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Abstract. Compressive sensing (CS) is a unique mathematical technique for simultaneous
data acquisition and compression. This technique is particularly apt for time-series photometric
measurements; we apply CS to time-series photometric measurements specifically obtained due
to gravitational microlensing events. We show the error sensitivity in detecting microlensing
event parameters through simulation modeling. Particularly, we show the relation of both the
amount of error and its impact on the microlensing parameters of interest. We derive statistical
error bounds to apply those as a baseline for analyzing the effectiveness of CS application. Our
results of single and binary microlensing events conclude that we can obtain error less than 1%
over a three-pixel radius of the center of the microlensing star by using 25% Nyquist rate mea-
surements. © 2022 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10.1117/1.JATIS.8
.1.018002]

Keywords: compressive sensing; gravitational microlensing; data acquisition and compression.

Paper 21048 received Apr. 26, 2021; accepted for publication Jan. 28, 2022; published online
Feb. 18, 2022.

1 Introduction

Compressive sensing (CS) is a simultaneous data acquisition and compression technique, where
data compression is performed at the detector front-end itself. CS is a mathematical theory that
allows sampling at a sub-Nyquist rate by exploiting sparsity in data sets. In this work, we assess
the application of CS to gravitational microlensing events. Our work is primarily applicable for
space-flight instruments, which exhibit tremendous limitations for onboard space flight resour-
ces as well as data transmission bandwidth.

Gravitational microlensing is an astronomical phenomenon during which a massive body,
such as a star or a black hole, or a system of bodies, may pass in front of a distant source star
causing the deflection of light from the source, effectively briefly magnifying and brightening
that source. Using this technique exoplanets can be detected. The phenomenology of microlens-
ing requires the exceedingly precise alignment of a source star and an intervening massive
body."> Consequently, microlensing events are very rare—thus sparse in both time and space.
These, hence, form an excellent evaluation platform for the development and application of
CS. The mathematical technique implemented for CS exploits this sparsity inherent in gravi-
tational microlensing and encodes the image during acquisition, significantly reducing data
volume and for space flight instruments, it reduces onboard resources.** Similar to traditional
methods, we apply data acquisition of the spatial images, followed by differencing to obtain a
light curve representing a microlensing star over time. The differencing provides the relative
change in pixel magnitude over time, as shown in Fig. 1.

Figure 2 shows the placement of a CS detector in a high-level block diagram.

In our previous work,> we did a preliminary analysis on the effects of CS on transient
photometric measurements. In this work, we specifically analyze single and binary microlensing
events and the implications of CS reconstruction on gravitational microlensing parameters of
interest.
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Fig. 1 Image differencing to generate a light curve over time, representing the change in
magnification of a microlensing star.
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Fig. 2 CS detector will replace a traditional detector to acquire spatial images. The data acquired
from the detector will be used to generate photometric light curves for microlensing events.

1.1 Compressive Sensing

CS is a mathematical theory for sampling at a rate much lower than the Nyquist rate, and yet,
reconstructing the signal back with little or no loss of information. The signal is reconstructed by
solving an underdetermined system. Sparsity in data sets is a key component required for the
accuracy in reconstruction using CS methods. If it is not sparse in the sampling domain, we can
transform it to a sparse domain, perform the reconstruction, and then transform it back to the
original domain.®’ In a CS architecture, to acquire a signal of size n, we collect m measurements,
where m < n. One measurement sample consists of a collective sum. We solve Eq. (1) to deter-
mine x through the observation y*'2

Ymx1 = Amxnxnxl' (1)

Using the acquired measurements vector y and the known measurement matrix A, we can solve
for a sparse x by applying various techniques, including greedy and optimization algorithms.
Various reconstruction algorithms are discussed in the work of Pope.'

1.2 Gravitational Microlensed Events

In gravitational lensing, the surface brightness, which is the flux per area, is conserved. The total
flux increases or decreases as the area increases or decreases. In microlensing, distinct images,
due to the gravitational effects of the lensing system, are not seen, but rather, magnification or
demagnification of the source star is observed; the images are not resolved. Since the Jacobian
matrix gives the amount of change in the source star flux in each direction, the transformation of
the original source to the “stretched” source, can be mapped by the Jacobian. The absolute value
of the inverse of determinant gives the amount of magnification.
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Einstein’s ring forms when there is an exact alignment of the source, lens, and observer and
is an important parameter for the basis of gravitational microlensing equations. Einstein’s ring
radius @z can be defined by Eq. (2), which is given as

4GMD
O =\ |2 1o @)
C DLDS

where M is the the mass of the lensing system, D; s is the distance from the lens to the source,
D; is the distance from the observer to the lensing system, and Dy is the distance from the
observer to the source.!*

1.3 Single Lens Gravitationally Microlensed Events

Here, we describe the amplification value for each time as the source star moves in relation to the
lensing system. Let u represent source position, and y represent image position, normalized by
5. Then, the lensing equation for a single-lens microlensing event can be given as Eq. (3),'
which is given by

Vi +4+u
S 3)

Total amplification of the two images formed is given by

u+2
Alu) = ——. 4
=" 4

Due to the relative motion between the lens and source, amplification is dependent on the posi-
tion of the source image at each time, ¢. Equation (5) shows the position of the source at each
time given the trajectory the source takes'

-l (5]

The trajectory is defined by the impact parameter, 1, which is the minimum apparent separation
between the lens and source in units of @. Einstein ring radius crossing time is given by ¢ and
the time of peak magnification is given by #,.' The amplification with time dependency is shown
in Eq. (6)

i ()

g

{’45 1 (%2)} 1/2 {u% N <%>2 +4)} /2"

(6)

1.4 Error Sensitivity

In this section, we show the relation of the error to the sensitivity of the parameter 6. For an error
of e(#) in the change in amplification at any given time, the amplification at each time changes by
A(t) + e(t). This change in e(t) at each time, 7, changes the amplification equation derived due to
two images resulting from a single-lens microlensing event. Using Egs. (5) and (6), Eq. (7) can
be written as

A =—2WE2 ™)

Incorporating error, we get Eq. (8), which is stated as follows:
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From Egq. (8), it is evident that a change in the light curve due to an error, ¢(¢), will not merely
result in a change in u, but rather a change in the lensing system itself. That is, the light curve
produced would not be accurately mapped to a lensing system.

In order to better understand the analytical effects of error on science parameters, here, we
show the effect of the change in science parameters and the implications for the amplification
value. For a change of y in the value of 85, which depends on the properties of the lensing

system, as noted in Eq. (2), we can define, 0 as
O = 05 )

Using this éE in the lensing system, we derive the new amplification curve shown in Eq. (11).
In our model, for A(t), we scale u, by 8 and not by @E to keep the same u, scale for comparison
to A(?)
2 2 2
Au) = _wrar (10)

u\/u* + 4y2.

Expanding to include the definition of u(r), we get Eq. (11)

A(r) ué4—(%?)2—%2y2 (11)
t) = .
o+ ()] s () + )|

To analyze the effect of CS errors, for single microlensing events, we consider the effect of 8¢
on the amplification value. In Eq. (6), u is in units of 6. Hence, a change of y in 8, will directly
affect the mass and distance parameters, M, D;S, D;, and Dy of the lensing system. Our
CS-based modeling incorporates y to determine the effect of errors due to CS application on the
value of 0.

For astronomical measurements, the detector measures the flux of the source star. Hence,
for microlensing, the total flux received from the source star is given by Eq. (12)

F(t) = F,A(1) + F, (12)

where F is the flux from the source, A is the amplification amount, and F, is the blended flux.
In our simulation modeling, we use F;, = 0 for simplicity.

1.5 Binary-Lensed Gravitational Microlensed Events

A binary microlensed system consists of two lensing bodies, which act as a lens, deflecting the
light from the observed source star. Here, we have two lensing bodies with mass, m; and m,,
where m; 4+ m, = M. The source position is given by ¥. The image positions are given by
Eq. (13)

my my
—+—

=Y+ (13)

-2 -2

The amplification due to this lensing system is given by the ratio of the total area of the images to

the total area of the source. Finding the amplification at each time is given by the following
15

process:

1. Find the roots of the polynomial given by the lensing Eq. (13).

2. Determine the boundaries of the images given the critical curves. The Jacobian of the
lensing equation is used to determine the boundaries.
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3. Find the area of all the images bounded by the critical curves.
4. Total amplification is given by Eq. (14)

A= 14
e (14)

where A is the amplification value, A; is the total area of all the images produced due to
lensing, and Ay is the area of source star.

For an error, ¢, in the amplification, that is, A = A + ¢ we can say either A, =A; 6 or
A s = Ag = 5,. The area of the source star is determined by the source star radius, p, mass ratio,
g, and the separation between the two lenses, s. Amplification as a function of time is dependent
on the trajectory angle, a. The solution to this fifth-order polynomial contains either three or five
formed images. To determine the total area of the three or five images, Green’s theorem is used.”
The magnification is given by the relative motion of the source star and lensing system.

In this work, we examine single- and binary-lens caustics. A single-lens event will have a
caustic as a point. Hence the observed light curve should have a single peak as it approaches the
caustic. Binary-lens caustics are more complicated and can be characterized by three different
categories namely close, intermediate, and wide. The three categories are divided based on the
combination of the mass ratio and the separation between the two lensing masses.! Binary
sources, as well as binary lenses could cause two peaks as depicted in our simulated light curves
(Sec. 3). However, when generating light curves, we focus on the magnification due to binary
lensing. Thus, a generalization of our CS results would be applicable for binary sources as well.
Caustic curves represent closed loci where the magnification of a point source goes to infinity.
Change in magnification as a function of time, depends on

p: source star radius,
a: trajectory angle,
q: ratio of the mass of the two lensing bodies,

N

s: distance between the two lensing bodies.

For a given ¢q value, the topography changes to one, two, or three caustic curves based on the
value of s. In terms of the magnification curve, the change in the number of caustics can result
in different light curve signatures as the source crosses the caustic.

Mass ratio, g, and separation parameter, s, have a direct effect on the caustic topography
generated. In this work, we focus on the error caused due to small changes, 6 and ¢, in g and
s, respectively.

We show the error sensitivity for § = 0.1g and € = 0.1s. In order to study error sensitivity,
we choose points on the topography map in Ref. 14 well within each region, so that the change in
the parameter does not result in a change in caustic topography.

For all our simulation analysis, we use the sensitivity of 10%, hence ¢ + 0.1 and s = 0.1s.

2 Compressive Sensing Simulations Setup

Microlensing is typically detected in crowded stellar fields. Although the spatial images are
densely populated, the microlensed events are very rare, hence, only stars with a transient mag-
nification are of interest to astronomers. In order to eliminate constant star sources in crowded
fields, differencing can be applied. Through our previous work,> we show that CS can be applied
on crowded star fields to produce differenced images, preserving the microlensed star magni-
fication, with a very low error when the point spread function (PSF) of the two differenced
images are the same.

2.1 Compressive Sensing Architecture and Process

In our simulations, we use CS framework based on our previous work.’ An architectural diagram
is shown in Fig. 3.
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Fig. 3 CS architecture used for obtaining differenced images with star sources varying in flux
due to a gravitational microlensing event.

In this work, we define a reference image, x,, as an image of a spatial region, x, with a PSF,
P,, while an observed image, x,, is defined as an image of the same spatial region, x, but with
a different PSF, P,. A reference image has a narrower PSF, resulting in a cleaner image as
compared to an observed image. The architecture is implemented in the following manner:

1. Obtain CS-based measurements, y,, for a spatial image.

CS can be applied by projecting a matrix, A, onto the region of interest, x,,. This can be done
on a column-by-column basis for an n X n spatial region, x,. Thus, for two-dimensional (2D)
images, yy and A are of size m X n, where m < n.

2. Given A and a clean reference image, x,, construct measurements matrix y,, where
yr = Axr'

3. Apply a 2D differencing algorithm on y, and y, to obtain a differenced image, ygis,
and the corresponding convolution kernel, M, which is used to match the observed and
reference CS measurement vectors, y, and y,.'® In our modeling, we use ygir = v, — ¥y
by using the assumption that the PSF of the reference and observed image is the same as
discussed in Sec. 2.2.

4. Reconstruct the differenced image, xj using CS reconstruction algorithms, given A
and Vdiff -

2.2 Assumptions in Our Model

To understand merely the effects of CS on photometric measurements, we eliminate the follow-
ing variables in our simulations. In future work, we will incorporate each of these factors one
at a time to thoroughly understand the effect of each one in our CS-based framework. The two
assumptions we make are:

1. The PSF of the reference image and the observed image is the same. This would typically
be the case for space-borne observatories in which the PSF changes very slowly, if at all.
The two images differ in any magnification of a star source due to a transient event.

In applications where the PSF of the reference and observed images are different,
Eq. (16) is used

Vaitt = Ax, — (Ax, kM), (15)
=y, = (v, %M). (16)

where the star symbol represents convolution. However, in our models, for simplicity,
we assume the same PSF for a reference and observed image, thus resulting in Eq. (19)

Vaitr = A(Xaif ) » a7

=A(x,) — A(x,), (18)

=Yo = Yr- (19)
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Hence, in Fig. 3, image differencing consists of subtracting the reference measurements
from the observed measurements. In non-ideal cases, when the PSF of the reference image
is different as compared to the observed image, image differencing algorithms can be
added. However, that adds another layer of uncertainty and error, which we needed to
eliminate for our purpose of understanding purely the effects of CS acquisition and
reconstruction.

2. There is no noise present.

To eliminate added complexity in this preliminary study, we do not incorporate any
noise. In future studies, we will add detector noise, measurement noise, as well as any
background noise.

For a practical approach, we can assume the effects of noise to be minimal if the signal-
to-noise ratio (SNR) during a magnification event for the specific group of pixels repre-
senting the microlensing star is sufficiently high, such that, the sparsity content of the
image is preserved. In Sec. 3, we briefly show the basic effect of CS reconstruction for
degrading SNR for an image with Gaussian added noise.

2.3 Simulation Setup Parameters

In our simulations, we use a 128 X 128 size image. In order to depict a crowded stellar field, we
generate the number of star sources to be 75% of the total number of pixels. To simulate realistic
fields, we use airy shaped PSFs with varying radius and fluxes of the star sources. The radius
ranges from [0, 5] pixel units and flux ranges from [50, 5000] pixel counts. We perform 100
Monte Carlo simulations for each set of parameter values discussed later in this section. For each
of the 100 Monte Carlo simulations, the crowded stellar field is changed, including the PSF
radius and flux values of each star source generated. In addition, for each simulation, the
Bernoulli random values in A are changed. We use orthogonal matching pursuit algorithm,
as provided by Python libraries, for reconstruction.

2.3.1 Compressive sensing parameters

For an n X n size spatial image, we use a measurement matrix, A, of size m X n to obtain the
measurements, y, of size m X n. Hence, our compression factor is 2.
. . . . n .
For both single-lens and binary-lens event simulations, we use the following CS parameters.

e Number of measurements, m = 25% of n.

e Measurement matrix, A, consists of Bernoulli random variables of values 1 and 0. These
values were chosen such that the matrix can be relevant for practical application.

2.3.2 Gravitational microlensing parameters
We simulate microlensing events for single-lens and binary-lens systems.
Single microlensing events. For each of the simulation cases, u, and f, are varied in the

simulation setup. The other parameters from Eq. (6) are shown in Table 1.

Table 1 Single microlensing event equation parameters used for
CS simulation modeling.

Parameter Value
Ug 0.01, 0.1, 0.5
to 13, 15, 17
te 30
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Table 2 Binary microlensing event equation parameters used for
CS simulation modeling.

Parameter Close Intermediate Wide
S 0.6 1 1.7
q 1 0.1 0.01
P 0.01 0.01 0.01
a 0.03 0.93 0.03
te 100.3 100.3 100.3
to 7154 7154 7154
Ug 0.1 0.2 0.3

Binary microlensing events. For binary microlensing events, we perform simulations for
each of the three topographies with the parameters described in Table 2 are stated as follows:

1. s: separation between the two masses in the lensing system in units of total angular
Einstein radii,

g: mass ratio of the two lenses,

p: source radius in units of Einstein’s ring radius,
a: trajectory angle between lens axis and source,
tg: Einstein ring radius crossing time,

ty: time of peak magnification,

Nk WD

uy: impact parameter in units of Einstein’s ring radius.

2.3.3 Error calculations

We calculate the % error based on the total flux of the microlensing star in a three-pixel unit
radius from the center pixel of the star. Error is calculated using

|féiff — fdiff|

X 100%, (20)
f diff

where f i and f ;¢ are the total fluxes within the three-pixel radius of the source positions of the
reconstructed and original differenced images, respectively.

3 Simulation Results

3.1 Single-Lens Events

In this first set of simulations, we vary u,, while keeping ¢, = 15 and ¢, = 30 constant.

Amplifications for single-lens microlensing events are generated using Eq. (6). We compare
the CS reconstruction with error due to a y change in 6y as described in Eq. (11), where
y =1=x0.1. Hence 0 = 0.90; and 0y = 1.10.

In Figs. 4-9, we show the simulations for u, = 0.01, 0.1, and 0.5. In the next set of
simulations, as shown in Figs. 10-13, we use uy = 0.1 and vary ¢, with t, = 13 and ¢, = 17.

Tables 3—7 show the error values for each of the corresponding set of parameters used for the
simulations. Our simulations show that CS reconstruction is affected by the magnification value
of the source star in each differenced image. For low magnification events, such as the one
caused by uy = 0.5, the error in CS reconstruction is higher. The results in Ref. 5 also indicate
that CS reconstruction accuracy is dependent on the magnification of the event, which in turn
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Fig. 4 Single-lens microlensing event, u, = 0.01. The original simulated microlensing curve along
with the CS reconstruction and the microlensing curve generated due to a change y in 0 is shown.
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Fig. 5 Percent errors for the single-lens event, uy = 0.01 for CS reconstruction and the change in
microlensing light curve generated due to y changes in ¢ as compared to the original simulated
microlensing curve for the light curves in Fig. 4.
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Fig. 6 Single-lens microlensing event, uy = 0.1. The original simulated microlensing curve along
with the CS reconstruction and the microlensing curve generated due to a change in y in 6¢ is
shown.
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Fig. 7 Percent errors for the single-lens event, ug = 0.1 for CS reconstruction and the change in
microlensing light curve generated due to y changes in 6 as compared to the original simulated
microlensing curve for the light curves in Fig. 6.
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Fig. 8 Single-lens microlensing event, uy = 0.5. The original simulated microlensing curve along
with the CS reconstruction and the microlensing curve generated due to a change in y in 0¢ is
shown.
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Fig. 9 Percent errors for the single-lens event, ug = 0.5 for CS reconstruction and the change in
microlensing light curve generated due to y changes in 6 as compared to the original simulated
microlensing curve for the light curves in Fig. 8.
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Fig. 10 Single-lens microlensing event, t, = 13. The original simulated microlensing curve along
with the CS reconstruction and the microlensing curve generated due to a change in y in 0¢ is
shown.
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Fig. 11 Percent errors for single-lens event, f; = 13 for CS reconstruction and the change in
microlensing light curve generated due to y changes in ¢ as compared to the original simulated
microlensing curve for the light curves in Fig. 10.

18,000

- CS
16,0001 —p— Original

14,000 ¢ ¥=102
-¥— y=11

12,000 1

10,000 1

Amplitude

8000 1

6000 1

4000 1
2000 A

7000 7050 7100 7150 7200 7250 7300
Time

Fig. 12 Single-lens microlensing event, t, = 17. The original simulated microlensing curve along
with the CS reconstruction and the microlensing curve generated due to a change in y in 6¢ is
shown.
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Fig. 13 Percent errors for single-lens event, f, = 17 for CS reconstruction and the change in
microlensing light curve generated due to y changes in 0 as compared to the original simulated
microlensing curve for the light curves in Fig. 12.

Table 3 Errors for single microlensing light curve with ug = 0.01.

Single-lens event Average Average standard
with uy = 0.01 % error deviation

Cs 0.49 0.00
y=0.9 12.62 1.53
y=1.1 12.71 1.61

Table 4 Errors for single microlensing light curve with ug = 0.1.

Single-lens event Average Average standard
with uy = 0.1 % error deviation

CS 0.36 0.00
y=09 12.91 1.36
y=1.1 13.01 1.43

Table 5 Errors for single microlensing light curve with ug = 0.5.

Single-lens event Average Average standard
with uy = 0.5 % error deviation

CS 0.77 0.00
y=09 16.07 0.66
y=141 16.45 0.76

affects the sparsity of the data set. For a low magnification star in a differenced image, the rate of
decay of the coefficients in the differenced images also decreases, hence, causing a higher error
in CS reconstruction. The small fluctuations in the average error are due to the variation in
Bernoulli random measurement matrix. From the error plots (7, 9, 5), we see that CS error
is fairly constant, with little variability, over the microlensing curves for all u, and 7, values.
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Table 6 Errors for single microlensing light curve with t, = 13.

Single-lens event Average Average standard
with o =13 % error deviation

CS 0.42 0.00
y=0.9 12.94 1.40
y=1.1 13.03 1.48

Table 7 Errors for single microlensing light curve with to = 17.

Single-lens event Average Average standard
with ty = 17 % error deviation

CS 0.32 0.00

y =09 12.98 1.48
y=1.1 13.09 1.57

3.1.1 Error sensitivity of microlensing parameters

In this section, we fit the differenced magnification curve and the CS reconstructed curve to
obtain the microlensing parameters: Fy, F, t, tg, and uy. The differenced magnification curve
is obtained from xg at the microlensing star source center pixel, [p,, p,] and CS reconstructed
magnification curve is obtained from xj[p,. p,]. We use the same setup as in Sec. 2.3. We
obtain the parameters for each CS reconstructed data set over the 100 Monte Carlo simulations
and present the average derived value in Table 8. We used Mulens Model software for obtaining
the parameters.'” When we generated our magnification light curves, we used F,, = 0. However,
due to the observed and reference image differencing, and the Mulens Model software modeling
factors, we obtain a non-zero F';, during parameter fitting. Thus, in order to accurately understand
the effect of CS reconstruction on the derivation of the parameters, we compare the Mulens
Model software-derived parameters for Xgg[p,. py] With x§[py, p,]. The obtained results of
the parameters depend on the initial guess provided. Hence, in our analysis, we vary the initial
guess to determine the effects of CS, despite the initial guess values. Our true values are listed as

follows:
] to - 15,
[ tE - 30,
o Uy = 05

We use the initial values as shown in Table 9.
For each trial, we show the % error in the parameters derived from Mulens Model software
between Xgigr[py. py] and xjig[p.. py] in Table 8.

Table 8 Derived parameter % errors.

Trial number Fs Fp to te Uy
1 0.585 0.585 0.00 0.025 0.029
2 0.585 0.585 0.00 0.025 0.029
3 0.586 0.586 0.00 0.025 0.029
4 0.585 0.585 0.00 0.025 0.029
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Table 9 Microlensing parameters used as initial guess for Mulens
Model software.

Trial number to te Ug
1 15 30 0.5
2 15 30 0.4
3 13 30 0.5
4 15 32 0.5

Microlensing star center pixel amplitude

4000 1

37501

35001

32501

3000 1

27501

2500 1

2250 1
0 5 10

—#— QOriginal
- S
+ CS error bars

T T

15 20

Time sample

25

Fig. 14 Single-lens microlensing event CS reconstruction with error bars.

In all the different initialization parameters, there was a very insignificant difference in the %
error for all of the parameters. The largest % error was in F and F,. Hence, through this setup,
we can say that F; and F;, are most affected by CS reconstruction. In order to visually understand
the effect of CS reconstruction on F;, we simulate a star field and run CS reconstruction for 100
Monte Carlo simulations by varying the Bernoulli random matrix each time. Figure 14 shows the
flux variation caused due to the CS measurement matrix, for a given star field with a source star
experiencing a single-lens microlensing event with u, = 0.5. Similar to our other simulations,
25% CS measurements were used.

Figures 15 and 16 show detailed plots for some of the statistics for the data in Fig. 14.

Amplitude

0.80

0.75 1

0.70 1

0.65

0.60

0.55 1

0.50 1

0.45

15 20
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25

Fig. 15 Difference in amplitude between the original microlensing curve and average CS recon-
struction microlensing curve for the data in Fig. 14.
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Fig. 16 Standard deviation of the CS reconstruction pixel values over 100 Monte Carlo simula-
tions for each time sample for the data in Fig. 14.

For the data in Fig. 14, we explicitly show the standard deviation of the CS reconstruction
curve over 100 Monte Carlo simulations for each time sample in Fig. 16.

As noted in Figs. 15 and 16, the variation in CS reconstruction, as calculated by the differ-
ence in pixel amplitude and the standard deviation, changes as a function of the pixel value of
the original source star. That is, a smaller standard deviation is seen for time samples where the
magnification is lower as compared to the time samples where the pixel magnification is
higher.

3.1.2 Noise effects on a single-lens microlensing event curve

In this section, we briefly show the effect of Gaussian noise on the reconstruction of the micro-
lensing event curves. From CS theory, it is known that the signal of interest is accurately recon-
structed for sparse signals. Hence, adding noise to the spatial images can degrade the sparsity of
the images. In our simulations, we add random Gaussian noise with mean = 0 and varying stan-
dard deviation to obtain images with different SNRs. CS architecture shown in Fig. 3 is applied,
with the noise application on the observed image, x,. In the noise simulation, 25% CS mea-
surements were used. The error plot for the addition of Gaussian noise with different SNR values
is shown in Fig. 17.

—+— Added gaussian noise
== No noise
4 4
b o
g 3
v
R®
2 4
1 4

Fig. 17 Percent error as a function of image SNR. Images are generated by varying added
Gaussian noise. The dashed red line represents the % error without any addition of noise.
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From Fig. 17, it is evident that as SNR decreases, the % of error increases at a higher rate.
The rate of increase is 0.06% error per SNR unit toward the higher SNR values and 0.29% error
per SNR unit toward the lower SNR range.

3.2 Binary-Lens Microlensing Events

The amplification for the photometric curves is derived using gravitational microlensing equa-
tions, generated by the software provided in Ref. 15.

We perform simulations on the three categories as described in Sec. 1.5—close, intermediate,
and wide. The parameters used for each of the simulations are shown in Table 10. Simulation
results for each of the topography categories are shown in Figs. 18-26. Tables 11-13 list the error

Table 10 Values of s and g chosen for calculating error sensitivity,
such that it is within 10% of the value chosen for the original caustic.

Caustic Original s +0.1s Original g +0.1q
Close 0.6 0.54, 0.66 1 0.9, 1.1
Intermediate 1 0.9, 1.1 0.1 0.09, 0.11
Wide 1.7 1.53, 1.87 0.01 0.009, 0.011
- CS
30,000 1 —#— QOriginal
-~ s=054
25,000 A s =066
- qg=09
dg-‘ 20,000 1 - g=11
ga 15,000 -
10,000 A
5000
0
7000 7050 7100 7150 7200 7250 7300

Time

Fig. 18 Closed caustic microlensing curve with s = 0.6 and g = 1, shown along with the CS
reconstruction, as well as the microlensing curve generated using s=0.54, 0.66 and

q=09, 1.1.
-4 s=054
250 | s= 066
- CS
200 |
€ 150
w
o\o
100
50-
0

7000 7050 7100 7150 7200 7250 7300
Time

Fig. 19 % Error of CS reconstruction as compared to % error due to 10% deviation in the
value of s.
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Fig. 20 % Error of CS reconstruction as compared to % error due to 10% deviation in the
value of g.
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Fig. 21 Intermediate caustic microlensing curve with s =1 and g = 0.1, shown along with
the CS reconstruction, as well as the microlensing curve generated using s =0.9, 1.1 and
g =0.09, 0.11.
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Fig. 22 % Error of CS reconstruction as compared to % error due to 10% deviation in the value
of s for the given (Fig. 21) intermediate caustic binary-lensing light curve reconstruction.
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Fig. 23 % Error of CS reconstruction as compared to % error due to 10% deviation in the value
of g for the given (Fig. 21) intermediate caustic binary-lensing light curve reconstruction.
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Fig. 24 Wide caustic microlensing curve with s = 1.7 and g = 0.01, shown along with the CS
reconstruction, as well as the microlensing curve generated using s=1.53, 1.87 and
g = 0.009, 0.011.
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Fig. 25 % Error of CS reconstruction as compared to % error due to 10% deviation in the value
of s for the given (Fig. 24) wide caustic binary-lensing light curve reconstruction.
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Fig. 26 Percent error of CS reconstruction as compared to % error due to 10% deviation in the
value of q for the given (Fig. 24) wide caustic binary-lensing light curve reconstruction.

Table 11 Errors for close caustic topographies model for CS recon-
struction, and for microlensing light curve generated due to 10% varia-
tion in s and q.

Close Average Avg. standard deviation
caustic % error of the % error

CS 0.76 0.00

s=0.54 0.52 11.52

s =0.66 10.47 40.02

qg=0.9 1.11 0.80

g=1.1 1.07 0.82

Table 12 Errors for intermediate caustic topographies model for CS
reconstruction, and for microlensing light curve generated due to 10%
variation in s and q.

Intermediate Average Avg. standard deviation
caustic % error of the % error

CS 0.61 0.00

s§=0.9 7.74 10.45

s=1.1 25.86 94.24
q=0.09 6.76 40.14

qg=0.11 1.13 3.23

values for each of the categories. To determine error sensitivity in terms of impact on the sep-
aration parameter, s, and mass ratio, g, we compare the CS reconstruction with the following
values of s and ¢, thereby providing CS reconstruction accuracy bounds of 10% for the value of s
and gq.

Our simulations show that we can attain error less than 1% using 25% of the Nyquist rate
measurements. In addition, the error obtained through CS reconstruction will be well within 10%
deviation in verified microlensing parameters of 6, s, and q.
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Table 13 Errors for wide caustic topographies model for CS recon-
struction, and for microlensing light curve generated due to 10% varia-
tion in s and q.

Wide Average Avg. standard deviation
caustic % error of the % error

CS 0.97 0.00

s=1.53 13.64 46.57
s=1.87 5.54 11.02

g = 0.009 0.96 1.73

q =0.011 0.97 1.74

4 Conclusions and Future Work

Using this technique we provide limitations on the sensitivity of detection of planetary pertur-
bations given our CS parameters. We show examples of the effects of error tolerance on the
science parameters that are of importance in the microlensing curves. For both single and binary
microlensed events, we provide examples of the changes in the microlensing parameters due to
minimal error tolerance. This gives a bound for analyzing the effects of CS for the application of
gravitational microlensing. These are simulated theoretical error bounds for given sensitivities—
the sensitivity of the detectors and technology currently used may not be sensitive to such o
changes in the science parameters. For single-lensed microlesning events, we showed the CS
reconstruction error as compared to error from = 10% in 6. Our results show that CS is sen-
sitive to changes in u, and not to changes in 7, as t, causes merely a shift in data, while u,
causes a change in magnification value. Through our analysis for microlensing parameter fit-
ting, we show that CS is most sensitive to F; and F;,. For binary-lensed microlensing events, we
show CS reconstruction error to be within +10% of the mass ratio and the separation between
the two lenses. Our work shows that we can reconstruct microlensing light curves using 25% of
the required Nyquist rate measurements with an error <1%. In terms of microlensing sensitivity,
we show that this error is within the bounds of 10% 6, for single microlensed events and within
10% of g and s for binary microlensed events. In this work, we only focus on bounds deter-
mined by our simulated models using microlensing theory and disregard detector optics effects.
In cases where less sensitivity is affordable, fewer measurements can be used to further save
onboard resources. Conversely, if more sensitivity to perturbations is required the number of
measurements can be increased. This technique works with high accuracy, with less than 1%
error for crowded stellar fields with the same PSFs for a reference and observed image.
Our future work will incorporate noise analysis, as well as the implementation of this CS
architecture for reference and observed images with different PSFs. In the case of different PSFs,
we will understand the efficacy of differencing algorithms used in astronomical applications.
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