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Energy exchange properties during second-harmonic generation in finite one-dimensional photon
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We study second-harmonic generation in finite, one-dimensional, photonic band-gap structures with large
index contrast in the regime of pump depletion and global phase-matching conditions. We report a number of
surprising results: above a certain input intensity, field dynamics resemble a multiwave mixing process, where
backward and forward components compete for the available energy; the pump field is mostly reflected,
revealing a type of optical limiting behavior; and second-harmonic generation becomes balanced in both
directions, showing unusual saturation effects with increasing pump intensity. This dynamics was unexpected,
and it is bound to influence the way one goes about thinking and designing nonlinear frequency conversion
devices in a practical way.
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One of the principal goals in optics is to aquire the ba
knowledge necessary to tailor the properties of light. A n
class of materials, often referred to as photonic band-
~PBG! structures, offers this opportunity. These structures
characterized by the existence of allowed and forbidden
quency bands and gaps that either allow or forbid the pro
gation of light. The analogy to semiconductor band-g
structure was first drawn in the pioneering works of Yablon
vitch @1# and John@2# on spontaneous emission control a
light localization, which also paved the way for the inten
theoretical and experimental investigations that followed
is impossible to cite the numerous applications propo
over the years. For an up-to-date review of recent advan
ments in the field, we refer the reader to Ref.@3#.

One of the more intriguing uses of one-dimensional~1D!
PBG structures that have recently been suggested is
utilization in the realm of quadratic, nonlinear optical inte
actions as efficient nonlinear frequency converters. Howe
in the case of second-harmonic generation~SHG!, for ex-
ample, most if not all experimental and theoretical stud
have been concerned with the undepleted pump reg
@4–8#. The introduction of strong feedback and pump dep
tion makes the system almost intractable analytically, an
our knowledge it has never been investigated numerica
either. And so we ask: What happens to field dynamics w
the regime of pump depletion is approached, under co
tions of strong feedback and global phase matching in a
nite structure? In addressing this question, we have unc
ered a field dynamics that is very much unlike the dynam
that takes place in bulk materials, or any other kind of d
namics that has ever been discussed in the field of nonli
frequency conversion. We provide surprising answers,
we report that while forward- and backward-propagat
components start competing for the available energy initia
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carried forward by the pump, nonlinear pump reflectio
overwhelm all other processes, including SHG, leading t
type of optical limiting behavior. Excess pump reflectio
then lead to saturation of the second harmonic~SH! signal as
a function of increasing input pump intensity. This dynam
was unexpected, and it is bound to influence the way
goes about thinking and designing nonlinear frequency c
version devices in a practical way.

In order to study the remarkable dynamics that we ha
just summarized, we had to come up with a computatio
method that allowed us to take into account reflections to
orders because feedback and localization play primary r
in gratings with large index contrast. So we begin by writi
the scalar nonlinear Helmholtz equations governing the q
dratic interactions of two linearly polarized plane waves, o
tuned at the fundamental frequency~FF! v, the other tuned at
the SH frequency 2v, in a layered, 1D, finite, PBG structure

d2Ev

dz2 1
v2«v~z!

c2 Ev522
v2

c2 d~2!~z!Ev* E2v , ~1a!

d2E2v

dz2 1
4v2«2v~z!

c2 E2v524
v2

c2 d~2!~z!Ev
2 . ~1b!

« j v(z) ( j 51,2) are the spatially dependent, linear dielect
functions for the FF and SH fields. The condition«v(z)
Þ«2v(z) takes into account possible material dispersion.
nally, d(2)(z) is the spatially dependent, quadratic coupli
function.

The analysis of Eqs.~1! can be simplified by using a
multiple-scale expansion approach@9#. We identify two dif-
ferent spatial scales of variation of the electric fields:~i! a
fast scale, which accounts for oscillations that may oc
within a spatial scale on the order of the wavelength due
linear interference effects; and~ii ! a slow scale, which takes
into account the nonlinear polarization source terms on
right-hand sides of Eqs.~1!. We now introduce a set of inde
©2003 The American Physical Society06-1
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D’AGUANNO et al. PHYSICAL REVIEW E 67, 016606 ~2003!
pendent variables,za5laz with a50,1,2,..., wherel is a
dimensionless parameter that allows fast- and slow-s
variations to be separated. Once the multiple-scales ex
sion has been performed, the procedure calls for the app
tion of the limit l→1 to restore the original space variablez.
The derivative operator is expanded according to the n
variables, namely, d/dz5]/]z01l]/]z11l2]/]z21¯ .
« j v(z) and d(2)(z) will be considered functions of the fas
variablez0 . The electric fields are also expanded in pow
of l in a self-consistent manner:Ej v5lEj v

(1)(z0 ,z1 ,z2 ,...)
1l2Ej v

(2)(z0 ,z1 ,z2 ,...)1..., j 51,2. Substituting the expan
sions for the field and the derivative operator into Eqs.~1a,
b!, and collecting terms proportional tol, we find that the
first-order expansion of the electric fields can
expressed as follows:Ej v

(1)5Aj v
(1)(z1 ,z2 ,...)F j v

(1)(z0)1Aj v
(2)

(z1 ,z2 ,...)F j v
(2)(z0), where $F j v

(6)% are the left-to-right
~LTR, 1! and right-to-left~RTL, 2! linear modes that de
pend only on the fast variablez0 .

We pursue solutions based on LTR and RTL linear mo
of the structure, an approach that differs considerably fr
the usual Bloch mode expansion followed for infini
shallow- or deep-grating structures, where feedback and
calization do not occur@10#. These modes can be calculat
independently using a standard linear matrix-transfer te
nique, assuming a unitary electric field is incident on t
structure from the left~LTR! or from the right~RTL! @11#.
These modes carry information about the linear localizat
properties of the fields inside the structure.Aj v

(6)(z1 ,z2 ,...)
are the field complex amplitudes that depend on the s
variables (z1 ,z2 ,...). In case there are no nonlinear intera
tions, Aj v

(6)(z1 ,z2 ,...) areconstant amplitudes of LTR an
RTL incident fields. Then, collecting terms proportional
l2, projecting the resulting equations over the LTR and R
modes using the standard metric ^ f ug&
[(1/L)*0

L f * (z)g(z)dz, and taking the limitl→1 to restore
the original spatial variablez, we arrive at four coupled, non
linear differential equations:

(
l 51,2

pv
~1,l !

dAv
~ l !

dz
5 i

v

c (
~k,l !5~1,2 !

G~v,1 !
~k,l ! A2v

~k!Av
~ l !* ,

~2a!

(
l 51,2

pv
~2,l !

dAv
~ l !

dz
5 i

v

c (
~k,l !5~1,2 !

G~v,2 !
~k,l ! A2v

~k!Av
~ l !* ,

~2b!

(
l 51,2

p2v
~1,l !

dA2v
~ l !

dz
5 i

v

c (
~k,l !5~1,2 !

G~2v,1 !
~k,l ! Av

~k!Av
~ l ! ,

~2c!

(
l 51,2

p2v
~2,l !

dA2v
~ l !

dz
5 i

v

c (
~k,l !5~1,2 !

G~2v,2 !
~k,l ! Av

~k!Av
~ l ! ,

~2d!

where pj v
(k,l )5^F j v

(k)u p̂ j vF j v
( l )&, for j 51,2 and k,l 51,2,

G (v,n)
(k,l ) 5^Fv

(n)ud(2)F2v
(k)Fv

( l )* &,G (2v,n)
(k,l ) 5^F2v

(n)ud(2)Fv
(k)Fv

( l )&,
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for n,k,l 51,2. pj v
(k,l ) are the matrix elements of the mo

mentum operatorp̂ j v[2 i (c/ j v)d/dz, calculated over the
RTL and LTR linear modes.

The overlap integralsG ( j v,n)
(k,l ) are effective, complex, cou

pling coefficients that reflect the way in which the LTR an
RTL modes sample the distribution of the nonlinear
d(2)(z) over the structure. SinceG ( j v,n)

(k,l ) depend on the
amount of overlap between modes, the absolute values
be greater than the magnitude ofd(2)(z) when the fields
interact coherently inside the structure. Since no assumpt
were made regarding the type of grating, Eqs.~2! are valid
for arbitrary index profiles and arbitrary tuning condition
provided the steady-state regime is approached@12#. In all
the situations we have analyzed, higher-order contributi
give corrections of the order of 1024 with respect to thel2

contribution. To summarize, we have numerically integra
our Eqs.~2! using a shooting procedure@13#.

As an example, in Fig. 1 we show the reflected and tra
mitted FF field, the backward and forward SH conversi

FIG. 1. Forward SH conversion efficiencyhSH
1 5uA2v

(1)(L)u2

/uAv
(1)(0)u2 ~filled circles, solid line!; backward SH conversion ef

ficiency hSH
2 5uA2v

(2)(0)u2/uAv
(1)(0)u2 ~open squares, short dashe

line!; reflected FFRFF5uAv
(2)(0)u2/uAv

(1)(0)u2 ~open circles, long
dashed line!; and transmitted FFTFF5uAv

(1)(L)u2/uAv
(1)(0)u2 ~open

triangles, solid line!; vs input FF intensityI FF
(input)5(1/2)«0cuAv

(1)

(0)u2. The FF intensity is incident from vacuum from LTR. Th
nonlinear coefficient of the dielectric material isd(2)5120 pm/V.
The symbols~circles, triangles, and squares! represent the values
calculated by numerically integrating Eqs.~2! via a shooting proce-
dure. We note that the total energy in all four channels is conser
as one might expect:RFF1TFF1hSH

1 1hSH
2 51. Inset: linear trans-

mittance vs normalized frequencyv/v0 , v052pc/l0 , l0

51 mm. The structure is composed of 59 alternating layers of
and a dielectric material. The index of refraction of the materia
nH(v)53.342 at FF (l>1.55mm), and its index of refraction a
the SH frequency isnH(2v)53.61. The layers have thicknessesa
590 nm ~air! and b5150 nm ~dielectric material!, and the total
length of the structure isL57.11mm. The arrows identify tuning
of the FF and SH fields, respectively, for global phase-match
operation.
6-2
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ENERGY EXCHANGE PROPERTIES DURING SECOND- . . . PHYSICAL REVIEW E 67, 016606 ~2003!
efficiencies, as a function of the intensity of the incident
field, for a PBG structure composed of 59 alternating lay
of air, and an ideal, generic, quadratic dielectric mate
@14#. The details of the structure are described in the fig
caption. Layer thicknesses~or lattice constant! are chosen so
that the FF field is tuned to the first transmission resona
near the first-order band gap and the SH field is tuned to
second transmission resonance near the second-order
gap~see inset of Fig. 1!. Tuning in this fashion, the SH field
is globally phase matched with the FF field, as outlined
Ref. @15#. Outside of phase-matching conditions, the SH
process in the PBG structure becomes inefficient and u
teresting@4,7,8#.

Several salient points can be pointed out from Fig. 1.~i!
The forward and backward SH conversion efficiencies
approximately the same at all times. This is a consequenc
the fact that the structure has strong feedback due to
high-index contrast between layers.~ii ! Even under global
phase matching conditions, SH conversion efficiency d
not increase monotonically to deplete the pump, as in b
materials. We calculate a total maximum conversion e
ciency of roughly 50%, approximately equally distribute
between the forward and the backward SH channels, for
put FF intensities of approximately 0.8 GW/cm2. We note
that the total conversion efficiency tends to saturate in b
directions. This behavior is unusual if one thinks just o
phase-matched process and neglects the various compon
or channels, that compete for the same available energ
fact, ~iii ! the forward FF channel is not only converting e
ergy into SH forward and backward channels, but it is a
strongly coupling to the backward FF channel, leading
excess reflections. This is an unexpected result. There
the process of SHG in a PBG structure under conditions
pump depletion should be more appropriately regarded
multiwave mixing process. Quite surprisingly, the proce
that is privileged under strong pumping conditions is not
generation; rather, most of the energy is converted from
FF forward channel to the FF backward channel. The fig
suggests that pump reflection exceeds 60% for input inte
ties of 10 GW/cm2. ~iv! The dynamics outlined above is als
strongly suggestive of an unusual optical limiting behavi
Using quadratic interactions for optical limiting purpos
would result in faster devices compared with other, m
traditional schemes of optical limiters based on cubic non
earities~the second-order process utilizes virtual transitio
thus making the process faster!. In addition, it would not
suffer from the detrimental effects typical of cubic materia
such as absorption, heating, or saturation, since energ
always stored in the field and not transferred to the mate
our proposed optical limiter would act on the transmitted
by limiting its energy on the basis of a purely quadratic
teraction. It can be shown that for our structure the output
intensity scales approximately as follows:I FF

output'aAI FF
input

with a>0.19 (GW)1/2/cm.
The physical mechanism that in this case leads to opt

limiting is different than the physical mechanism required
the onset of optical limiting in the case of cubic nonlinea
ties. In the latter case, optical limiting can occur because
dynamical, spectral band shift in the location of the band g
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@16#, and/or in combination with nonlinear absorption. He
the dynamics is dominated by an energy exchange betw
the FF forward and the FF backward channels, mediated
the SHG process. To highlight the different mechanisms t
drive optical limiting in the case of quadratic and cubic no
linearities, in Fig. 2 we show the FF and SH field profil
inside the PBG structure during the SHG process for diff
ent values of the input intensity. The figures show that the
remains well localized inside the structure, even when
transmission drops to values less than 10%@Fig. 2~c!#. We do
not record any exponentially decaying tails in the FF mo
which are typical of cubic nonlinearities that cause shifts
the band edge and push the FF inside the gap@16#. Finally,
the dynamics described in Fig. 1 also suggests another a
cation, namely, a phase-insensitive, nonlinear reflector

FIG. 3. Same as Fig. 1, but withd(2)560 pm/V. Inset: same as
main figure, but withd(2)530 pm/V.

FIG. 2. Absolute value squared of the FF field~thin solid line!
and of the SH field~thick solid line! inside the PBG structure, fo
different values of the input intensity.~a! I FF

(input)50.05 GW/cm2. ~b!
I FF

(input)50.5 GW/cm2. ~c! I FF
(input)54.8 GW/cm2.
6-3
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D’AGUANNO et al. PHYSICAL REVIEW E 67, 016606 ~2003!
our case, the reflection coefficient can be approximately
scribed by the following scaling law:RFF'bA3 I FF

(input), where
b>0.28 (cm2/GW)1/3.

In Fig. 3 we show SH conversion efficiencies and
flected and transmitted FF fields for the same structure
Fig. 1, but with different values of the nonlinear couplin
coefficient. Comparing Fig. 1 and Fig. 3, we can draw t
important conclusions~i! The threshold intensity for the on
set of the saturation of the SH conversion efficiency sca
approximately asI FF

sat;(1/d(2))2, as one might expect.~ii !
The maximum total conversion efficiency available reac
approximately 50% in all the cases studied, regardless of
magnitude ofd(2). This limitation is a consequence of th
fact that the energy must not only be converted into the
modes, but also into the FF backward mode. In Fig. 4,
present the results for a structure similar to that of Fig. 1,
with low-index layers with a refractive index ofnL51.5. We
have also studied the case wherenL52.5, with similar re-
sults. The figure suggests that reduction of the index cont
causes the following~i! The backward/forward ratio of the
SH conversion efficiencies become unbalanced when
saturation regime is approached:hSH

2 /hSH
1 >1 for nL51 ~see

Fig. 1!, hSH
2 /hSH

1 >0.8 for nL51.5 ~see Fig. 4!, and
hSH

2 /hSH
1 >0.5 for nL52.5, which indicates a scaling law o

the typehSH
2 /hSH

1 ;(dn/n̄)1/2, wheredn5nH2nL is the in-
dex contrast inside the stack andn̄5(nLa1nHb)/(a1b) is
the average index of the stack: SH generation in the forw
direction becomes privileged.~ii ! The threshold pump inten
sity for the onset of the saturation regime increases:I FF

sat

>0.8 GW/cm2 for nL51 ~see Fig. 1!, I FF
sat>1.2 GW/cm2 for

nL51.5 ~see Fig. 4!, andI FF
sat>10 GW/cm2 for nL52.5. ~iii !

FF field reflection decreases and FF field transmission
creases.

FIG. 4. SH conversion efficiency, reflected and transmitted
fields vs input FF intensity. The structure is composed of 59 al
nating high index/low index layers and it is similar to the one d
scribed in Fig. 1, except that low index layers have an indexnL

51.5. Inset: Tuning conditions for global phase-matching ope
tion. The FF is at a wavelength ofl>1.52mm.
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Finally, in Fig. ~5! we study the dynamics in a structur
similar to the one described in Fig. 4, but composed of o
39 alternating layers. The effects due to the reduction of
number of layers are similar to those already described
come as a result of reducing index contrast: the thresh
intensity for the onset of the saturation regime increases
field reflection decreases, and FF field transmission
creases. The reduction of the number of layers does not
stantially affect the backward/forward ratio of SH conversi
efficiencies.

Structures almost identical to that described in Fig. 1 ha
been fabricated using metal organic vapor phase epit
~MOVPE! techniques@17#. Structures made by alternatin
layers of AlGaAs/AlAs have already been used to investig
SHG@7,8# outside of global phase-matching conditions. Ve
recently, by oxidizing the AlAs layers into AlO2 , Dumeige
et al. @18# have fabricated several PBG structures compo
of 36 and 56 alternating layers of AlGaAs/AlOx, whose i
dices are approximately 1.5 and 3.4, respectively, opera
under global phase-matching conditions in the undeple
pump regime. Therefore, the predictions that we make
pear to be quite ready for experimental verification.

In conclusion, for the first time to our knowledge, w
have theoretically studied SHG in finite, 1D PBG structur
with large index contrast, under conditions of pump dep
tion and global phase matching. Our results show clear
dence that this process should be more properly regarde
an energy exchange process among four channels; that a
a certain value of the input FF intensity the energy excha
between the FF forward and backward channel becomes
privileged process; and that a type of optical limiting bas
on second-order nonlinearity is obtained.

We thank Nadia Mattiucci, Nicolo Savalli, and Ariel Lev
enson for helpful discussions. Two of us~G.D. and M.C.!
thank the U.S. Army for partial financial support.
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FIG. 5. Same as Fig. 4 However, this structure is composed
39 alternating high/low index layers. Inset: Tuning conditions
global phase-matching operation. The FF is at a wavelength ol
>1.53mm.
6-4
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