutions of the
systems in Algorithms 4.2.2-4.2.4 are similar, and are omitted. We only state and
prove the corresponding convergence results.
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Our analyses will have to take into account the amount of energy being added
to the system by the forcing functions, so to this end we define the Grashof number,

G, to be

G i= max{k, ) limsup (max {IFOlzo.0m T2zl })

where A\ := 4Li2 is the smallest eigenvalue of the Stokes operator on the space of
functions with space average zero on [0, L]*> under periodic boundary conditions [64].
We note here that G' can be expressed in terms of the forcing functions and

parameters of the Elsisser variable formulation:

G = =B R 1y o (max{ | £(8) + 9(8) 122, | F() — a(8)122)),

t—o0

hence,
G 2 o limsup (max{ (1) g (0)]123).

Before we get to the main theorems, we first state the following bounds for
the reference solution to the MHD system. Moreover, we prove (4.8), which follows
standard arguments from the Navier-Stokes theory (see, e.g., [40,123]). The proofs
of (4.9) and (4.10) can be obtained by modifying the corresponding proofs from the
Navier-Stokes theory in a similar way (see, e.g. [51,119] for more details on (4.9)

and the appendix of [56] for (4.10)).

Proposition 4.2.8 (Upper Bounds on Solutions of the MHD) Let (v, w) be

81

a solution of (3.3). Then there is a to > 0 and constants cyy > 0 and C' = 2L¢§ such

that for all t > tg and any T > 0,

/t (IV0()[% + [Vawo(s)|2s) ds < (1 + Tr(a — B))(a — F)G,  (4.8)
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IVo®)[I7: + [Vw(®)]7. < 107°(a — 8)° G, (4.9)
|Av(8)[|72 + [[Aw(t)[[72 <
cn(a— B)?G? (1 + (1 + G2€CG4) (1 + 0% 4 G4eCG4)> . (4.10)

Proof of (4.8) See the appendix. |

4.3 Statements of the Results

4.3.1 Results for Type 1 Interpolants
Theorem 4.3.1 Let (v, w) be a strong solution of (3.3) which at time t = 0 has
evolved enough so that Proposition 4.2.8 holds with to = 0. Let I, satisfy (4.3), where

7r2(0‘i;r£62—5)4) o2

NI

h<c'(a—p)iu e, and p>

(so h ~ G7'). Then there is a unique strong solution, (V,W), of (4.5) corre-
sponding to (v, w) which exists globally in time, and furthermore ||v(t) — V (t)||2 +

|lw(t) — W (t)||z2 — 0 exponentially as t — oo.

Theorem 4.3.2 Let (v, w) be a strong solution of (3.3) which at time t = 0 has

evolved enough so that Proposition 4.2.8 holds with to = 0. Let 1}, satisfy (4.3), where
h<cila— B)%,u’%, and p > 32n°(a— B) (64 2InG + CG*) G?

(so h ~ G=3). Then there is a unique strong solution, (V,W), of (4.6) corre-
sponding to (v, w) which exists globally in time, and furthermore ||v(t) — V (¢)||z2 +
|w(t) — W (t)||rz — 0 exponentially as t — oo.
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Theorem 4.3.3 Let (v, w) be a strong solution of (3.3) which at time t = 0 has

evolved enough so that Proposition 4.2.8 holds with to = 0. Let 1}, satisfy (4.3), where

T2t G4+ (a — B)*G?)?
16(a — B)

(so h ~ G73). Then there is a unique strong solution, (V,W), of (4.7) corre-

h<c(a—B)ip 2, and

sponding to (v, w) which exists globally in time, and furthermore ||v(t) — V (¢)||z2 +

|lw(t) — W (t)||2 — 0 exponentially as t — oo.

In the next three theorems, by using the L? convergence results we just estab-
lished, we show that solutions of (4.5), (4.6), and (4.7) will converge exponentially

in time to the reference solution in the stronger topology of the H'-norm.

Theorem 4.3.4 Let (v, w) be a strong solution of (3.3) which at time t = 0 has
evolved enough so that Proposition 4.2.8 holds with to = 0. Let I, satisfy (4.3), where

< (2v2¢1) Ha — B)zp 2, and u>”2(0%;‘£0‘5_5)4)a2

(so h ~ G='). Then there is a unique strong solution, (V,W), of (4.5) corre-

sponding to (v, w) which exists globally in time, and furthermore ||v(t) — V()| g +

|lw(t) — W (t)|| g1 — 0 exponentially as t — oo.

Theorem 4.3.5 Let (v, w) be a strong solution of (3.3) which at time t = 0 has

evolved enough so that Proposition 4.2.8 holds with to = 0. Let 1}, satisfy (4.3), where

1

< (2V2¢) Ha - B )%u_i, and p> 321 (a— B) (¢+2InG + CGY) G?

(so h ~ G=3). Then there is a unique strong solution, (V,W), of (4.6) corre-
sponding to (v, w) which exists globally in time, and furthermore ||v(t) — V()| g +
|lw(t) — W (t)|| g1 — 0 exponentially as t — oo.

o6



Theorem 4.3.6 Let (v, w) be a strong solution of (3.3) which at time t = 0 has

evolved enough so that Proposition 4.2.8 holds with to = 0. Let 1}, satisfy (4.3), where

T2t G*(4 + (o — B)*G?)?
16(cr = 9)

h< (2v2e) Na—B)iu 7, and  p>

(so h ~ G73). Then there is a unique strong solution, (V,W), of (4.7) corre-
sponding to (v, w) which exists globally in time, and furthermore ||v(t) — V()| m +

|lw(t) — W (t)||gr — 0 exponentially as t — oco.

Remark 4.3.7 Observing the Poincaré inequality, the results of Theorems 4.3.4-4.3.6
seem to imply those of Theorems 4.3.1-4.5.3, but the spatial resolution is required
to be slightly finer for the H' results. Also, based on our analysis, there may be a
longer period of time that must pass before exponential convergence is observed in the
H'-norm than in the L*-norm (see the estimates in (4.37) and (4.40)). However,
we point out that in computational results regarding data assimilation in the context
of the one-dimensional Kuramoto-Sivasinsky equation, convergence times for both

norms are almost identical (see [99] for more details).

4.3.2 Results for Type 2 Interpolants

Theorem 4.3.8 Let (v, w) be a strong solution of (3.3), which at time t = 0 has
evolved enough so that Proposition 4.2.8 holds with to = 0. Then h ~ G~ 6¢9C" qnd
1~ G12e26G" can be chosen so that if I, satisfies (4.4) then there is a unique strong
solution (V, W) of (4.6) corresponding to (v, w) which exists globally in time, and

|lv(t) = V()| + ||lw(t) — W(t)|| 2 — 0 exzponentially as t — oo.
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Remark 4.3.9 Similar theorems hold for the cases of measurements on all vari-
ables and one Elsdasser variable (although not as direct corollaries, since the dynam-
ical systems involved are slightly different). However, in the case of measuring all

variables we do not find much improvement in the restrictions on h and p.

4.3.3 Determining Interpolants

In order to prove that there are finitely many (say N) determining modes, one
needs to show that if (v, w®) and (v, w®?) are different solutions of (3.3) with
possibly different forcing terms and initial data, then knowing that || Py (v, w®)—
Py(v® w®)||2 — 0 is sufficient to conclude that ||(v™, w®) — (@ wWP)||2 —
0, where Py denotes the projection onto the modes with magnitude at most V.
In general, we replace Py by a different operator, say I, and ask the question of
whether the knowledge inherent in I is “determining”.

In the following theorems, we show that the data assimilation results we have
obtained can be adapted to show that the interpolant operators, I, are determining.
We do this by first generalizing the convergence results we developed in the previous
theorems to allow for the evolution equations of the reference solution and the
data assimilation solution to have different forcing terms, which converge in L? as
t — o0, at the cost of losing the exponential rate of convergence of the solutions.
We also allow for the reference solution to be perturbed by a function which decays
in L2

We illustrate the ideas for the algorithm studied in Theorem 4.3.1, i.e. with
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measurements taken on all variables and for I, satisfying (4.3), but the results can
be obtained for all the other cases as well. So, we can show that operators which
satisfy (4.3) or (4.4) and use measurements on (v, w), (v, w;), or v, are determining

in the sense of convergence in L? and H*.

Theorem 4.3.10 Let 1, satisfy (4.3) and let (v, w) be a reference solution of (3.3).
Then if i and h satisfy the hypotheses of Theorem 4.5.1, and if |6V ()| 22, |6@ () || 2 —
0 and || T,(eM ()|l r2, || Tn(€@ ()|l z2 — 0 as t — oo, there are unique V., W, q and

P which satisfy the following modified version of (4.5):

System 4.3.11
OV —aAV+BAW +(W - V)V = —Vp—Va+ f+6V 4 uT,(v+eP =V), (4.11a)

OW — aAW + BAV + (V- V)W = -V + Vg + g+ 0@ + puly(w + @ — W),
(4.11b)

V.-V=0V-W=0, (4.11c)
subject to the initial conditions V (0) = 0, W (0) =0,

and furthermore, |[v — V ||z, [|[w — W[z = 0 as t — cc.

In the next theorem we illustrate the result that if an interpolant I, satisfies
the conditions for the generalized data assimilation theorem, then I, is determining,
for the case of the generalized version of Theorem 4.3.1. Note that the projection
onto the low modes, Py, is an example of an interpolant operator I, for which the

% < G7L. Hence, the following theorem shows

theorem applies, provided that A :=
that there are finitely many determining modes for instance.
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Theorem 4.3.12 Let (v, w™) and (v, wP) be solutions of (3.3) with forcing
terms £V, g and 2, g respectively, and suppose that || fO(t) — F@ ()| 2 — 0

and ||gV(t) — g@(t)||z2 — 0 as t — oo. Let 1, satisfy (4.3) where

a— [ .
h < o —0%4_(0[_5)46’ , and
1
G = =y lmsup (max{ IOl g% ()]1:})
1
= oo~ g s (max (£ 012, g™ (9)]12))

and suppose that || Tn(v' (t) =@ (t)) || 2, [| T (w V() — w® (@))[|z2 = 0 ast — oo

Then [[v(t) — v@ ()| 12, [[wM () — wP ()] 2 — 0 as well.

4.4  Proofs of the Results

4.4.1 Proofs of L? Convergence Results with Type 1 Interpolants

Before we get to the proofs of the main theorems, we first collect the various

estimates needed for the bilinear term in the following lemma.

Lemma 4.4.1 Let u,v,w € H' be divergence free. Then the following inequalities

hold for any €,0 > 0 :

(a)

/(u~V)'v"wdxdy
Q

2
L5 Cy,

cro € c
< LOVuls + SVl + LoNTolaluls + Vol (412

60



or

/(u-V)v-wdxdy‘
0
2

CL(S
8e 52’

< IVl + 5 HVUHLz o HVUHL2|\wHL2 + Vol Zallullz:, (4.13)

(b)

/(u-V)v-wda:dy‘
Q

C
< | Vullze + 8]Vl + <[ Vollze (lullze + lwnllz:)

¢ INATAE 2 ¢ 2 Vw2 2
Vo2, (1 +In—"" -V l+In-——" :
+ 5” UHL2 ( +In 27THu1HL2 HU1HL2 + 5” UHLQ +In 27THw1HL2 ”w1HL2

(4.14)

Proof. See the appendix. O

The following lemma will be used in our analyses of the algorithms using
measurements on only the first components of the reference solutions, where we will
need to make use of (1.13), (1.14), or (4.14). The proof is given in [61] (see page

371).
Lemma 4.4.2 Let p(r) =r —v(1 +1In(r)), for some v > 0. Then Vr > 1,
¢(r) = —vIn(y).
Proof of Theorem 4.3.1 Let n =v —V and {( = w — W. Then n satisfies:
Om —alAn — BAC+ (w-V)v— (W V)V = -V(p -7 —q) — uli(n).
Using the fact that (w-V)v— (W -V)V = (- V)v+ (W - V)n we write:

om—alAn—BAC+ (- V)v+ (W -V)n=-V(p—7—q)— puli(n).
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Taking the inner product with 17 we obtain:

%%||n||%2+oz||Vn||2Lz+B (V¢ V)+((¢-V)v,m) = = (V(P =P —q),n)—p (Tn(n),n) .

Now, by the divergence free condition,

(Vo —F=qn) == [ Ve—p—q)-ndudy = [ (o= =q)- (V) dudy =0
By applying Cauchy-Schwarz inequality and (1.3),
15.(9¢, V)l < 2 19m + S19¢E.
and by rewriting (I(n),n) = (In(n) —n,n) + (n,n) , We have:

1 {Tn(n),m) = —p In(n) — n,m) — w||nl|2..

Thus, we obtain:

td, A TR
gl + (o= 5 ) 19l = 2191z + il

<= (¢-V)v,m) = p(lu(n) —n,m)

< [{(C-V)v,m|+ p[(In(n) —n, )|

< [{(¢-V)o,m)| + pll Tn(n) — nllz2(|ml| 2
< [{(¢-V)v, )| + perh|[Val 2 |In]l L2

212
peih p
; IVn|[72 + §||77Hia,

< [{(¢-V)v,m)|+

where in the last three lines we used Cauchy-Schwarz inequality, the definition of

I, and Young’s inequality. This leaves us with:

ld B g P pcih?
gl (= 3 ) IVnlE~ZIVCIE-+ 5 Il < K¢ ) vl 2TVl
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Proceeding the same way for ¢, we have the following equations:

1d B pcch?
gl (a5 = 29 1onl S19Cl il < | [ €)ooy,

(4.15)

1d, ., 3 h2
5 g 61z + a—g— IV¢I7:— ||V77||Lz+ I¢N1Z: < "7 V)w - ¢ drdy| .
(4.16)

We estimate the integrals in these equations using (4.12), with e = a—f and 0 = O‘;f ,

and obtain
1d 9 15} uc%h? a—f 9 6 a—pf 9
sl + (a5 = 220 - 220 yvmiza + (-5 - 272 iwei
(B o) iz + (==L ez ) ez <0, (417)
2 Mo pyp Vol ) Il 7 IVl JliClz: <0, (4.

B pch®  a-p B a-p
el + (a5 = 220 - S22 vt + (-5 - 272 I9mi

4
7 c a—f3
" (— - mnwu%z) ¢ + (—Tr|w||%2) Inl2: <0. (418)

Then, adding (4.17) and (4.18), we obtain

1d — B e 2h?
gl + 5 et + (252 = 235 ) (19l + 19¢IE:)

4 —
+[8 (ks + 252 (ol + 19wl (ke + 1) <0

(4.19)

Thus, defining Y'(t) = [[n(t)[|7.+[I¢(t)[|7. and Z(t) = [[Vo(t)[|7.+ | Vw(t)[|7.,
we have

%Y +Y <0, (4.20)

._ cpHa—p)* 2
where 9(t) := u — (W) Z(t), provided that puc?h? < a — .
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By Proposition 4.2.8 with T' = —-— ¢ satisfies (1.16b) and if

(a—B)’
4 o 4 2(.4 - 4
u—%(l+Tﬂ2(a—ﬁ))(a—ﬁ)G2>O = u>" (CLZEO‘B O e,

then 1 also satisfies (1.16a), so we can apply Proposition 1.0.3 to Y and conclude
that (V, W) converges exponentially in time to (v, w).

The requirement on A is

_ B\ /2 _
h < (a - 6) < ? b G,
CiH meiy/cp + (o — B)4

so h ~G™L O

Proof of Theorem 4.3.2 Let n =v — V and { = w — W. Then n satisfies:

om—alAn— AL+ (w-V)v— (W -V)V = -V(p—7P—q) — puli(m)e:.
Using the fact that (w-V)v— (W -V)V = (- V)v+ (W - V)n we write:

Om — alAn — BAC+ (- V)v+ (W -V)n=-V(p -7 —q) — ply(m)er

Taking the inner product with 1 we obtain:

1d

§E||77||2L2+04||V77||%2+5 (VCVn)+((C-V)v,m) = = (V(P =P —q),m)—p Tn(m), m) -

Now, by the divergence free condition, we have:
—(V(p—P—q),m) = —/ V(p—P—q) -ndrdy = /(P—ﬁ—Q)-(V-n)dmdy = 0.
Q Q
By applying Cauchy-Schwarz inequality and (1.3),

6{9¢, V)| < SIVnls + S IVC,
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and by rewriting <Ih(7h)> 7]1> = (Ih(Th) -, 771> + <7717 771) , we have:

—H <Ih(771)7771> = —HK <Ih(771) - 77177]1> - N||771||%2-

Thus, we obtain:

1d B
2dt||77||Lz (a - —) IVnl7: — §||VC||iz + plm 7

< —{(¢-V)v,m) — p(Tulm) —m,m)
< (€ -V)v,m)| + pl{Tu(m) —n,m)]
<K -V)v,m| + pll Tn(m) — mllz2llm |2

< [(¢-V)v,m)| + perh| [V 2l |22

pch?
< (- V)vm+—==[IVmli: + 5 ||7h||i27

where in the last three lines we used the Cauchy-Schwarz inequality, the definition

of I, and Young’s inequality. This leaves us with:

1d I5; th 9

sglnl+{o—3 HVnHLz— HVCHL2+ lmliZs < 14(C - V) o,m) [+ 52 V2,

or equivalently,

1d B peih? B f

gl (o= 5 = 225 ) 19l 219+ e <| [ (¢ 9yv-mdoay).
(4.21)

Now we apply Lemma 4.4.1 to estimate the nonlinear term with (4.14), yield-

ing:

1d B pcih?® 2 B 2
ol + (a5 = 9% = co) 19l + (=5 - o) IV

pooc 2 c 2 INZAIE 2
B S v - v 14 In /Ml
+ |:2 5” UHL2 (5H v||L2 ( +1In 27TH771HL2 ||f'71||L2

C C ” C<1HL2
+ |—=||Vv|]?. — =||Vv]|?. <1—|—ln— 2, <0. 4.22
|: 5“ HL 5“ HL 9 ||C1”L2 HC1HL = ( )
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Proceeding similarly with ¢ we obtain:

1d 5 uen . (8 :
e+ (o= 5 =20 = ) 1€ + (=5 - e8) Il

moc 2 ¢ 2 ||VC1||L2)} 2
+ |2 = Svw|Zs — S vaw|Z, (140t :
5= vl - S1vwl (1m0

c 2 c 2 || h71||L2 2
+ | —=||Vw — —||Vw 1+In—F-—"— n < 0. 4.2
|: 5“ HL2 (5” ||L2 < 2 || 1||L2 || 1||L2 = 0 ( 3)

Now, adding (4.22) and (4.23) and defining Z(t) = | Vo(t)||7: + [[Vw(t) (|72,

1
5%”"7“%2 ||C||L2

2dt
c2h? Ah?
# (a5 295~ 2o} 19l 4 (a5 - O - 20 [V

Boooc c INAZA 9
By Cz(14mimie )
*[2 5775 ( Il )| Il

pooc c IVl 22 )} 2
+lz—=Z—<Z(1l+n-—" 2 <0. 4.24
|:2 5 5 ( 27THClHL2 ||C1||L — ( )

Since a > [,

fy::(a—ﬂ)—'uczhz—chZ ) >0,

provided that h < (a — ﬁ)%cl_l”—% and by choosing § = &=8).

8c

We want to apply Lemma 4.4.2 to the logarithmic terms in (4.24). To this end

2
note that by (1.5), 121z > 1 g6 1 1ymliz > [Vml2

" 2l 2 T2ml?; = " 2nmll,e Next, we write
v Ay [[Vm7s
s > 19l + 2 e

and consider
NG c AIVmlz:
o’y mll7. — =Z {1+ In 71|72
Ar?|lm |2, 6 42|12, r

Vinl; ¢ AR
:27T2 ( ” L A 1+ln—L 2 ‘
Y 47-['2”7)1"%2 27.‘-2,.}/5 47T2H771H%2 H771HL2
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By Lemma 4.4.2,

V]| ¢ Vo7 c c
= Z{l+lh——7= | >—7—Z | In——7). 4.25
Il 2 Al < 2\ 2rtye (4.25)
Hence, using (4.25) and defining Y (¢) = ||[n(¢)||72 + [|{(t)||72, we rewrite (4.24) as

2 2 w o c 2 2
S+l (||vn||L2+||vc||L2)+[§—Sz (1+ln2 75 )} (I l3> + l1Gill32) <0

IVnlZ: + 1VCIZe = 47 (IInllZe + ICI1Z) = 47 ([In2llZ2 + lIC2llZ2)

and so

Let
Y(t) := min < 47 - §Z(t) 1+In——Z(t)
T /y ’ /’L 5 7T2'Y(5 I
and in order to apply Proposition 1.0.3 we only need to show that ¢ satisfies (1.16a)

and (1.16b). It is sufficient to show that for some 7', ¢y > 0,

t+T 26 1 c d
— i — —7 1 4.2
1 hrtring/t 5 <S)<+n7r75 ()) s >0, (4.27)
and
§1>1£ Z(s) (1 +1n 27r275Z(S)) ds < . (4.28)

In fact, (4.28) follows directly from (4.9) with the ¢, given there.
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To see (4.27), by Proposition 4.2.8 with 7" =

1 T2 c
tliglof/t TZ< ) (1+1n 21274 Z(s )> ds

+T
10m% (a0 — B)2G260G4) lim / Z(s)ds
¢

@, we have:

c
2726

t—o00

< 5—; (642G +CGY) (1 + Tn*(a — B))(a — B)G?,

=32r°c*(a— ) (¢4 2In G + CG*) G*.

Therefore, (4.27) holds by choosing p > 3272c¢*(a— ) (¢ + 2In G + CG*) G?. In ad-

[

dition, the requirement h < (o 01) ! 2 implies h ~ G73. U

Proof of Theorem 4.3.3 Let n =v —V and ( = w — W. Similarly to how we

showed (4.21), the equation we obtain for n is

1d B pcih? U
ol (a = 5 = 90 ) 19l ZIve it Blalis < | [ (¢ 9o masa.
%
(4.29)

but now the equation for ¢ is

1d
aplclie+ (o= 5 ) I19¢I = Suvmiie < | [ o0 9yw- ¢y a0

We estimate the integral in (4.29) using (4.12), so (4.29) becomes:

1d B pch? e 9 6 crd
st (o= § =23 = ) Ivalts + (=5 - 22 Ivei

1 cro
+ (4 - ool ) Il + (- 2000l ) Il 0. @3

Similarly, we estimate the integral in (4.30) using (4.13), and get:

1d 8 s B e )
s+ (o= 5 = 22 Vel + (=5 - 5 ) vt

cro
+ (- Ivwli ) el + (—gk iVl ) Iz <o @
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Adding (4.31) and (4.32),

1d 1 uc%hQ cLo
3 i+ 5 s+ (a5 - 1Vl + (a— 8- 20 ve)e.

CL(S

2
W
+(§ — L (vl + HVwHLz)) Hn|\Lz+(—— (IVol: + HVwHLz)) I¢liz: <o.

Now, if we choose

272
ande:#,thena—ﬁ—%—ezo.

Also, by choosing § < O‘c—lﬁ, we have

cd  a—pf
vimasfo >

> 0.

Then by applying (1.5) we obtain v||V¢||7, > v47?(|¢]|3.. Hence, defining Y (t) =

In(®)172 + ICO)1Z> and Z(t) = [Vo(D)[|7. + [[Vw(t)][72, we have:

d
ZY +uY <0, (4.33)

where ¢ (t) := min {u - 4i2§22(t), 8m2y — %Z(t)} . Using Proposition 4.2.8 simi-

larly as before, with T' = —5—, ¢ satisfies (1.16b) as well as (1.16a) provided that

0P L s 214 T (amB) (- H)E > Aa—B) > 0,

S T (a-prece o7

and

T2t G*(4 + (o — B)*G?)? 2

2
16(c — 5) = 1= gL+ T (@ = B) (@ = B)G* > 0.

By choosing such a p and 0, we can apply Proposition 1.0.3 to conclude that (V, W)

converges exponentially in time to (v, w).
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Now the requirement we needed on A implies

. da-p)
eG4+ (a — B)2G?)’

so h ~ G™3. O

4.4.2 Proof of H' Convergence Results with Type 1 Interpolants

Proof of Theorem 4.3.4. By denoting 7 = v —V and ( = w — W and
subtracting the equations for (v, w) and (V, W), we obtain the following equations
for n and ¢

O —aln = AC+ (C-V)o+ (W -V)n=-V(r—7—q) - pl(n),

¢ —aAC—PBAN+(n-V)w+(V-V)(=-V(p—7?—q) — uli(C).

Taking the inner product with —An and —A(, respectively, we obtain:

%%anng +allAn[i: = =B (AL, An) + (¢ - V) v, An) + (W - V), An)
+(V(Pp =7 —q),An) + p (In(n), An),
3 IV + QAT = —3 (An, AQ) + {(m- V) w,AC) + ((V - V). AC)

Then, by the divergence-free condition,

<V<v>—73—q>,An>=—/Q<7>—f>—q>-A<V-n>dxdy=o,

and similarly
(V(P—7—1q),A¢) = 0.
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Also, by applying Cauchy-Schwarz inequality and (1.3), we have
(8¢, Am) < DanlZ + D Iaci
Rewriting (In(n), —An) = (In(n) —n, —An) + (n, An) , we have,
—p (In(m), —An) = —p (I(n) — n, —=An) — ul| Va7,
and similarly,

—(In(C), =AC) = = (1n(¢) — ¢, —AC) — plIVC|IZ-

Adding up the equations for i and ¢, we obtain

&l&

- (IVmllZz + VCIE2) + (o= 8) (1An72 + 1AC]7:)

N | —

< [{(€-V)v, Am)| + [((n- V) w, AQ[+ (W - V) n, An)| + [{(V - V) {, AC)|

+ 1 [(In(n) = 0, Am)| + e [(In(€) = € AQ] — 1 (VI + [VEIIZ:) -

Due to the properties of I;,, we have

wl(In(n) —n, An)| < p| Ih(n) — Nl 2[|AN|| 22 < perh|| V0| 2] An|| 12

4u

HV 3. + =5 ||A77||Lz,

and similarly, we obtain

4u c?h2

1] In(€) = ¢, AQ| < IIVCIIL2+ IIACIILz
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Next, we estimate the nonlinear terms. First, by Holder’s and Sobolev inequalities,

we obtain

[((C-V)v,An)| < /Q [ClIVol|An|dedy < |[Cl[rs[Vol[zs ]| Anll 2

< CIZIVE Vo5 A | 2 | Anl 2
4

< Vol A0l el V€ 22 + ) an:.
4
< WHV’UHL?HAUHLQHCHL?HACHH + 222 HATIHL?
< L (Y Dol avlalicis + S22 (aniks + 1ACIES)
—4m2 \a—-p L LERS L 16 L L4/

where we used Poincaré’s and Young’s inequalities. The estimate for ((n - V) w, AC)

is similar, i.e., we have

(0 V)w,AC) < —

<0

4 3
(25) I1vwlialawl i + 222 (lam: + 1agIE:).

Regarding (W - V) n, An), we first rewrite it as
(W-V)n,An) = ((w-V)n,An) —(({-V)n,An) =1 + I1.

In order to estimate I, we first observe that by the periodic boundary conditions,

we have

V7. = /QVn -Vndzdy = —/QnAn dxdy < ||n||c2||An|| 2. (4.34)
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Thus, we integrate by parts and proceed to estimate I as

z]kl z]kl

< / V||V dedy < [[Vw||p2]| V| 2]l An] 2
Q

W

a—p
< — BIWlUH%IW??H%z + 1—||A77||%2

Q

W

S HVwHLanHLZHAnHLH HAnHm

4 ’ a—
< (525) Ivwlbalmlz: + Tnmn%z.

By similar estimates and the analogy of (4.34) for (, i.e.,

IVEIze < I€H e llACH 2,

we estimate I as

(¢ V)n, An) < / V¢Vl dedy < (V€2 |V lloz | A7 12

4
S HV’nIILzHVCHm + = IIAnHLz
4
< g gimlzzlichzzlianiz I Al +=F HAnHLQ
< g glmlelicle (1Anl2: + 1A¢[3) + == ||A77||L2-

By a similar approach, we have

(V-V)GAQ = (v V) (A = ((n-V)(AG = TTT+ 1V,

and I11 is bounded by

4\’ -
(v V)¢, AQ) < (m) IVl €117 + O(TIIACH%
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while we estimate IV as

2 Q
- ﬁHTIHLQHCHLQ (I1ACIZ: + 1A7||7:) +

—{(n-V)(,AQ) <

_B 9

Combining all the above estimates, we obtain

| =

_6 4

2 _a—ﬁ
v

1
2

QU

(0%
- (IVnllZe + 1VCliz2) + <

N

||77||L2||C||L2> (IAnlZe + 1A¢11Z)

J/

1/ 4\
< {4_7# (ﬂ) (IVolZllAv] + [Vl 7. || Awl|z.)

v

g

VI

4 3
i (m) (IVollz: + ||Vw||ia>} (ImllZ> + 1I¢11Z2)

v~

VII

—u) (IVnl2: + IVCI) (4.35)

. (WCW
— 5
VIII

Now choose h such that

4pcih?®
VIII = < =
a—pf 2
Thus, we have
h? < Oé;(f . (4.36)
1

Moreover, by Theorem 4.3.1, we know that after a sufficiently large time T3, ||n||.2

and [|¢]|z2 are small enough so that we have

(o — B)?

lllz2li€lze < ==

(4.37)

which implies that V' > 0, so we have:

| =

(IVnllZ: + IV<IZe) +

o=

(IVnllZ: +1IVEIZ2) < (VI +VII) (Inllz: + [€1122) -

N | —
Q.

t
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Define Y (t) = |[Vn(®)|3. + [|[V<(®)|3., and by appealing to Proposition 4.2.8, we
see that VI + VI is bounded by some number % Also, by Theorem 4.3.1 we know
that there exists constants K, a > 0 such that |n(¢)||7-+[[¢(0)||7. < Ke ™, Vt > Ti.

Putting all of this together, we have the following for all ¢ > T7:

iY(t) +uY (t) < MgKe ™™,

dt
d t (p—a)t
== (e"Y (1)) < MgKe#",
= e“tY(t) _ e“TlY(Tl) < MGKe(ufa)t _ MGKe(ufa)Tl’
w—a u—a
MoK

S Y (1) < V(T e g B (a  pemay

w—a
Therefore, Y (t) = [|[Vn(t)||2. + |[VC(t)||3: — 0 exponentially as ¢t — oo as long as

1 and h satisfy the conditions of Theorem 4.3.1, as well as the new requirement

(4.36). So, choosing

2.4 _ R4 _
/L> ™ (CL+(a ﬁ) )G2, and h< « B Gil,
a—p 2v2re1\/ct + (a— B)*
we have exponential convergence. 0

Next, we prove the H! decay estimates for the data assimilation scenario where
measurement is only on v; and wy.
Proof of Theorem 4.3.5. We still denote the difference of solutions to (3.3) and

(4.6) by n = v —V and { = w — W. Similarly to the beginning of the proof of

5



Theorem 4.3.4, we have

&l&

1
577 IVAllz +1VCIZ) + (@ = 8) (1An]7: + [ACIIE)

< [{(€-V)v,Am)| + [((n-V)w, AQ[+ (W - V)n, Am)| + [{(V - V) (, AQ)|

+ 1 [{Tn(m) = mr, A+ (G = G, AG) | =l V|72 — pl VG172,

as well as

) = ms )| < 2D+ 2P A,
and

(6 — 6 A0 < E9 o 2+ 2P A

The estimates for the nonlinear terms are also similar. Namely, we have

1 4 \°
(¢ v an)l < oz () P (anigs +1ACI)
and

1 4 \°
(- 9)w.801 < 1 (25 ) IVwlilawlalali: + “7 (1anlE + 1ACIE:).

Also, by rewriting

(W-V)n,An) = ((w-V)n,An) — ((¢-V)n,An)
we obtain

a—pf
12+ ——Anl[i.,

4 3
(w9 dm < (25 ) IVl + 25

and

—{(¢-V)n,An) <

2 a—p
— 5||n||L2|!C||L2 (IAn(7: + [1ACI7:) + I—GHAnlliw

«
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Estimates for

(V-V)(AQ = ((v-V)(,AQ —((n- V)¢ AQ)

also follow similarly, and we obtain

3
((0-9)6.80) < (25 ) I19olLaleli + 5 21acIEs

a—p3
and
V)¢ AL < —2 ACIZs + A2 + =D jac)?
—({(n-V)¢, C>_a_ﬁ”77HL2HCHL2(H ¢liZz + |1Anl7:) + 16 |AC][ 72
Combining all the above estimates, we obtain
1d a—pf 4
T, (Ivnliz: +11IV¢z:) + ( 5~ a_ﬂllnllmllCIIH) (lAan(z: + [1AC17:)
- ~ ,
<[ (5 () (19l Iavl: + I uwl2fwl2.)
> a2 \a—3 L L L L
- - ,
4 3
+(25) U9l + 19wl) | s + 1<1E2)
VI
Ap2c2h?
(8T ) (190l + I9GE:). (4.38)
————
VIII
We choose h such that
4purcih®
117 = —. 4.
1% P <3 (4.39)

In view of Theorem 4.3.2, after sufficiently large time 75 > 0, ||n||;2 and [|C]|.2 are

small enough so that

(0= 5)?

= (4.40)

Inllz2ll€z2 <

7



Thus, V > 1(a — ) > 0. Let us denote Y'(t) = ||[Vnl||3. + |[V¢||3.. Then, for all
t > T,, by applying Poincaré’s inequality to the second term on the left-hand side

of (4.38), it follows, due to (4.39), that

1d
oY () + (o= B)Y (t) < M (Imll7> + IS11Z2) + (VIIT — ) (V72 + I VGill72)

< Me (lInllz: + I€11Z2)

S K/MGe—a,t

Y

where K’ > 0 and @’ > 0 chosen so that is such that ||n[/2, + [|¢[/2. < K'Mge

for all ¢ > T, (this is permitted due to Theorem 4.3.2). This implies

d

E (Y(t)627r2(a—5)t> < K/MGG%FQ(OC_B)t@_a,t.

Integrating, we arrive at

V(1) < V(Ty)e wemen KMo (e — eromttomiity o'ty
- ? 2 (a — B) — o '

(Note that, if necessary, one may choose a’ slightly smaller so that 27%(a— ) # d’.)
In particular, Y (t) = [|[Vn||3, + || VC||3. decays exponentially in time for all ¢ > Ts,

with A and p chosen so that
p> 32 (a — B) (¢+2InG + CG*) G?
and
h< (2v2¢) o — B)ut < (8v2rcie) ! (6+2InG + CGY) 2 G,

Thus, the proof of Theorem 4.3.5 is complete. O
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Proof of Theorem 4.3.6. The proof goes similarly as that of Theorem 4.3.5. For

the sake of simplicity, we omit the details here. O

4.4.3 Proofs of the Results for Type 2 Interpolants

Lemma 4.4.3 Let u,v,w € H? be divergence free. Then the following inequalities

hold:
(a) /(u V)v - Awdxdy| < 3er||Vur|| || Vol g2 || Aw|| 1—i-lnM "
o Y| = ofr 1]|L2 L2 L2 o[V | 2
|Aw g )"
+(er + dep) || Aw|| 2 || V|| 22 || Vw: || 2 (1 +1n 21Vl
|Aw g2 )"
2 A 1+In —————
2er |Vl ol Voo (1410 letlee )
(4.41)
|Avflze "
(b) /(u-V)v-A'vdxdy < (2cg+5er)||Vul| 2| Vor || 2| Av||zz | 1+ In ———— .
Q 27T||VU1||L2
(4.42)
Proof. See the appendix. 0

In the following proof of Theorem 4.3.8, we simultaneously establish a bound
like (4.9) for the data assimilation solution, because the proof requires such an
estimate.

Proof of Theorem 4.3.8 Since (V,W) is a strong solution and Vi = W = 0,

there is a largest time Tj € (0, 00| such that

sup (|[VV(1)lI72 + [VW (1)|[72) < 507 (a — 5)° G277

t€[0,To)
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Suppose that Ty < co. Then we know that

limsup(||VV (1) |2+ |VW (£)[2:) = sup ([VV (1)|[22+| VW (1)]2.) = 5072 (a—B)*G?e",
t—=Ty t€[0,Tp)

(4.43)

Let n =v —V and ( = w — W. Then we have the following equation for n:
Om — aln = BAC+ (C-V)v + (W -V)n = =V(p -7 —q) — pla(m)er.

Taking the inner product with —Amn, we obtain:

1d
2dt

= <V(P —P— Q), AT]> —H <Ih(n1)7 _A7h>

IVnlli + allAn|Z: + 5 (AL, An) — (¢ - V) v, An) — (W - V) n, An)

Now, by the divergence free condition, we have:

(V5= a).8m) = [ (== a) AT ) dudy =0

and by applying Cauchy-Schwarz inequality and (1.3),
AC A P Anl? P AC|?
B (AC Am)| < S ANL + SIIACZ..
Rewriting (Ir,(m1), —Am) = (In(m) — n1, —Any) + (m, Any) , we have,

—p (Tn(m), —Am) = —p Tu(m) — m, —Am) — pl| V|72,

so we obtain:

1d 3

B
vl + (a= 3 ) 1anlE: = S1ACHE: + vl

< [{(C-V)v, Am)[ + (W - V) m, Amp| + [T (1) — 10, A
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By the properties of I, we have

wl(Tn(my) = mu, Ann)| < pfl Tn(nr) — mullp2 || A 22

< p(c2h||[ V|2 + csh?|| Amy|r2) || Ay 22

< bVl + ek A ) + S22 A 2
~ 2(a—p) 2
212 2 214
pu2cih pecsh
< S IVl + S A B A,

Therefore,

a  plcaht

B jic 2h2
2dtHVnHLQ (5 - ) AN = SIACH: + 1 (1= == ) [IVmllZ:

< (¢ V)v, An)[+ (W - V)n, An)|. (4.44)
Note that 1 — “026>—ad“%ﬁ < 228 as long as
o 2=Fb (4.45)

2pumax{c3, c3}

Now we estimate the nonlinear terms using Lemma 4.4.3. By (4.41), we obtain

IAG ]2 "2
(¢ - V) v, An)| < 3er|| V|2 | Vol g2 | An |2 1+ In ~2HE2
27|V G| 2

| A2 )”2

+(CT+ CB)H C||L2H ’UHL2||v771HL2( + n27THV771HL2

4 2erlI V€l 0l s (14w A2 Y
2 Vllr2 2 n ——neT
T L L milL 27T||V771HL2 :

so by applying (1.3), we obtain

a—pf

=2 (18nl + IACIEa + 47 V)

72CT |AC |22 )

(a—B) 21 ||V G|

64(1 + 4mw?)(c2 + %)
4m?(a — B)

[((C- V) v, An)| <

; IVGIE [Vl 2 (1 o

An |2
Vol + [ Av]2) [V (1410 Lol )
(IVolz: + IAllze) IVmllze {1+ o0 T
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Also, we use (1.5) to write 47| V¢||3. < [|AC] 2.

For the other term, we first apply (4.42), and obtain

A ) 1/2
(W -V)n, An)| < (2cp + 5¢r) || VW | 2|V || 2 || An || 2 <1 4 n [Am|r ) .
21 ||V | 2

Then, by (1.3), we have

200(03 +cr)?

(W -V)n, An)| < —IIAnlle 5

Ani |2
VW |12,V |22 (1+1n”— )
|| ||L || 771||L 27T||V771||L2

Combining these estimates with (4.44), we have:

5 _
vl + (5 - 252 ) nanl - (5 + 252 ) naci

u |z
| =0 (W + 190 + o) (14 gkl ) o,

21|V | 2
A 22

—v211”—v2<0 4.46

sallwolfs (14108 ) oz, <o (4.40)

where
200(cp + cr)? a 72¢% 641+ 47?)(c% + %) 200(cp + cr)?

= = X .

B a—p (@-B)  4n(a—p) = a-p

d
Adding (4.46) with the corresponding inequality for EHVC |7., we obtain:

a—p3
SVl + 5 IV + S (lamlzs + 1Ac])
H 2 2 2 2 | Any || 2 2
—— A 1+ln ———=—
[ =0 (IFWIE: + 190l + 9wl + 180l (1+n g2 ) o,

H 2 2 2 2 IAG | 22 )] 2
+ |= — VV |7 + ||[Vv||72 + ||[Vw]|72 + || Aw]|52) | 1 +1In ——=——— \V4 2
5 =0 (I9VIE + 190l + [Vl + awl) (1450l o

<0. (4.47)

Next, we write

a— 06 [|Anl7.
16 47T2HV771H%2

a—p
2> THAWH%z + 47|V [
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and

a8 JIAGIE
16 4n?[VGE,

a—f Q
|AC][72 >

—p
- > P ag: + 472V

Then, by defining

7”(’U,) _ HAUJH%Q
vl

and

4
Ut Ty (IVVIL: + VWL + [VollZe + IVwlZ: + [[Av][Z: + || Aw]:) ,

by (1.5) we can rewrite (4.47) as:

1d —
L iz + 19 + o (1ami + 1ACHE:)
20,
|5+ O ) = 14 w19l

- {g * MWC) -1+ IHT(C)))} V&7 < 0.

Now we apply Lemma 4.4.2 and conclude that

1d —
L iz + 19 + o (ami + 1ACHE:)
2 . 2 _
v | - H | 1omiee + 5 - =) Ivals <o.

Using (1.5) again, we have
1AnD|72 + [|ACIIZ: > 47*([[Vallz: + [ VEIZ2),

so by defining

Y = |[VnlZ: + [ V¢IIZe,

and



we obtain:

%y Y <0. (4.48)

Thus, as long as we choose p > M(l + vIn(v)), we conclude by Gronwall’s

inequality that

Y () <Y(0)e ™ @2 vt e [0,Tp).

By (4.43), (4.9), and (4.10),

< 4
TS a5

<2 [1 i (1 +G2€CG4> (1 FapRelch +G4GOG4>D

(6O7r2(a — B)2G2eCC" + cpr(a — )

< 00,

so on the time interval [0,7}), such a p is available. Specifically, it is sufficient to

choose

11> 2000(cp + cr)2(207% + ear) G2 (1 + G222 (G + In(1 + G) + CGY) | (4.49)
where ¢ := In(250(cp + cr)?(2072 + car)) /8, so

[~ G206 (4.50)
Therefore, for all ¢t € [0,7;), we obtain
Y () < Y(0) < 2| Vol 2242 VVo|[22+2] Vw2 42| VW |2 < 2072 (a—8)2G2eCY.
This implies that, in fact,
tes[})l,%)(uvv(t)”%Q + VW (1)72) < 407 (o — 6)°G*e7,
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which is a contradiction to (4.43).
Hence we have Ty = oo, and (V' (t), W (t)) converges exponentially in time to

(v(t),w(t)) in the H' norm, and we have established the estimate:

sup ([[VV(®)[172 + [IVW (2)[[72) < 507*(a — 8)° G

te[0,00)

Also, our restriction on u (4.50) is in fact sufficient to guarantee convergence

on [0,00), with our restriction (4.45) on h, which we see now means we can choose

_ _ 4
h~ G 8e7CC

4.4.4 Determining Interpolants

Proof of Theorem 4.3.10 The proof proceeds exactly as that of Theorem 4.3.1,
where 6V = §@ = ) = ? = 0, with a few differences. As before, we let
1 = v — V and then we obtain a differential inequality for ||n||z2. We get the same
inequality as before but with two extra terms.

After subtracting the equations for v and V', we have f — (f + d() = —§()

for the forcing term, and after taking the inner product with 1 we have

1
00 mdads] < 150 slle < 1O + 5l
Q K 4

Also, we have pI, (v+ e — V) = pl, (v — V) + pl, (€V), and after taking the
inner product with 7, we obtain

i

1) ey < T e < T+
Q
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We have similar additions for the inequality we derive for ¢ :=w — W.

Thus, letting Y () = [|n(¢)||3. + [|€(¢)||3. and proceeding as before, we even-

tually get:

dY—H/JY <

dt =%
where

4 4
R H CL+(05_5) 2 2
w(t) = 5 = (L= ) (9ol + IV wl)
and
1
p(t) = m (6N + 16@N72) + 1 (ITa(eM)[72 + | Ta(€P)172) -

Since ||6(1)||z2, |0(2)||z2 — 0 and || T, (M) 2, || Tn(€®) | 2 — 0, we have ||| 2 — 0.

—~

Therefore, by Proposition 1.0.3, ||v — V|2, [[w — W |2 — 0 as t — oo. O

Proof of Theorem 4.3.12 Let y = (j;hf)
1

. Then h, I, and u satisfy Theorem 4.3.1
with (v, w) as the reference solution. Let (V, W) be the corresponding solution.
Then ||[oM(t) — V()| — 0 and ||[w®(t) — W (t)||z2 — 0, and for some ¢

and 7, V and W satisfy the following equations:

HV —aAV + BAW + (W - V)V + Vp+ Vg = fU + puTI, (v = V)

= FO 4 (FV — FO) 4 uT, (v 4 (00 — @) — V),

OW — aAW + BAV + (V- V)W +Vp — Vg =g + uI, (w) — W)
Therefore, setting 6V := O — @ and 6® := g —g® and eV ;= v —p®@

and €? = w® —w® we see that (V, W) must be the unique solution guaranteed
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by Theorem 4.3.10, with (v, w?) as the reference solution. Therefore ||[v®)(t) —
V()2 — 0 and [|[w®(t) — W (t)| 12 — 0.

Thus,
[o® () vz < 0O () = V(0)l12 + [V(E) — v (O)]] 2 — 0,
and

o (6) — w® (8)] 22 < a0 (£) = W ()12 + W () — w0 (0)]]2 — 0.

4.5 Concluding Remarks

We have shown that, in the language of the reformulated equations, solutions
(V, W) of the data assimilation equations will converge to the corresponding ref-
erence solution (v, w) in L? even if measurements are only taken for only one of
v and w. This equates to having to take measurements on either w + b or u — b.
Could one prove that it is sufficient to collect data on just w or just b and still get
convergence, similar to the result for the reformulated variables?

If one were to consider collecting data only on the magnetic field, b, then the
problem is evident when we take b(t) = B(t) = g = 0 for all t > 0, because we then
have u and U satisfying the Navier-Stokes equations with different initial conditions
and no data assimilation. Hence, there is an asymmetry between the original system

and the reformulated system.
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The answer to the question for collecting data on the velocity field, u, is open.
However, as we demonstrated that the algorithm works with knowledge of only the
sum of measurements on w and b, it may be that the knowledge of the velocity field is
what makes this work, and so a u-measurement only algorithm is hopeful. However,
besause it seems we should not be able to prove the convergence of a b-measurement
only algorithm, and the Elsésser variable formulation does not distinguish between
u and b, a proof of a u-measurement only algorithm would have to be in terms of

the original variables.
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Chapter 5: Numerical efficacy study of data assimilation for the

2D magnetohydrodynamic equations

5.1 Introduction and Theory

It is our current goal to test the algorithms we considered in Chapter 4 to see
how well they perform in practice. We are interested in approximating a reference
solution of the MHD equations for which we have measurement data, so, for the
sake of transparency, we will consider the MHD equations in terms of the original

variables and before non-dimensionalizing, i.e.,

System 5.1.1 (MHD)

O~ vAu+ (u- V) u+ 2V (p+ 5L b]*) = L (b V)b + f, (5.1a)
Ob—AAb+ (u-V)b+Vg=(b-V)u+g, (5.1b)
V-u=V-b=0, (5.1c)

on the domain 2 = [0, 27]?, equipped with periodic boundary conditions.
Previously we considered a general interpolant operator which satisfied either

(4.3) or (4.4). We now restrict our attention to the case that I, is the projection
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onto the low modes, Py, defined as follows: if u has the Fourier expansion

u(t,z) =Y a(t ke,

keZ?

then

Pyu(t,z) = Y a(t k)e*.

|k|<N

So in this case, h = %, and we have that for u € H',

IPvu—uli= Y latk)* < 55 Y K lat b)) < gl V..

|k|>N |k|>N

Therefore | Py u — ul|z2 — 0 as N — oo, and we have that Py satisfies (4.3):
| Pyu — w2 S h||Vaul L. (5.2)

We will also consider Algorithms 4.2.2; 4.2.3, and 4.2.4 in terms of the original

variables:

Algorithm 5.1.2 Solve
8tU—VAU—|—(U~V)U—p—;O(B-V)B:—%Vﬁ—i—f—i—uPN(u—U),
oB—-—M\B+ (U -V)B—-(B-V)U =-Vq+g+ uPy(b— B),
V-U=0,V-B=0,

for (U, B) with the initial condition U(0), B(0) = 0.
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Algorithm 5.1.3 Solve

U, —vAU, + (U -V)U, — -+ (B-V) B, = —% oD+ fi + pPy(ur — Uh),

pHo
8tU2—1/AU2~I—(U-V)U2—ﬁ(B'V)B2=—% D+ fo,
,By — AAB, 4+ (U -V)B; — (B-V)U; = —0,q + g1 + pPn (b1 — By),
0By — MABy + (U - V) By — (B -V)Us = —0,q + g
V-U=0,V-B=0,
for (U, B) with the initial condition U(0), B(0) = 0.

Algorithm 5.1.4 Solve

0U —vAU + (U -V)U - ;= (B-V)B = — Vi + f+3uPy(u+ 2=b-U— —=B),

0B —-AMB+ (U -V)B—(B-V)U=-Vq+g+3uPy(u+ =b-U - —=B),
V-U=0,V-B=0,
for (U, B) with the initial condition U(0), B(0) = 0.
In Chapter 4, we showed that if

R < min{v, A}, (5.3)

and
T (5.4)

then the solutions of Algorithm 5.1.2 will converge to the reference solution (u,b)

at an exponential rate (like e #*). We also showed that Algorithm 5.1.3 and Algo-

rithm 5.1.4 will succeed, provided the following greater restriction on y holds:

n=0O(G®). (5.5)
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The theoretical results above ensure that the algorithms will work provided
that the appropriate conditions on p and h are satisfied, and that the data and
solutions to the systems in the algorithms are exact. These rigorous estimates, if
sharp, would require a prohibitive amount of data: N =+ ~ G ((5.3) and (5.4)) or

worse N ~ G ((5.3) and (5.5)). We want to demonstrate that the algorithms are

effective using data that is much more coarse than the estimates require.

5.2  The computational setting

All of our computations were performed on the supercomputer Karst at In-
dian University, using dedalus, an open source pseudo spectral package (see http:
//dedalus-project.org/). An implicit/explicit Runga Kutta 222 timestepping
scheme was used, where the linear terms were solved explicitly and the nonlinear

terms implicitly.

5.2.1 Reference Solution

To test the data assimilation algorithms, we first compute a reference solution
which we then try to recover using only coarse projections. The desired reference
solution should exhibit some nontrivial time-dependent behavior so as to adequately
test the performance of the algorithm. In addition, for practical matters, we would
like to have a relatively simple force, which can be accurately represented in low res-
olution simulations. For this reason, we choose a two mode force for each equation,

which generates some interesting dynamics.
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Specifically, we define the forces, f,g : Q — R2, by

2+ 2 , —6] |
f(z,y) = 2Re etl@=2y) | I /Mf, (5.6)
(24 2i)/2 0
4 — 3 , -3+ 7 ,
g(z,y) = 2Re e'Pr ) 4 e M, (5.7)
—2(4—3i)/3 (=3 +7i)/5
where My and M, are constants chosen so that ||f|/;2 = ||g||z2 = 10. The modes

were chosen essentially arbitrarily, as were the first components of the coefficients
(the second components were then chosen to make the forces divergence free).

We also need to choose appropriate values for v and \ to produce an interesting
reference solution. We expect the flow to become more turbulent the smaller we take
v and \. However, decreasing min{v, A\} may necessitate increasing the resolution
of the computational grid, as well as taking a smaller time step. As a compromise
we take

v=\=.0L
With the forces in (5.6) and (5.7), this yields the Grashof number

G = 10°.

For simplicity, we set

p=po =1

With the parameters and forces given, we find the solution is sufficiently re-
solved when computing on the Fourier grid [—128,128] x [—128,128] and using

a 2/3 dealiasing factor, and taking the timestep dt = .0001. Figure 5.1 shows
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some properties of the computed reference solution for ¢ € [0,729.92], including

the spectrum, where for a given time interval [to, ¢y + T, we define the spectrum,
S :]0,00) — [0,00), by

S(T)ZT/MT 3 ]a(t,k)|2+‘f)(t,k)‘2.

to 1 1
r—5<[kl<r+3

Note that by Parseval’s identity, the sum in the definition of the spectrum is less

than ||(u(t), b(t))||%., where we define ||(u, b)|| for any norm || - || as

I(w, b)[ := /|ul[* + [|b]>. (5.8)

Spectrum Energy vs time
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Figure 5.1: Properties of the reference solution on the time interval [0, 729.92]
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Judging from the tail of the spectrum, we see that the solution seems to be
resolved, and that the inertial range is within our computational resolution. Looking
at the chaotic but cyclical behavior shown in the Energy vs time graphs, as well as
the Enstrophy vs Energy and Palinstrophy vs Enstrophy graphs, we are satisfied
that by the time t = 729.92 the solution is well past any transient period and is
approximating a physical flow.

Figure 5.2 shows the curl of the velocity and magnetic fields of the computed

reference solution at time ¢ = 729.92, when the data assimilation starts. We see that

Figure 5.2: Contour lines of the curl of the computed reference solution at time

t = 729.92.

there are several small eddies and complicated structures for the data assimilation

algorithms to attempt to capture.
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5.3 Results

All of the following data assimilation simulations were performed starting from
to = 729.92, with initial data for the algorithm equal to 0, obtaining (U, B) and
simultaneously computing (wu(t), b(t)) for ¢t > to. We compare the resulting evolu-
tions to see how the algorithm performed in terms of the relative error, where we

define the relative error as

(1T ) = w®)Z2/ w22 + 1B(t) — b(t)||iz/||b(t)\liz)% : (5.9)

For each simulation, we choose an algorithm to use to generate the approximation,
(U, B), and set the projection radius N (and so the number of modes we are assuming
to have data on will be (2N + 1)?), as well as y, which amplifies the feedback.

We would like to take p large, because the error decreases like e, hence a
larger i increases the convergence rate and therefore reduces the amount of simu-
lation time required. However, if p becomes too large, it destabilizes the solution
over small scales (small scales meaning finer resolutions than the larger, coarser
scales captured by Ij,) by mixing in the feedback, and the analysis suggests that
larger values for p require smaller values for h. This feedback is compensated by
the dissipation, provided condition (5.3) holds.

Hence, given a value for N (and thus h), we have an upper bound for x in the
sense that, with v = A = .01, (5.3) gives u < N?/100. However, it is unclear what
the appropriate value for i is because of the constants involved. Figure 5.3 shows the

minimum error attained during several short simulations of Algorithms 5.1.2,5.1.4,
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and 5.1.3, for different values of p and N.
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Figure 5.3: Numerical dependence of the data assimilation error on p and N. The

error shown is the minimum error acheived on the time interval [to, o + 5], where

to = 729.9.

We see that the benefit of increasing p (which is initially great, as the error

is exponentially decreasing with p) quickly diminishes in all cases. Furthermore,

in each case increasing N from 32 to 128 does not seem to enable us to increase p

enough to provide a substantial increase in the convergence rate. Based on these

results, we decide that u = 20 is a reasonable value to use in our longer simulations.

Remark 5.3.1 Reading more into this last observation, one possible explanation is

that because our computational grid only supports Fourier modes with magnitude
less than 129, it is possible that we cannot take advantage of larger values of

(even when N is also large) because we are not computing scales small enough for

control.
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After deciding what value to choose for u, we perform long-time simulations.
Figure 5.4 shows the convergence results we obtain for Algorithms 5.1.2, 5.1.3, and

5.1.4, when N = 128. As expected, Algorithm 5.1.2 performs much better than Al-

Relative L9 error in data assimilation solution vs time
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Figure 5.4: Convergence results with projection radius N = 128 and damping pu =

20.

gorithm 5.1.3 and Algorithm 5.1.4. Perhaps surprisingly, Algorithm 5.1.4 performs
noticeably better than Algorithm 5.1.3. This suggests that the Elssésser variable
transformation is more than an algebraic simplification, as it seems to capture some
important aspects of magnetohydrodynamics. Algorithm 5.1.3, though it does not
perform as well, still shows near monotonic convergence, and it is reasonable to
think that if the simulation time were extended, the error would reach 1079, as do

the other algorithms.
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5.4 Outside of Theory

In addition to the algorithms we considered in Section 5.3 and Chapter 4, we
consider the following algorithms and test their performance numerically, using the
same reference solution. Unlike the previous algorithms we considered, the next
algorithms have no supporting theory with which to compare. However, the results
we obtain here can serve to inform future work.

The most interesting situations of having measurements on only some of the
fields are when data is only collected on either the velocity field or the magnetic
field alone. We will consider both situations.

In the following algorithm, we collect data on only the velocity field.

Algorithm 5.4.1 Solve
8tU—VAU—|—(U~V)U—p—;O(B-V)B:—%Vﬁ—i—f—i—uPN(u—U),
oB—-—)\A\B+ (U -V)B—-(B-V)U =-Vq+g,

V.U=0,V-B=0,

for (U, B) with the initial condition U(0), B(0) = 0.
Similarly, the next algorithm requires collecting data on only the magnetic
field.
Algorithm 5.4.2 Solve
@U—VAU—}-(U-V)U—%(B-V)BZ—%Vﬁ—i—f,
oB—-—)\M\B+ (U -V)B—(B-V)U =-Vq+g+ uPy(b— B),
V-U=0,V-B=0,

99



for (U, B) with the initial condition U(0), B(0) = 0.

In addition, we can consider how much of an improvement using data from 3
out of the 4 fields might yield compared to only using data from 2 fields. With this

in mind, we define the following two algorithms.

Algorithm 5.4.3 Solve

OU —vAU, + (U -V) Uy — 2= (B-V) By = =10,p + fi + n Py (wy — Uh),
0iUz = vAUs + (U - V) Uy = o= (B - V) By = —30,p + fo + pPy(us — Us),
OBy — \AB, 4+ (U -V) By — (B-V)U; = —0,q + g1 + uPn(by — By),
OBy — AMABy + (U - V) By — (B - V) Uy = —0,q + 9o,

V-U=0,V-B=0,

for (U, B) with the initial condition U(0), B(0) = 0.

Algorithm 5.4.4 Solve

Oy —vAU + (U - V) Uy — 2= (B - V) By = =20,p + f1 + p Py (us — Uy),
OUy —vAUy + (U -V) Uy = 5= (B V) By = =20,p + fo,
By —AMAB; + (U -V) B, — (B -V) Uy = —9,q + g1 + nPn(by — By),
0By — AABy + (U - V) By — (B - V) Uy = —0,q + g2 + 1 P (by — By),
V-U=0,V-B=0,

for (U, B) with the initial condition U(0), B(0) = 0.

Figure 5.5 shows the convergence results we obtain for the above four algo-

rithms, using the same reference solution as before and N = 128, u = 20 (as
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Relative L9 error in data assimilation solution vs time
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Figure 5.5: Convergence results with projection radius N = 128 and damping pu =
20.

before).  We see that Algorithm 5.4.2 shows no sign of converging. Also, while
Algorithm 5.4.4 shows little improvement over Algorithm 5.1.3, Algorithm 5.4.3
performs much better, although still worse than Algorithm 5.1.4. This is somewhat
surprising, as Algorithm 5.1.4 performs better while requiring less measurements.

We also note that Algorithm 5.4.1 seems to be converging.

5.5  Conclusions and Interpretations

We have seen that data assimilation by nudging for the MHD is effective, and
works extremely well when measurement data is available on all the fields.

Our results indicate that the Elsdsser variable formulation is the most efficient
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way to use measurement data (without measuring every field), which leads us to
suspect it may have deeper meaning.

All of the abridged algorithms seem to work in our study, with the exception
of the one which did not incorporate any measurements of the velocity field. This
seems to indicate that an algorithm which uses only measurements on the magnetic
field is impossible, as was conjectured in Chapter 4.

Our results also indicate that an algorithm which only incorporates velocity

field measurements is hopeful.

102



Appendix A: Technical Proofs

A.1 Chapter 2 Technical Proofs

Proof of Proposition 2.2.3 Observe that for h+j =k, h,j k € Zd, we have

k" <277 ([h]" +[j[").
Thus,

[(B(u, v), A7e** 4" w)|

< Y @mIEIBE K k) e

h+j—k=0

< 270 bl a()[1][G) k] @ (k)|

h+j—k=0
o2y (@) 161 B G) k| (k) [
h+j—k=0

Because j, h, k # 0, we have min{|j|, |hl, |k|} > 1 and therefore,

il < ||+ |k| < 2/h[[k| which implies [j|z < |h|Z|k]|2.
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From (A.1) and (A.2), we have

[(B(u, v), A7e*4*w)|

< 2T_1/QZ eﬁlhl|h|r+%|a(h)|eﬁ|~”|j|%|6(j)||k|r+%|@(k)|€5|k‘
h+j—k=0

+ o 272N Az h) e R () k] E (k)M
h+j—k=0

1 ga1/2 1 1

S 27([[ A7 To|wl Aiull g | ATw| G
Al ,BA1/2 Al Al

+ A7 M u|lwll Aol s |ATwl|aere))
1 1

S 2 ([vllearallATull o | ATw| o)

+llullopralA1vlaer Aiwleer), (A3)
where to obtain (A.3) we used (1.2) with s :=r — 1 > 2. We readily obtain

T 1/2 r
(B, u), A7 u)| S 27, [ullaesna 1A |G 5,0 (A.4)

Proof of Proposition 2.6.2 Observe that for hy + - +h, + k = 0, h;, k € Z4,

by the triangle inequality and Proposition 2.6.1, we have
k| <n(Jha[" + -+ [hy|"). (A.5)
Denote

]Czd+1;-[:{(h17"' 7hn7k>h1++hN+k:07hZ’k€Zd}
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Thus,

n r / T
[(Tur, AT )| S fu(hy)] -+ [u(h,)||u(k)| k[ e

I

(Z‘h "e M u(hy )] - by, ) Ju(l) k] e

R Z €B|h1|]u(h1)\ L ]hn\Temh”']u(hn)]]u(k)HkV“eﬁ'k') 7
I

(A.6)
where to obtain (A.6), we used (A.5) as well as the triangle inequality |k| < ), |h;].

Because min{|hy|,-- -, |h,[, |k|} > 1, we have

1

k| < Z |h;| < nfhy|--[hy[, which implies ‘k|% S nl/2‘h1’% - [y 2.

7

Consequently, from (A.6), we conclude

(Tur, AT 4 )]
i (Z by 2 ()| - el 2 () () k|72
I

ot 2 )

1 rtl
h, |72 fu(hy,) ||u(k) || ﬂeﬁk)

St ()" 1||A4u||G @r2)1ulE 52 (A7)

where the last inequality follows exactly as in the proof of (A.3). This immediately

yields (2.31). O
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A.2  Chapter 3 Technical Proofs

A.2.1 Leray Energy Inequality

Taking the L? inner product of (3.3a) with v we get

d
a/HvHQ—/Av-v:O, (A.8)

since one can show that [(w-V)v-v=0and [V (p— i]3(v— w)[?) - v = 0 using

integration by parts and the fact that v is divergence free. Therefore,

d
5/”1;”2—1—//\'0-sz0, (A.9)

i.e.
d 2 2
@II'UH + vl =0

So, integrating in time, for any ¢t > 0 we get

t
oI + | ol = ol (A10)
Similarly,

t
Hw(t)l\2+/0 [, = llwol (A.11)

A.2.2 Persistence of Vorticity in L'

Proof of Theorem 3.2.5 We will show the result for 7, the proof for @ being
identical. Considering the equation for 7 in the vorticity formulation and proceeding
as in Constantin and Fefferman [39], if we let & = % and take the inner product
with & we get:

1| —AT - €+ (w-V)|T| = (VoxVw) - £
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For each € > 0 let f. : R — R so that f. € C*(R) and has the following properties:
fl(z) >0 Ve >0, fl(x)=0 Ve <6, fi(z)€|0,1] Vz, zfl(x) =1 Vz >,

where 0 < § < e. Then, by multiplying by f/(|7|) and integrating over |7| > ¢ we

get:

G [0+ [aehvieE + [ iriseDiver = [ frvos V) ¢

where we have used the facts that by integrating by parts and using the divergence

free conditions we have

[ b )i = [ w)s07h == [(-witirh =0

and
[ miseniver = [ iepar-g~ [ el

Now, integrating in time, we get:

[ o= [ smh+ [ t [ mireiver < [ t [ 15rDIvo Vg
< [ [1velive

t
< / Vol Vo]

< (/Otnwn?f (/OtHan?)%.

So, by the definition of f, letting ¢ — 0 we have:

[rr= [ [imwee < ([190) ([ 190) + [

1
< 4 (Jlvolwol))* + / 70l

107



where the last inequality follows from (A.10) and (A.11).

Since t was arbitrary,

N

sup [|7(8){[1 < 4 (Jlvoflllwoll)* + 7ol

A.3 Chapter 4 Technical Proofs

Proof of Proposition 4.2.8 We provide only a formal proof of (4.8) here. A
rigorous proof can be carried out by, e.g., first proving the bounds at the level of
finite-dimensional Galerkin truncation, and then passing to a limit.

Taking a (formal) inner-product of (3.3a) with v, and of (3.3b) with w, using

(3.3¢) and adding the results, we obtain

d
7 (lvllZ2 + llwlze) + (@ = 8) (IVolli: + [Vewliz2)

N —

< (f,0) + (g, w) < |[[flle2llvlle> + llgllzzllwl] 2

IN

s (IF11Z2 + llglie) + 52 4n* ([ollze + [lwl|2)

< s (IF1172 + llgllze) + 52 (V)i + [VwliZ2)

where we used the Poincaré inequality and Young’s inequality. Therefore, after

collecting terms,

d
77 (Ivllze + llwlizz) + (o = 8) (IVollze + [IVewlli:) < g (1F11Z2: + llglz:) .

(A.12)
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and by using the Poincaré inequality on the left hand side,

d
7 (wlZe + llwllzz) + 47 = B) ([[v]lZ2 + wllz2) < gy (1F12= + lgllz2)

(A.13)
Then by Gronwall’s inequality,
[o(t)]1Z2 + llw(t)]Z2
< (Jlo(0)||%2 + |Jw(0)]|2,)e 47 (@0
+ mess SUDge(0,4] (Hf( )32 + ||g(3)||%2) . (A.14)

Let t, > 0 be large enough so that
>ty L2 12) < 21i L2 r2) .
ess supy,, (£ +9(0]32) < 2hmsup (1F O +lg®lE) . (A15)
and choose tg > t, so that
- 7'('2 oa— * :
(lo(t) 172 + llw(t,)|[72)e ™ @ o=t) < Whrtrlsup(llf(t)llifr lg(®)lI7:) -

Then by using Gronwall’s inequality again on (A.13) with initial time ¢,, we see that

for all t > t,

—4An?(a—B)(t—t«
lo(®)IIZ2 + lw@)IZz < (lo(E)lI72 + [w(t)|[72)e™ =P
+ Torra=a oS SWsepe, g (£ ()72 + g(s)lI72)

< s I (£ + lo()E) . (A0
Next, integrating (A.12) on [t,t + T, and using (A.15),
+T
lo(t + T)IIZ> + [lw(t + T)I[7> + (o = 5)/t (IVo(s)lIZ2 + [[Vw(s)]Z2) ds
< lo@)ll7: + w72 + 505 lim sup (IF )22 + g ()lIZ2) -
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Thus, using (A.16), for t > to,

[ (9o + V) ds

2 2
< (14 7%(a—B)T)(a— B) liIILSUp ||f(82)7|r|‘f(2a+_”g’§j)”L2’

(A.17)

which implies (4.8). O

Proof of Lemma 4.4.1 To show (4.12), we first apply (1.4) and (1.3) then (1.12)

and (1.3):

/ (u-V)v- wdmdy‘ < / lu| |Vv| |lw| dedy < ||Vv||rz||w|| e ||w] p
Q Q

) 1
< SIVollezllulie + 55 Vol lwllzs

cro c
< Lol |Vl + S [T V]
crd (1 1 1 2 €
< %0 (GIVolRafulls + Il ) + 5o Vol fwls + ST wls

We obtain (4.13) by switching the roles of u and w after applying (1.4).

The proof of (4.14) requires us to estimate the components of the product
differently. First, write
2

<y

t,j=1

2
/ (u-V)v- wdxdy’ = '/ Z w;0;v;w; drdy /Uiaivjwj dxdy‘ :
Q Q Q

1,j=1

and then we estimate the terms of the sum separately.

(Case: ¢ =1, j = 1) For this case we proceed similarly as in the proof of (4.12),
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to obtain:

/ulalvlwl dl‘dy‘ S ||Vv1||L2||u1||L4||w1||L4
Q
cr, CrL
< —HVUlHL?|’U1||L2||Vul||L2 + 3||VU1||L2||U11||L2||V”L01||L2

CL5
< — ||VU1||L2+ HW1I|L2HU1|IL2+ HVw1HL2+ IIVvlllelelle

(Case: ¢ =1, j = 2) For this and the next case, we use (1.13):

Vu 2 1/2
/ulalv?w? d:vdy‘ < c||Vws|| 2| Vva|| 2 ||ua || 2 (1 +1n (—” 1l >)
Q

27|y || 2
03(5 ||VUIHL2
< By \V4 1+1 FYRTITE
< == || Vws |32 + H Va2 | [|72 ( i (27THU1“L2
035 CB 2 2 [Vl
< By \V/ 1+1 P YRTIETE
< == ||Vwsl|32 + 5” V|72 w72 ( +n (27T||U1HL2

(Case: ¢ = 2,7 = 1) Similarly, we obtain:

cgd C Yw
/ vy dwdy' < Vsl + SVl w72 (1 1o (_” 1 ))
Q

27 ||wq || L2

(Case: i = 2,7 = 2) Now we use the divergence free conditions (i.e. Oyu; =
—0sug) and integrate by parts in order to obtain integrals in which the second

components of u and w do not appear together:

/uzagvng drdy = —/82u202w2 dmdy—/uzvgagwg dzxdy
Q Q Q
:/31u1v2w2 d:zcdy—l—/uwg@lwl dxdy
Q Q
= —/u181v2w2 dxdy—/ulvgﬁlwg dxdy
Q Q

—/(91u2v2w1 dxdy—/u281v2w1 dzdy.
Q Q
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Now, each of these terms can be estimated similarly to the cases where ¢ # 7 :

0 %
/ wdrvaws dedy| < 5= [ Vsl + S3 Vo] 7 72 (1“ (' UIHLZ))
Q 2 27 ||uq | L2
0 v
/ urvadyuws dedy) < S |Vunl[fa + 52 Vol 32 (1““(” anQ»
Q 2 27| [un || 2
c50 2, B |V, || 2
d d < —= 9 _— v 9 ) 1 1
/Q@luzvzwl zdy| < = |Vuz|l7> + 25|| vz ||wi |3 ( + n(27r||w1||Lz
c59 Vw2
/9“251712“’1 dredy| < THVUQHiz + 5||VU||%2||w1||iz( (QWleHm

Taking the sum of these 7 inequalities obtained from the 4 cases, we have:

3035 3035

CL5
IVasllza+ = IV [[fe+—= [ Vaa|lz2

5
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Cr, Cr,
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+ 2 || ’UHL2HU1HL2 ( + In (27T||U1HL2 +— 25 || ’IJ||L2||1,U1HL2 + In 27T||w1||L2

Setting ¢ = max{<, 22} now yields (4.14). O

Proof of Lemma 4.4.3 We start by writing

/ (u-V)v - Awdzdy —/ U1 0,01 Awy dxdy + / U0y v1 Aw; dxdy
Q Q Q

—l—/ulaxngwg da:dy+/uQ6yngw2 dzdy.
Q Q

Now we estimate each term individually.

By (1.14) we have:

A 1/2
/ulamlewldxdy’ < ||Vl 2 || Vo || 22| Awy || 12 (1+ln | Ay || 2 )
Q 27||Vuy || 2
1Au]z \"?
< A 1+ In
= crlVilael Vel wHL2( - n27r||Vu1||Lz ’
(A.18)
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and

A 1/2
/ulamngwgdxdy < ep|| V|| 2 || Voo || 22| Aws || 12 (1+1n | Ay || 2 )
Q 27||Vuy || 2
A |12 12
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(A.19)

Using integration by parts and the divergence free condition, we have:

/ U0yv1 Aw; dxdy = —/ O0pu20yv1 0wy dxdy — / Oyu20,v10yw, drdy
Q Q Q

+/u28yyvgﬁww1 dxdy—/m@yyvl@ywl dzxdy,
Q Q

so applying (1.13) to the first two integrals and (1.14) to the second two, we obtain:

| Awyle )
By 8w, dedy| < cpl| Aul 2| Vo | 2|V S T I
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(A.20)
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A 1+In ——— .
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(A.21)
Again by integrating by parts and using the divergence free condition, we obtain
/ugayngwg dxdy = / 0 U1V Aws dxdy
Q Q
+ / Ausve0,wy drdy + / U AV 0, w1 dxdy
Q Q

+ 2/8:,;@090@2635101 dxdy + 2/6yU28yU28xwl dzxdy.
Q Q
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Now, estimating with (1.13) and (1.14) we have:

A 1/2
/UQayU2Aw2dCL’dy < erl|Vun [| 2] Vol| 2] Aw|| 2 (1+lnw)
i 27 ||V || 2
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+ depl| A 2 [ Vo] 2| wl”m( T oV e

(A.22)

Combining (A.18), (A.19), (A.21), and (A.22), we obtain:

| Auy |2 )1/2
27T||VU1||L2
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Q
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so (a) is proven.

In order to prove (b), we first write

/ (u-V)v-Avdzdy :/ u1 0,01 Avy daxdy + / U201 Avy drdy
Q Q Q

+/u18xv2Avg d:vdy+/uz8yngvg dzdy.

Q Q

Similar to the proof of (a), we proceed to estimate each term individually by ap-
pealing to (1.13) or (1.14), by integrating by parts and using the divergence free
conditions.

By applying (1.14), we have:

| Avy]| 2 >”2
27 ||V || 2 ’
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Q

(A.23)
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and
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and using the divergence free condition, we obtain

/u28y1)2Av2 d:cdy‘ = ‘— / U205 01 AVs d:cdy'
Q Q
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To estimate the remaining integral, we write:

/ulﬁxngvg dxdy:/ulamvgﬁmvg dxdy+/u18x028yyvg dzxdy.
Q Q

Q
Now,
/ U1 05020y, V9 dxdy = — / u10,020,0,01 dxdy
Q Q
= / 0,110,020,V dxdy + / U1 Oy V20y vy dxdy,
Q Q
SO
1/2
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(A.26a)

For the other term, we have

/ U1 020, V9 dxdy = — / 0z U10,090,v2 dxdy — / U1 0z V20, V2 dxdy,
Q Q Q

S0,
1
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Next,

1 1
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2 Ja 2 Ja
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Q
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Therefore,
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(A.26Db)

Hence, by combining (A.23), (A.24), (A.25), (A.26a), and (A.26b), we obtain:
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as claimed. O
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