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On the Accuracy of the One-step UKF and the Two-step UKF

Ankit Goel and Dennis S. Bernstein

Abstract— The most accurate version of the unscented
Kalman filter (UKF) involves the construction of two ensem-
bles. To reduce computational cost, however, UKF is often
implemented without the second ensemble. This simplification
comes at a price, however, since, for linear systems, the one-step
variation of the two-step UKF does not specialize to the classical
Kalman filter, with an associated loss of accuracy. This paper
remedies this drawback by developing a modified one-step UKF
that recovers the classical Kalman filter for linear systems.
Numerical examples show that the modified one-step UKF also
recovers the accuracy of the two-step UKF in nonlinear systems
with linear outputs.

I. INTRODUCTION

The Unscented Kalman filter (UKF) is widely applied to
nonlinear estimation problems [1]. UKF was introduced in
[2], [3] has been applied to a wide array of engineering
and scientific applications including attitude estimation [4],
navigation [5], battery-charge estimation [6], and state and
parameter estimation in atmospheric models [7].

Like the Ensemble Kalman filter (EnKF) [8], UKF prop-
agates an ensemble in order to compute the mean and
covariance of the state estimate. However, unlike EnKEF,
which approximates the covariance using statistics of the
propagated ensembles, UKF uses unscented transformations
to approximate the covariances, which allows UKF to reduce
the size of the ensemble to 2n + 1, where n is the dimension
of the state of the system [9]. Since UKF propagates the
ensemble using the nonlinear dynamics map, the accuracy
of UKF is expected and is also reported to be better than
that of the Extended Kalman filter, which is based on the
linearized dynamics [10].

The classical UKF requires generation of a 2n + 1 size
ensemble twice at every step[l, p. 447], [11, p. 86]. The
first ensemble is used to propagate the estimated state and
compute the prior covariance, whereas the second ensemble
is used to approximate cross-covariance matrices needed to
compute the filter gain. This is the two-step UKF. Since
the UKF gain and covariance update are motivated by the
corresponding expressions used in the Kalman filter, it is
reasonable to expect that, in the case of a linear system,
the UKF gain and the covariance update will coincide
with Kalman filter. As expected, the two-step UKF indeed
specializes to the classical Kalman filter when applied to a
linear system, as explicitly shown in Section III.
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In the two-step UKF, the prior estimate and the prior
covariance computed after propagating the first ensemble
through the dynamics of the system are used to generate
the second ensemble, which is then further transformed into
the output ensemble using the algebraic output equation.
In order to reduce implementation complexity and reduce
computational cost, second ensemble generation is often
omitted. Instead, the propagated ensemble is used for further
computations. This is the one-step UKF. In fact, the UKF
originally introduced in [2], [3], [9] presented the one-
step formulation. However, it turns out that, the one-step
UKEF does not specialize to the classical Kalman filter when
applied to a linear system. This is due to the fact that effect
of the process noise does not pass through to the output-
error covariance. In fact, one-step UKF output covariances
and the propagated state covariance are found to be missing
the process noise term when applied to a linear system, as
shown in this paper.

This paper presents a modification of the one-step UKF
that recovers the accuracy of the two-step UKF for systems
where the output equation is linear with only one ensemble
generation. Like the two-step UKF, the one-step modified
UKF (MUKF) specializes to the Kalman filter for linear
systems. In particular, we show explicitly that the two-step
UKEF specializes to the the Kalman filter in the case of a
linear system. Next, we show that the accuracy of the one-
step UKF is worse than the accuracy of the two-step UKF
in the case of linear system by explicitly stating the missing
terms. Finally, by including the missing terms, we present
the one-step modified UKF that recovers the accuracy of the
two-step UKF.

This paper is organized as follows. Section II briefly
reviews the Kalman filter to introduce the terminology and
notation used in this paper. Section III briefly reviews the
two-step UKF and shows that, for linear systems, it special-
izes to the classical Kalman filter. Section IV reviews the
one-step UKF to a linear system and shows that, for linear
systems, it does not specialize to the classical Kalman filter.
Section V presents a modification of the one-step UKF that
specializes to the classical Kalman filter in the case of linear
systems. Section VI applies the proposed extension to two
nonlinear systems and compares the accuracy of uncertainty
propagation. Finally, the paper concludes with a discussion
in Section VIL

II. SUMMARY OF THE KALMAN FILTER

This section briefly reviews the Kalman filter to introduce
terminology and notation for later sections. Consider a linear


http://arxiv.org/abs/2208.09055v1

system

Tpy1 = ApTr + Brug + wg, (1)

Yk = Crop + vg, 2

where, for all & > 0, Ay, By, C}, are real matrices, wy ~

N(0,Qy) is the disturbance, and vy ~ N(0, Ry) is the

Sensor noise.

For the system (1), (2), the Kalman filter is

Tryk = AkZpe + Brug, (3)

Tr1fkrr = Trpae + K1 (Wkr1 — Co1drgae), 4

where &, 1 is the prior estimate, &y, 1|11 is the posterior

estimate at step k + 1, and the Kalman gain K is given
by

—-1
Kis1 = Pog1jxCrp1 Ry (&)

The prior covariance Py 1) at step k + 1 is given by
Peiijk = APy Ag + Qs (6)

and the posterior covariance at step k + 1 is given by

—1
Ptk = Pevie — PesrieCrr Ry 1 Cr1 Pogape. (1)

where
Rit1 = Cry1 Pog1kCrpr + Rit1 (8

The Kalman filter is (3), (4) where K, is given by (5) and
the covariance matrices are updated by (6), (7).

Next, in order to establish connections with UKF, (5), (7)
are reformulated in terms of covariance matrices instead of
Ay and Cy1. Defining

P

Zk4+1|k+1

A
= Ok+1pk+1|kaT+1 + Ry11, 9)
(10)

and substituting (9) and (10) in (5) and (7), the Kalman gain
can be written as

Kii 1 =P, Pt

€ Zk+1k " Zr41lk+1)

JA T
P8=Zk+1\k = P/H-llkck-i—l’

(1)

and the corresponding optimized posterior covariance at step
k 4 1 can be written as

Pryijkr1 = Pryae — KkJrch:I,‘szrl‘k' 12)

As shown in the next section, UKF approximates the co-
variance matrices Py i1k, Pz, . and Pe 2, by using
ensembles instead of Ay and Cly1.

III. SUMMARY OF TwoO-STEP UKF

This section briefly reviews the classical two-step un-
scented Kalman filter to establish notation and terminology
for use in the rest of the paper. The UKF algorithm is
formulated using a compact matrix-based notation and is
based on the algorithm presented in [11, p. 86].

Consider a system

13)
(14)

Try1 = [r(Th, ug) + Wi,
Y = gr(Tk) + vk,

where, for all £k > 0, fx,gx, Cr are real-valued vector
functions, wy ~ N(0,Qy) is the disturbance, and v, ~
N(0, Ry) is the sensor noise.

The following notation is used to present ensembles in a
compact manner. Let # € R and P € R=*!= be positive
definite. The ensemble X (z, P) € Rl *(2=+1) ig the matrix

X (z, P) 2 [xxz+p -

z+p, x—p1 - T—pl,

where p; is the i-th column of P. Let a > 0. Define
A 1 |:2(O[2 — 1)Zx:| c R2l2+1'

- 202, Lo, x1

The weighted mean of the ensemble X is & S x W, and
the ensemble perturbation is X SX-H (), where, for

v € R, H(v) 2 11401, 11 ® v € R™ @+ Note that ®
is the Kronecker product [12].

In order to compute the filter gain K, and the poste-
rior covariance Py 141, UKF approximates the covariance
matrices Pyy1jk, P2y, and Pez, ), in (11) and (12)
by propagating an ensemble of 2/, + 1 sigma points.

For all k£ > 0, the ¢-th sigma point £, j is defined as the

i-th column of

A .
Kippe =X (Ik|ka0¢\/lacpk\k) )

where @ € R is a tuning parameter and Py, is the
posterior covariance given by UKF at step k. Then, for
1=1,...,2l; + 1, the sigma points are propagated as

5)

Zos k1 = fu(Zos ke, Uk)- (16)

The prior estimate and the prior covariance at step k+ 1 are
given by

e = Xepp W, (17)
Pri1jk ZXk+1|deX;€T+1|k+Qk7 (18)
where
N R
Xis1pk = [Tor k41 Lo, 11.ht1] - (19)

Next, the posterior estimate and the posterior covariance
at step k + 1 are computed by regenerating sigma points as
shown next. Defining

A .
Xy =X (Ik+1|kaa\/lxpk+1\k) ; (20)
the output of the i-th sigma point is given by
ikt 1 = Gt 1 (X y1€i) 21

where e; is the ¢-th column of Iy,1;. The covariance

matrices P, ., and P, .x11)x are then given by
Pepiiiinr = YiertWa¥iiy + Risn, (22)
P€7Zk+1\k = Xlchrl\deYkTJ‘rlv (23)
where
A ra N
YkJrl = [y0'17/€+1 yo’2zz+1,7€+1] € RlyXQZZJrl' (24)



Finally, the posterior estimate at step k + 1 is

Try1ert = Thpah + K1 Ukt — Yer W), (25)
and the posterior covariance at step k + 1 is
Pey1jkr1 = Pryae —Kk+1PeT,zk+1‘k, (26)
where
Kry1 = Pe=zk+1\kP;k}rl\k+1' 27

The two-step UKF is (17), (25) where the posterior covari-
ance is given by (26) and the filter gain is given by (27).
Note that (26), (27) are similar to and are in fact motivated
by (11), (12). The various covariance matrices computed in
the two-step UKF are summarized in Table I.

The following result shows that the two-step UKF special-
izes to the Kalman filter when applied to a linear system.

Proposition 3.1: Consider the linear system (1), (2). Let
Py be the posterior covariance given by the Kalman filter
and let Pjji" be the posterior covariance given by the two-
step UKF. Let £ € R"™ and let P be positive definite. Assume
that :%}CJ‘},EF = :%EI}; = ¢ and Pﬁ,}fF = P]ﬁkF = P. Then,

P = Pl (28)
+1|k+1 sZk4+1k
UKF _ pKF
€, Zk+1|k - Pe,szrl‘k' (29)
Furthermore,
fgle\kH = i'?}:l\kJrl? (30)
Klgle = Kj+1, 31
PngrKl\FkH = PIErFl\kJrl' (32)
Proof: See Appendix VIII-A. ]

Proposition 3.1 implies that, in a linear system, the two-
step UKF reduces to the Kalman filter. Furthermore, note
that, in linear systems, the choice of a does not affect K/

UKF
and Pk+1|k+1'

IV. ONE-STEP UKF

This section reviews the one-step UKF presented in [1]-
[3], [9], where the second ensemble generation step, given
by (20), is omitted in order to reduce computational effort
and cost.

In this case, the output of the ¢-th sigma point is given by

Uoi k1 = Grt1(Xpy1)6€4)s (33)

which uses the propagated ensemble X ; given by (19),
instead of regenerating a new ensemble using the prior
estimate and the prior covariance. In the one-step UKF, the

covariance matrices P, ., and P .41 are given by

Py = Yert Wa¥ily + Riy, (34)
Pepinn = Xpp1pWaYi (35)

Note that (34) and (35) use the propagated ensemble Xy |y,
to compute the perturbed ensembles instead of using the
regenerated ensemble X 1k

The one-step UKF is (17), (25) where the posterior
covariance is given by (26) and the filter gain is given by

(27), However P,, ., and P ., , used in (26), (27) are
now given by (34), (35). The various covariance matrices
computed in the one-step UKF are summarized in Table I.

The following result shows that the one-step UKF does
not specialize to the Kalman filter when applied to a linear
system.

Proposition 4.1: Consider the linear system (1), (2). Let
Py, be the posterior covariance given by the Kalman filter
and let PkU,IfFl be the posterior covariance given by the one-
step UKF. Let £ € R"™ and let P be positive definite. Assume
that zUKF1 — :%ff‘l;; = % and PUKF1 = pKF — p Thep,

k|k |k k|k
UKFl1 _ pKF _ T
sz+1\k+1 - Pewzk+1\k Ck"‘leckJrl7 (36)
UKF1 _ pKF T
€Zhtilk T €Zkt1lk chk-‘rl’ (37)

Furthermore, assume that Qy # 0, and Cy ¢ N (Qy). Then,

Btk 7 B et (38)
K # Kiga, (39)
P # Bt (40)

tr (Plg-i-Kllfkl-i-l) Str (P/£<+F1\k+1)- 41)

Proof: See Appendix VIII-B. [ ]
Proposition 4.1 implies that, in a linear system where
disturbance is not zero, the one-step UKF does not reduce to
the Kalman filter. That is, the posterior covariance propagated
by the one-step UKF is not equal to the covariance given by
(7). This inequality arises due to the fact that the output error
covariance P2k+1\k+1 is missing the term C’kHQkC’,;fH and
the cross-covariance Pe,zmuk is missing the term QkC’,;f_H.
The next section presents a modification of the one-step UKF
that includes the missing term and is thus more accurate than
the one-step UKF. This modification is expecially beneficial
for high-dimension nonlinear systems where the second
sigma-point generation step adds considerable computational
cost. Furthermore, the second sigma-point generation step
makes the algorithm non-modular.

V. ONE-STEP MODIFIED UKF

As shown in the previous section, the covariances
sz+1\k+1 and Pe,zmuk in (58) and (59) are missing terms
that depend on the disturbance statistics ()i, thus preventing
one-step UKF from specializing to the Kalman filter for
linear systems. To remedy this omission, this section presents
the one-step modified UKF (MUKF), which specialize to the
Kalman filter for linear systems. In this modification, the
UKF covariance matrices (34), (35) are modified such that
they specialize to (9), (10) in the case of linear systems.
Using the output matrix, MUKF adds the missing terms
to P. and P, In particular, in MUKEF, the

Zk4+1|k+1 €2k +1|k"
covariance matrices P, and P, ;41| are given by

Zk+1|k+1

P = Viept WaYil 1 + Chs1QiCrtiy + Riy1, (42)

Peoirin = Xpp1WaVity + QuCitys. 43)

Note that, in the case of nonlinear systems, Cyy1 can be
computed using the Jacobian of the output map.



Variable Two-step UKF One-step UKF Modified One-step UKF
Xk X (Zpirs o/ Prjie) X (Zp, an/ Pr)ie) X (s o/ Prjie)
(15) (15) (15)
Popipe | XepipWaXyl e +Qu | XipipWa Xyl + Qi X1k WaXplyp + Q
(18) (18) (18)
Xk X(Zpq1)ks 0/ Pros1|k) Xrs1|k X1k
(20) (19) (19)
P e Vi1 WaYh 4 Vi1 WaVl Vi1 WaYyy + QuCilyy
22) (34) 42)
Pez ipain Xllg+1|deYkT+1 + Riy1 | XpppWaVyly + Rer | Xip1pWaVyly ) + CronQrCyl g + R
(23) (35) (43)

TABLE I: Ensembles and covariance matrices used in the two-step UKF, the one-step UKF, and the modified one-step UKF.

Since, in the case of linear systems, the intermediate
covariance matrices in MUKEF include the missing terms, the
one-step modified UKF recovers the accuracy of the classical
two-step UKF. The next section applies the MUKF to two
nonlinear systems to demonstrate this fact.

VI. NUMERICAL EXAMPLES

In this section, the two-step UKF, one-step UKF, and
the one-step MUKF are applied to two nonlinear systems,
namely, the Van der Pol Oscillator and the chaotic Lorenz
system to demonstrate the erroneous covariance update in
the one-step UKF and the recovery of the correct covariance
update in the one-step MUKF.

Example 6.1: Van der Pol Oscillator. Consider the dis-
cretized Van der Pol Oscillator.

Tr1 = f(zk) + we, (44)
where
xr1 + TSZCQ
f(x) = ) (45)
2o+ Ty(p(1 — 23) 20 — 1)
and p = 1.2. Let the measurement be given by
yr = Crg + vg, (46)

where C' 2 [1 0]. For all k > 0, let Q; = 0.01I> and
Ry = 10~*. Furthermore, let z(0) = [1 1]T and Pyo = Is.

Letting o« = 1.5 in the two-step UKF, the one-step UKF,
and the one-step MUKEF, Figure 1 shows the trace of the
posterior covariance computed by the three filters. Note
that one-step UKF posterior covariance is larger than the
two-step UKF posterior covariance, whereas the one-step
UKF recovers the two-step posterior covariance in spite
of generating only one ensemble per step. Figure 2 shows
the relative error of the one-step UKF and the one-step
MUKEF posterior covariance relative to the two-step UKF.
Specifically, the relative error is given by the ratio

tr Pl§|k —tr P,CLIIEF

UKF J
tr Pk‘k

(47)

where s = UKF1 or MUKF. Note that, in this particular
example, the one-step UKF relative error is almost 100%,
whereas the one-step MUKF relative error is less than the
machine precision, that is, the one-step MUKF recovers the
two-step UKF.

This example shows that the one-step MUKF posterior
covariance estimate is more accurate than the one-step UKF
posterior covariance and is numerically equal to the two-step

UKEF posterior covariance. <
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Fig. 1: Example 6.1. Trace of the posterior covariance computed using the
two-step UKF, the one-step UKF, and the one-step MUKEF on a log scale
with a zoomed-in inset showing the last 1000 steps of the simulation. Note
that the one-step MUKF recovers the accuracy of the two-step UKF.

Example 6.2: Lorenz System. Consider the Lorenz system

x'l O'(ZCQ — Il)
Zo| = |x1(p—x3) — 22| » (48)
T3 z122 — B3

which exhibits a choatic behaviour for ¢ = 10, p = 28,
and 8 = 8/3. The Lorenz system (48) is integrated using
the forward Euler method with step size Ty = 0.01. Let the
discrete system be modeled as

Trr1 = f(xr) + w, (49)
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Fig. 2: Example 6.1. Relative error in the trace of the posterior covariance
computed using the one-step UKF, and the one-step MUKF with respect
to the two-step UKF. Note that the posterior covariance computed by the
one-step MUKEF is numerically within the machine precision of the two-step
UKEF posterior covariance, whereas the posterior covariance computed by
the one-step UKF is almost twice the two-step UKF posterior covariance.

Relative error

where
N o(xe — 1)
f@)=z+T; [21(p — 23) — 22 (50)
172 — B3
and wy ~ N(0,Qy). For all k& > 0, let
yr = Cay + vg, (51)

where C' £ [0 10] and vy ~ N(0, Rg). For all & > 0,
let Q; = 0.011; and Rj, = 10~*. Furthermore, let (0) =
[1 1 1]T and PO|O = .[3.

Letting o« = 1.5 in the two-step UKEF, the one-step UKF,
and the one-step MUKEF, Figure 3 shows the trace of the
posterior covariance computed by the three filters. Note
that one-step UKF posterior covariance is larger than the
two-step UKF posterior covariance, whereas the one-step
UKEF recovers the two-step posterior covariance in spite of
generating only one ensemble per step. Figure 4 shows the
relative error of the one-step UKF and the one-step MUKF
posterior covariance relative to the two-step UKF. Note that,
in this particular example, the one-step UKF relative error
is almost 15%, whereas the one-step MUKEF relative error is
less than the machine precision, that is, the one-step MUKF
recovers the two-step UKF.

This example shows that the one-step MUKF posterior
covariance estimate is more accurate than the one-step UKF
posterior covariance and is numerically equal to the two-step
UKEF posterior covariance. <

VII. CONCLUSIONS

This paper explicitly showed that the two-step UKF spe-
cialize to the classical Kalman filter for linear systems,
whereas the one-step UKF does not. Consequently, the
accuracy of the one-step UKF is inferior than the two-step
UKF since the Kalman filter provides the optimal accuracy.

101} —2 step UKF 0-023
—1 step UKF 018
-~ -1step MUKF g
0.14
~ 1485 1490 1495 1500
= 10%} ]
10tk ‘ ‘ ]
500 1000 1500
k

Fig. 3: Example 6.2. Trace of the posterior covariance computed using the
two-step UKF, the one-step UKF, and the one-step MUKEF on a log scale
with a zoomed-in inset showing the last 15 steps of the simulation. Note
that the one-step MUKF recovers the accuracy of the two-step UKF.

10° | |
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— 1 step UKF
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Relative error

Fig. 4: Example 6.2. Relative error in the trace of the posterior covariance
computed using the one-step UKF, and the one-step MUKF with respect
to the two-step UKF. Note that the posterior covariance computed by the
one-step MUKEF is numerically within the machine precision of the two-step
UKEF posterior covariance, whereas the posterior covariance computed by
the one-step UKF is about 15 % larger than the two-step UKF posterior
covariance.

Next, a modification of the one-step UKF is presented that
recovers the accuracy of the two-step UKF filter in the
case of linear systems, that is, it specializes to the classical
Kalman filter for linear systems without requiring the second
ensemble generation. Finally, it is numerically shown that in
nonlinear systems with linear output, the modified one-step
UKEF recovers the accuracy of the two-step UKF filter.
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VIII. APPENDIX

A. Proof of Proposition 3.1

and

Proof: Note that , fori=1,...,2l, + 1,
Zo; k41 = AkrZo, & + Brug,
Yoi k1 = Ckt1Z0, k11,
thus
Xitile = A Xy + H(Bruy),

which implies

~UKF

Ttk = Xpr1eW = Al + Brug, = &1 (52)
The perturbed ensemble is thus
Xpi1pk = Xppae — H(X g1 W)
= Ay {0 avilP _a\/lac_P} ;
and thus the prior covariance is
PIST = Ak [0 aVLP —aVLP|Wa
. [O a/I,P —o lzP}TA;f + Qg
= A PA} + Qy
= P (53)

The second ensemble is
/ _ | AKF LKF KF
X1k = [xkﬂk Ty T oyl Pl e

~KF KF
Tht1|e — & lsz+1|k

3

and thus
X1 = {0 O‘\/ZCEPIErFI\k —a\/lmPﬁF”k} ’
Yirr = Co1 Xjp

Using (22), (23), it follows that

chlfikJrl = Ck+1Xl/c+1\deXl;fl|kC/cT+1 + Rit1
= CkJrlPli(JrFl\kOkTJrl + Rg41
= ZKkljrl\kJrl’ 4
e[leiil\k = Xllcﬂ\deY/kTﬂ
= Xl/cﬂ\deX/;EukOgﬂ
= Pzﬁpl\kcgﬂ
=P . (55)
Finally, (52)-(55) imply (30)-(32). ]

B. Proof of Proposition 4.1
Proof: Note that
Xpy1jk = A Xy + H(Brug,),
Yit1 = Cor1 Xpy1)p-
and thus
Xpy1xW = Agdpp + Brug,
Yit1W = Cr1 Akdgn + Cri1 Brug,
which implies
Xppaph = AeXe — H(Agdyp)
— A, [o o JLPJT —a, /lwp,g}jF] . (56)
Vg1 = Yiep1 — HYj 1 W)
= Crp1Xk41- (57)

The prior covariance is

= Ak {O a\/lxpk\k —Oz\/lzpk“c} Wd

T
: [0 /Lo Py, _a\/lzpk\k} AL+ Qx
= Ak Py Ay + Qk
= Bry1jk-
It follows from (34) and (35) that
ZU,fleM = Crnt Xpr 1 WaXi 1 Oy + R

= Crop1 AkPys AL CFy ) + Ry
= Cip1(Pytapr — Q)Cryr + Risa
= Crs1Pes1kCiy1 — Crs1QrCrpq + Rita
=P — Cr1QrCiiy1, (58)

Zk4+1|k+1

UKF
P



and
P = X1 WaYyy
R Wk O
— APy ATCT,
= Pri1kCryr — QiCria
= Peoyiape = QCisr- (59)
Since Qr # 0 and C, ¢ N(Q), it follows that

UKF UKF .
sz+1\k+1 7 Loy iyjpy and Pevzk+1\k # Pe 2,1y, are missing

CkHQkC’,;FH and QkC,;rH, respectively, , thus implying
(40).
To prove (39), note that
KIE—EIF = (Pevzk+1\k - chg-i-l)
) (sz+1\k+1 - Ck-i-leCkTJrl)_lv
iy (60)

Finally, since Ky41 minimizes tr Pyqjx41, (60) implies
(41). ]
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