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ABSTRACT

Title of dissertation: Fully Distributed Algorithms for
Densely Coupled Optimization Problems in
Sparse Optimization and Transportation Applications

Eswar Kumar Hathibelagal Kammara,
Doctor of Philosophy, 2021

Dissertation directed by: Professor Jinglai Shen
Department of Mathematics and Statistics

Distributed algorithms are gaining increasing attention with broad applications in
different areas such as multi-agent network systems, big data, machine learning, and dis-
tributed control systems, among others. Most of the distributed optimization algorithms
developed assume a separable structure for the underlying optimization problems, and
certain coupled optimization problems are often solved via partially distributed schemes.
In this thesis, we develop fully distributed algorithms for densely coupled optimization
problems in two topics, namely, column partition based sparse optimization problems and
transportation applications. Firstly, we develop two-stage, fully distributed algorithms
for coupled sparse optimization problems including LASSO, BPDN and their extensions.
The proposed algorithms are column partition based and rely on the solution properties,
exact regularization, and dual formulation of the problems. The overall convergence of
two-stage schemes is shown. Numerical tests demonstrate the effectiveness of the pro-
posed schemes. Secondly, we develop fully distributed algorithms for model predictive
control (MPC) based connected and autonomous vehicle (CAV) platooning control un-
der linear and nonlinear vehicle dynamics. In the context of linear vehicle dynamics, the

underlying optimization problem of the MPC is a densely coupled, convex quadratically



constrained quadratic program (QCQP). A decomposition technique is developed to for-
mulate the densely coupled QCQP as a locally coupled convex optimization problem. We
then develop operator splitting method based schemes to solve this problem in a fully
distributed manner. Particularly, to meet challenging real-time implementation require-
ments, a generalized Douglas-Rachford splitting method based distributed algorithm is
proposed, along with initial state warm up techniques. Under nonlinear vehicle dynamics,
the underlying problem is a densely coupled, nonconvex optimization problem. We de-
velop a sequential convex programming based fully distributed optimization algorithms.
Control and closed loop stability analysis are carried out for both linear and nonlinear
vehicle dynamics. Numerical tests performed for possibly heterogeneous CAV platoons

demonstrate the effectiveness of the proposed schemes.
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CHAPTER 1

Introduction

The origin of distributed optimization algorithms dates back to the 80’s or earlier
[5], [79], [80]. They have garnered increasing attention in the last two decades due to their
widespread applications in multi-agent network systems [39], [95], large scale optimiza-
tion, big data [18], [89], machine learning [11], [56], [88], and distributed control systems
[21], [22], among others. A distributed algorithm is carried out by a multi-agent system
interconnected via a communication network. In most distributed algorithms, each agent
(e.g., a computing device) uses only partial information of a central problem; it performs
its own computation on a relatively small sub-problem in the parallel manner and ex-
changes its numerical results with neighboring agents at each step, in order to achieve a
solution of the central problem. Distributed algorithms are advantageous over centralized
schemes in many important applications. In particular, since agents require access to
only partial information, it facilitates the use of computing devices with lower memory
and storage. With the ability to perform parallel operations, these algorithms outperform

both in regards to the speed and the maximum problem size that can be addressed over



the centralized techniques [77]. Further, distributed algorithms respect data privacy of

agents and accommodate communication delays more effectively.

1.1 Overview of Distributed Optimization Algorithms

Various distributed algorithms have been developed to solve a wide range of opti-
mization problems in different settings. In what follows, we provide a brief overview of
these algorithms in terms of problem structure, numerical methodologies, parallel features,
and network topologies.

Separable vs. Coupled Problems: Most of the distributed algorithms deal with problems
with separable structure. A representative problem of separable structure is the consensus
optimization problem [15], [16], [54]. Specifically, consider a group of N agents, each with
a local objective function f;, for ¢ = 1,..., N, with the objective of minimizing their
sum, i.e., min cpn Zf\; 1 fi(xz). To solve such problems, there is a class of distributed
optimization techniques that are developed based on consensus optimization where a local
variable z; € RY is introduced at each of the agents, and an additional consensus constraint

is imposed such that the problem is formulated as follows:

min fi(x1) + fa(ze) + ...+ fn(zn)  subject to 1 =z =+ = xpN.
z1,2,...,x N ERN

Define the consensus space A := {x = (z1,22,...,ZN) € RV’ | x1=2z2="--=2xN}.
The above problem thus simplifies to finding a solution to minx f(x) + Z4(x), where
flx) = vazl fi(x;), and Z4(-) denotes the indicator function on the set A. Operator
splitting method based schemes including forward-backward-forward splitting (FBFS) [78],

forward-backward splitting (FBS) [58], Douglas-Rachford splitting (DRS) [43] can be used



to solve such problems. We will discuss more on fully distributed implementation of DRS
in a latter section.

Further, the inclusion of a constraint set C brings more challenges to the algorithmic
development as the above problem now becomes: minx f(x)+ Z¢(x) +Za(x), where C is
a constraint set. A three operator splitting scheme developed in [15] can be used to solve
this problem. Moreover, to implement this in a distributed manner, it is necessary that
the underlying constraint set C also has a separable structure, i.e., Z¢(x) = Zf\; 1Ze, ().
This decomposition into separable structure becomes increasingly challenging when C is
non-polyhedral or is defined by densely coupled nonlinear functions.

There is a different category of problems where the underlying objective function or
constraints are coupled but yet need distributed algorithms to handle them effectively and
efficiently. Examples include [8], [10], [57], where either the constraints or the objective
functions of the underlying problems are coupled. More precisely, the paper [57] proposes a
relaxation and successive distributed decomposition algorithm to solve constraint coupled
distributed optimization problems via a relaxation of the primal problem and duality
theory. In [10] the authors propose an alternating direction method of multipliers (ADMM)
based distributed scheme to solve the unconstrained distributed LASSO problem. The
paper [8] extends it to a polyhedral constrained distributed LASSO problem via proximal
dual based ADMM.

First Order vs. Second Order Techniques: The techniques to solve the above mentioned
optimization problems can be either first-order methods, including distributed gradient
decent scheme [92], distributed proximal gradient schemes [42], [70], subgradient based
methods [53], [54] and dual decomposition methods [76], or second-order methods like

Newton type methods [28], [49], [87]. In order to apply Newton type methods, it is required



that the underlying function is smooth or semismooth, whereas subgradient based first-
order schemes can be used if the function is not differentiable. Moreover, many distributed
algorithms developed in this area are first-order schemes because in the second-order
methods, one needs to compute a large size Hessian matrix which can be computationally
expensive. Despite this drawback, second-order methods are more effective in terms of
the computation time and typically have faster convergence rates than that of the first-
order schemes. This is because the Newton type methods have higher per iteration costs,
but have a significantly smaller number of iterations when compared to the first-order
schemes which results in faster computation. To the best of our knowledge, Newton
type distributed schemes are not developed to solve constrained optimization problems
yet, exceptions include consensus constrained problems, whereas there is rich literature of
first-order distributed schemes to solve constrained optimization problems.

Partially Distributed vs. Fully Distributed Algorithms: Regarding parallel features, dis-
tributed algorithms can be of two types, namely, partially distributed and fully distributed.
Partially distributed schemes are referred to as those schemes that either require all agents
to exchange information with a central component for centralized data processing or per-
form centralized computation in at least one step [37], whereas fully distributed schemes do
not require centralized data processing or carry out centralized computation through the
entire schemes [8], [10]. The former type includes [21], [22], [59]. In particular distributed
LASSO can be solved by a proximal based partial distributed scheme proposed in [59]. The
algorithms developed in [10] and [8] to solve standard LASSO and polyhedral constrained
LASSO respectively are fully distributed. In [37], the authors develop gradient-based dis-
tributed algorithms for an approximation of the multiuser problem where the underlying

objective function and constraints are coupled. The proposed algorithm is regularized



primal-dual based and requires the computation of the gradient of the Lagrangian in one
of its steps. This gradient cannot be computed in a fully distributed manner and hence
a centralized computation is performed which makes the proposed schemes partially dis-
tributed. Based on this development, a model predictive control (MPC) based connected
autonomous vehicles (CAV) platooning is developed in [22] and implemented by partially
distributed schemes. It is worth pointing out that for a coupled optimization problem,
the development of a fully distributed algorithm is much more challenging than that of a
partially distributed algorithm.

Communication Networks: Communication network topology is another important aspect
in the implementation of distributed algorithms. The network topology is generally char-
acterised by a graph, where nodes of the graph represent the N agents and edges represent
the communication between them. This graph could be bidirectional [63], [64], [66], or
unidirectional [41], [55], i.e., there is a one way communication between the neighboring
agents in case of a unidirectional graph and a two way communication with that of a bidi-
rectional graph. Other variants include time varying [55], [82] and static [22], [50] graph
which is characterized based on the dynamic or static nature of the edges with respect to

time.

1.2 Review of Distributed Algorithms for Coupled Optimization Prob-

lems

Since this thesis is focused on fully distributed algorithms for densely coupled opti-
mization problems, we review certain existing techniques for solving coupled optimization

problems using distributed algorithms, namely, distributed algorithms for locally coupled



convex optimization problems, and the operator splitting techniques often used for devel-

oping first-order distributed schemes.

1.2.1 Distributed Algorithms for Locally Coupled Convex Optimization

Distributed algorithms are proposed for solving locally coupled convex optimization
in [26]. Specifically, consider a multi-agent network of n agents whose communication is
characterized by a connected and undirect graph G(V,£), where V = {1,...,n} is the set
of agents, and £ denotes the set of edges. For i € V, let N; be the set of neighbors of
agent i, i.e., N = {j|(i,5) € €}. Let {Z1,...,Z,} be a disjoint union of the index set
{1,...,N}. Hence, for any x € RV, (xz,)7, forms a partition of x. We call 2z, a local
variable of each agent i. For each i, define 7; := (in, (a:zj )jEN; ) € R™. Thus each z;
contains the local variable z7, and the variables from its neighboring agents (or locally

coupled variables). Consider the convex optimization problem

zeRN

(P): min J(z), where J(z) := ZJ,-(@),
i=1

where J; : R™ — R U {+o00} is an extended-valued, proper, and lower semicontinuous
convex function for each i. Clearly, each J; is locally coupled such that the problem
(P) bears the name “locally coupled convex optimization”. Although the problem (P)
is seemingly unconstrained, it does include constrained convex optimization since J; may
contain the indicator function of a closed convex set. To impose the locally coupled convex

constraint explicitly, the problem (P) can be equivalently written as:

(P : min i(Z;), subjectto z;€C;, Vi=1,...,n, (1.1)



where each j@ : R™ — R is a real-valued convex function, and C; C R™ is a closed convex
set.

By introducing copies of the locally coupled variables for each agent and imposing
certain consensus constraints on these copies, the paper [26] formulates the problem (P’)
(or equivalently (P)) as a separable consensus convex optimization problems. Under
suitable assumptions, Douglas-Rachford and other operator splitting based distributed

schemes are developed; details can be found in [26].

1.2.2 Operator Splitting Methods based Distributed Schemes

In this subsection, we review some well known and useful operator splitting schemes
from [15], [26]; also see [3], [12] for the original reference on this topic. A mapping
S : R™ — R"™ is a nonexpansive operator if ||[Sz — Sy|| < ||z — y||, Vz,y € R", and a
mapping T : R" — R" is a-averaged if T' = (1 —a))] + aS for some nonexpansive operator
S, and a € (0,1). Provided that T has a fixed point, the iteration 2**! = Tz* converges
to a point of T'. This property is exploited to design an algorithm which finds an optimal

solution to the following problem:

min f(2) + g(x), (1.2)

where f,g : R® — R U {+oo} are closed convex proper (CCP) functions. The first
order optimality condition for the above problem (1.2) reduces to finding an z in the
zer(A + B) = {y|0 € Ay + By}, with Az = 0f(z) and Bz = 90g(z), where Of
and OJg are the subdifferentials of f and g respectively. Further, since f and ¢ are
CCP functions, their subdifferentials 0f and Jg are maximal monotone operators, and

the resolvent of any maximal monotone operator dg is given by the proximal operator



prox,,(r) := argmin, <g(z) + %sz — g:”2> Vo € R Let Ja := (I + pA)~! denote the
resolvent of A for some p > 0, it follows from the fact 2J4 — I is nonexpansive that J4 is
(1/2)-averaged operator. Hence a solution x € zer(A + B) can be obtained as z = Jg(z),
where z is a fixed point of the nonexpansive map (2J4 — I)(2Jp — I). Such a fixed point
z can be found by iterating using the a-averaged map (1 — a)I +«(2J4 — I)(2Jp — I) for

a € (0,1), which results in the generalized Douglas-Rachford (DR) algorithm [16]:

xk—i—l _ JB(Zk),

Zk+1 _ Zk + 2 - JA(2$]€+1 o Zk) . J3k+1 ]

Starting from any 2°, the sequence z* generated by the above algorithm will converge
to x* € zer(A 4+ B). The technique developed above can be classified as a two operator
splitting scheme.

The paper [15] extends the above results to three operator splitting schemes, where

the objective is to find a solution to the following problem:
min f(z) + g(x) + h(z) (1.3)

where f,g,h : R" — R U {400} are CCP functions, and h is Lipschitz differentiable.
Similar to the earlier problem, the first order optimality condition for (1.3) reduces to
finding an z in the zer(A + B + C), with Az = df(z), Bz = Jdg(x) , and Cz = Vh(x).
Note that C' is § - cocoercive [15], because h is Lipschitz differentiable. Hence problem

(1.3) can be solved by iterating

2L = (1= A 2P + N T2, (1.4)



where T' is given by ' = I — J,p + Jy4 0 <2J78 —I—~Co J’yB) , 2% is an arbitrary point,
v € (0,28), and A\, € (0, (45 — v)/253), the iteration can be implemented as follows [15,

Algorithm 1]:

x% = J’YB(Zk)7
oy = Jya(2ef - 2P — O,
AL = 2R (e — 2R,

The convergence of the above algorithm is guaranteed by [15, Theorem 1.1]. The
convergence rates are summarized in [15, Section 1.2]. Precisely, when f is strongly convex,
the sequence z% converges to z* with a rate o(1/v/k + 1).

Additionally, when g or h is strongly convex, by choosing appropriate scalars g,
and )\, a change of variable zF = :Ufffl + ’yk_lu]f;l, the authors propose the following
accelerated variant of the above algorithm [15, Algorithm 2], where the convergence rate

can be improved to O(1/(k 4+ 1)):

k k—1 k—1

rp = J’ka(xA + Ye—1Up )7
1

k k—1 k—1 k

up = 7( A T k-1up —UUB),
Vk—1

k k k k

ry = Jya ($B — YkUp — %CﬂﬂB)-

It is worth mentioning that both the three operator splitting method based scheme
and its accelerated variant critically rely on certain parameters. A conservative choice

of these parameters often lead to slow convergence. Especially, even though the acceler-



ated variant has the fast theoretical convergence rate of O(1/(k + 1)), it may yield slow

convergence in practice due to the restriction on these parameters.

1.3 Two Topics of Fully Distributed Algorithms for Densely Coupled

Optimization Problems

In this section, we give an introduction to the two topics in fully distributed al-
gorithms treated in this thesis, namely, column partition based densely coupled sparse
optimization problems, and model predictive control arising from CAV platooning control

in transportation applications.

1.3.1 Column Partition based Fully Distributed Algorithms for Coupled Con-

vex Sparse Optimization

We first consider the development and analysis of fully distributed algorithms for

densely coupled convex sparse optimization problems.

1.3.1.1 Background and Motivation

Sparse modeling and approximation finds broad applications in numerous fields
of contemporary interest, including signal and image processing, compressed sensing,
machine learning, and high dimensional statistics and data analytics. Various efficient
schemes have been proposed for convex or nonconvex sparse signal recovery [19], [67]. To
motivate the work, consider the well-studied LASSO problem: min,cpn 3| Az — b|j3 +
Allz|1, where A € R™*N is the measurement (or sensing) matrix, b € R™ is the mea-
surement (or sensing) vector, A > 0 is the penalty parameter, and z € RY is the decision

variable. In the setting of sparse recovery, N is much larger than m. Besides, the measure-
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ment matrix A usually satisfies certain uniform recovery conditions for recovery efficiency,
e.g., the restricted isometry property [19]. As such, A is often a dense matrix, namely,
(almost) all of its elements are nonzero. We aim to develop distributed algorithms to solve
the LASSO and related problems, where each agent knows the vector b and a small subset
of the columns of A. Specifically, let {Z;,...,Z,} be a disjoint union of {1,..., N} such
that {Aez, }¥_; forms a column partition of A. For each 4, the ith agent has the knowledge
of b and Aez; but does not know Aez; with j # i. By running the proposed distributed
scheme, it is expected that each agent i attains the subvector of an optimal solution of
the LASSO corresponding to the index set Z;, i.e., z7, at the end of the scheme, where
z* denotes an optimal solution of the LASSO.

The distributed optimization task described above is inspired by the following two
scenarios arising from big data and network systems, respectively. In the context of big
data, a practitioner may deal with a ultra-large data set, e.g., N is extremely large, so that
it would be impossible to store a vector € RY in a single computing device, let alone
the measurement matrix A. When m is relatively small compared with N, the proposed
distributed schemes can be used where each device only needs to store the vector b and a
small number of the columns of A. The second scenario arises from multi-agent network
systems, where each agent is operated by a low cost computing device which has limited
memory and computing capacities. Hence, even when N is moderately large, it would
be impractical for the entire matrix A to be stored or computed on one of these devices.
Therefore, the proposed distributed schemes can be exploited in this scenario. Besides,
the proposed algorithms can be extended to other sub-matrix partitions (in both row and

column) of A, even if m is large in the above scenarios.

11



1.3.1.2 Literature Review

Distributed or decentralized algorithms for the LASSO and related problems, e.g.,
fused LASSO, basis pursuit (BP), and basis pursuit denoising (BPDN), have been exten-
sively studied, including ADMM schemes, (sub-)gradient methods, and operator splitting
schemes, e.g., [26], [44], [50], [59], [70], [92]. Particularly, the paper [50] develops row
and column partition based distributed ADMM (D-ADMM) schemes for the BP that are
convergent over a bipartite graph. The row partitioned LASSO and column partitioned
BPDN are formulated as separable convex optimization and solved via D-ADMM [51].
Consensus based distributed schemes are developed for the row partitioned LASSO-like
problems [47], e.g., the consensus ADMM (C-ADMM). An inexact C-ADMM (IC-ADMM)
is established for distributed computation of the row partitioned LASSO and column par-
titioned logistic regression [10]. A proximal dual consensus ADMM (PDC-ADMM) scheme
is used for solving column partition based LASSO under separable polyhedral constraints
[8]. A decentralized gradient decent scheme is proposed for the regularized BP using col-
umn partition [92]. Besides, distributed proximal gradient schemes, e.g., PG-EXTRA,
are exploited to solve the row partitioned LASSO [42], [70]. Other relevant distributed
schemes include [9], [24], [29], [59], just to name a few.

Most distributed schemes in the literature deal with row partition based LASSO
and BPDN. Further, column partition based distributed LASSO schemes often require
the knowledge of different column blocks of A, e.g., [59], and thus cannot be implemented
in a fully parallel manner. Exceptions include distributed BP [50], [92] and distributed
BPDN [51] using the dual approach, and dual consensus ADMM (DC-ADMM) [10] and

PDC-ADMM [8] for the LASSO with possible polyhedral constraints. However, exact
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regularization of the BPDN used in [51] generally fails as shown in Section 2.4, and the
DC-ADMM does not guarantee the convergence of the primal variables [10, Theorem 2.
In addition, it is hard for the PDC-ADMM to handle the fused LASSO with more coupling

and the BPDN-like problems with non-polyhedral constraints.

1.3.2 Fully Distributed Optimization based CAV Platooning Control in

Transportation Applications

We now consider the second topic of this work, i.e., fully distributed optimization
based CAV platooning control under linear and nonlinear vehicle dynamics.

Inspired by the next generation smart transportation systems, connected and au-
tonomous vehicle (CAV) technologies emerge and offer tremendous opportunities to reduce
traffic congestion and improve road safety and traffic efficiency in all aspects, through in-
novative traffic flow control and operations. Among a variety of CAV technologies, vehicle
platooning technology links a group of CAVs through cooperative acceleration or speed
control. Different from many other CAV technologies that mainly focus on neighborhood
traffic efficiency and individual vehicle’s safety, the vehicle platooning technology focuses
on system efficiency and safety. Specifically, by using the vehicle platooning technology,
adjacent group members of a CAV platoon can travel safely at a higher speed with smaller
spacing. This will increase lane capacity, improve traffic flow efficiency, and reduce con-
gestion, emission, and fuel consumption [4], [33].

There is extensive literature on CAV platooning control. The widely studied ap-
proaches include adaptive cruise control (ACC) [34], [40], [46], [83], [98], cooperative
adaptive cruise control (CACC) [71], [72], [81], [96], and platoon centered vehicle platoon-

ing control [21], [22], [84], [86]. The first two approaches intend to improve an individual
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vehicle’s safety, mobility, and string stability rather than systematical performance of the
entire platoon, even though enhanced system performance is validated by simulations or
field experiments.

On the other hand, the recently developed platoon centered approach seeks to op-
timize the platoon’s transient traffic dynamics for a smooth traffic flow and to achieve
stability and other desired long-time dynamical behaviors. This approach can signifi-
cantly improve system performance and efficiency of the entire platoon [22], [84]. Despite
this advantage, the platoon centered CAV platooning approach often encounters large-
scale optimization or optimal control problems that require efficient numerical solvers for
real-time computation [84]. More precisely, in order to facilitate real-time implementation,
it is expected that the distributed schemes have a computation time which is less than one
second. It is important to note that the restriction of one second on computation time
is critical because otherwise the algorithms are not suitable for real time implementation.
Distributed optimization techniques provide a favorable solution for the high demanding
platoon centered approach. Supported by portable computing capability of each vehi-
cle and vehicle-to-vehicle (V2V) communication [85], distributed computation can handle
high computation load efficiently, is more flexible to communication network topologies,
and is more robust to communication delays or network malfunctions [48], [85].

In spite of these advantages, the development of efficient distributed algorithms to
solve platoon centered optimization or optimal control problems in real-time is nontrivial,
especially under complicated traffic conditions and constraints. It is worth pointing out
that a platoon centered car following control is a centralized control approach even though
its computation is distributed, i.e., each vehicle computes its own control input from the

central control scheme in a distributed manner. Hence, the platoon centered approach
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is different from decentralized control widely studied in control engineering [2], [97], [99].
Besides, the platoon centered approach focuses on closed loop stability of the entire platoon

instead of stability of individual vehicles and their interactions, e.g., string stability [99].

1.4 Summary of Research Contributions

We summarize the major results and contributions made in the areas of distributed
algorithms for sparse optimization and transportation problems presented in this thesis

as follows:

1. We develop column partition based distributed algorithms for coupled convex sparse
optimization including LASSO, BPDN and their variants such as fused LASSO, fused
BPDN, group LASSO and generalized LASSO, and BPDN problems. These algo-
rithms are two-stage and are based on the favorable properties of the dual problems
and exact regularization techniques. Precisely, in the first stage we compute the
dual solution of the original problem, and using this dual solution we formulate an
equivalent regularized basis pursuit problem whose solution is indeed a solution to
the original problem guaranteed by exact regularization. The second stage consists

of solving a dual problem and recovering a primal solution.

2. The overall convergence of the two-stage schemes are established via sensitivity
analysis of the regularized basis pursuit (BP)-like problem. In particular we prove
that for a general norm in the LASSO like and BPDN like problem, the optimal
solution x* is continuous in the vector b, where b depends on the approximate solution
obtained in the first stage. Further, for the #; norm it is shown that that solution z*
is Lipschitz continuous in b. This leads to the overall convergence and convergence

rates of the two-stage distributed schemes.

15



3. In order to formulate the underlying coupled optimization problem as a locally
coupled convex optimization problem in CAV platooning control, a decomposition
method is developed for the strongly convex quadratic objective function. This
method decomposes the central quadratic objective function into the sum of locally
coupled (strongly) convex quadratic functions, where local coupling satisfies the
network topology constraint under a mild assumption on network topology. Fur-
ther, it is necessary to develop a distributed algorithm where the computation time
is within one second for real-time implementation of the proposed MPC scheme
under the linear vehicle dynamics. We develop Douglas Rachford splitting based
distributed schemes which adhere to this restriction on the computation time. We
also propose initial state warm up techniques which can be used to further reduce
the computation time. It should be noted that the restriction on computation time

is very crucial for real-time implementation of the proposed schemes.

4. When the nonlinear vehicle dynamics is considered in CAV platooning control, we
propose a sequential convex programming (SCP) [45] based distributed scheme to
solve the locally coupled nonconvex optimization problem. This SCP based scheme
solves a sequence of convex, quadratically constrained quadratic programs (QCQPs)
that approximate the original nonconvex program at each iteration; such a convex
QCQP can be efficiently solved using (generalized) Douglas-Rachford method or
other operator splitting methods [15] in the fully distributed manner. The SCP
based distributed scheme converges to a stationary point, which often coincides or is
close to an optimal solution, under mild assumptions. The proposed fully distributed

schemes have a computation time which is less than one second which is crucial for
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1.5

real-time implementation. We develop an initial warm up technique to further reduce

the computation time.

. Extensive numerical results are conducted for both the sparse optimization problems

and transportation applications. In the context of sparse optimization problems, we
test the proposed schemes on two types of graphs namely the cyclic graph and a
random graph; see Section 2.8 for details. We perform tests on standard LASSO and
BPDN, fused LASSO and BPDN, and non negative constrained LASSO and BPDN
and group LASSO problems. In CAV platooning control problems, we perform tests
on three scenarios under both the linear and nonlinear vehicle dynamics; see Section
3.6 for details of the scenarios. Further, in the nonlinear case, we test the proposed
distributed algorithms on possibly heterogeneous CAV platoons, e.g. a homogeneous
small-size platoon, a heterogeneous medium-size platoon, and a homogeneous large

size platoon; see Section 4.7 for details.

Organization

This thesis is organized as follows. In Chapter II, we study the fully distributed algo-

rithms corresponding to sparse optimization including LASSO-like and BPDN-like prob-

lems. In Chapters III and IV, we consider the fully distributed algorithms corresponding

to the transportation problems. Specifically, in Chapter III we consider the linear vehi-

cle dynamics which yields a densely coupled convex optimization problem. We develop

a decomposition method for the corresponding objective function and the constraints.

Further, we perform the stability analysis and present extensive numerical results. Chap-

ter IV is an extension of Chapter III, where we consider nonlinear vehicle dynamics due

to which the corresponding optimization problem becomes non-convex. Sequential convex
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programming techniques coupled with matrix decomposition techniques from Chapter 111
are used to develop fully distributed algorithms. Extensive numerical results are presented
for small and large size homogeneous platoons and a medium size inhomogeneous platoon.

Finally, conclusions and future research directions are discussed in Chapter V.

1.6 Notation

Let A € R™N and R(A) denote the range of A. For any index set S C {1,..., N},
let Aes be the matrix formed by the columns of A indexed by elements of S. Similarly,
Aqe is defined for an index set a C {1,...,m}. Let {Z;}}_, form a disjoint union of
{1,...,N}, and {z7,}}_, form a partition of z € RY. For a € R", let a . := max(a,0) > 0
and a_ := max(—a,0) > 0. For a closed convex set C in R", II¢ denotes the Euclidean
projection operator onto C. For u,v € R™, u | v stands for the orthogonality of u and v,
i.e., uTv = 0. Further, || - |1, || - |2 and || - ||co denote the ¢1-norm (or 1-norm), 2-norm,
and oo-norm, respectively. Let proxf(-) denote the proximal operator for a proper, lower
semicontinuous convex function f : R” — R U {+o0}. For a given matrix W, Apin(W),
Amax (W) respectively denote the minimum and maximum eigenvalues of W. I denotes
the indicator function on a given set C, where Io(z) = 0 if x € C, and Io(z) = +oo if
x ¢ C. For a given extended value function F : RN — RU {400}, §F denotes the sub
differential. N¢(x) denotes the normal cone of a closed convex set C' at € C. An operator

C defined on R" is 3-cocoercive, 8 > 0 if (Cx — Cy,x —y) > B||Cx — Cyl|?, ¥V x,y, € R™.
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CHAPTER 11

Column Partition based Fully Distributed Algorithms for

Coupled Convex Sparse Optimization Problems

2.1 Motivation and Introduction

This chapter develops column partition based distributed algorithms for a wide
range of LASSO/BPDN-like problems by exploiting convex optimization techniques, e.g.,
dual problems, exact regularization, and distributed optimization. First, motivated by the
dual approach for distributed BP and BPDN [50], [51], [92], we consider the Lagrangian
dual problems of the LASSO/BPDN-like problems, which are separable or locally coupled
and can be solved via column partition based distributed schemes. By using the solution
properties of the LASSO/BPDN-like problems, we show that a primal solution is a solution
to a BP-like problem depending on a dual solution. Under exact regularization conditions,
a primal solution can be obtained from the dual of a regularized BP-like problem which
can be solved by another column partition based distributed scheme. This leads to two-
stage, column partition based distributed schemes, and many existing distributed schemes

can be used at each stage. The overall convergence of the two-stage schemes is established
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via sensitivity analysis of the regularized BP-like problem. The proposed schemes are
applicable to a broad class of generalized BP, LASSO and BPDN under mild assumptions
on a network; we only assume that a network is static, connected and bidirectional. The
materials of this chapter are reported in our recent journal publication [66].

The chapter is organized as follows. Section 2.2 presents problem formulations and
solution properties with an overview of key ideas given in Section 2.3. Exact regularization
is addressed in Section 2.4. Section 2.5 formulates dual problems and establishes properties
in connection with the primal problems. Column partition based distributed schemes are
developed in Section 2.6, whose overall convergence is shown in Section 2.7. Numerical

results are given in Section 2.8 with summary in Section 2.9.

2.2 Problem Formulation and Solution Properties

We consider a class of convex sparse minimization problems and their generalizations

or extensions whose formulations are given as follows.

e Basis Pursuit (BP) and Extensions. This problem intends to recover a sparse
vector from noiseless measurement b given by the following linear equality constrained

optimization problem
BP: min |[z|; subjectto Az =0, (2.1)
z€RN

where we assume b € R(A). Geometrically, this problem seeks to minimize the 1-norm
distance from the origin to the affine set defined by Az = b. A generalization of the BP

(2.1) is mingegn |Ex|; subject to Az = b, where E € R™ is a matrix.
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e Least Absolute Shrinkage and Selection Operator (LASSO) and Extensions.
The standard LASSO intends to minimize the loss function ||Az — b||3 along with the

£1-norm penalty on x treated as a convex relaxation of the sparsity of x:
1 2
LASSO: min —[Ax —b||5+ X ||z, (2.2)
zE€RN 2

where A > 0 is the penalty parameter. A generalized LASSO is given by min 3|l Az—b|3+
T€R
|Ex|1, where E € R is a given matrix. It includes several extensions and variations

of the standard LASSO:

(i) Fused LASSO: minxeRN %HA%—()H%—F}q ||xH1 +)\2||D1:U||1, where Dy € R(N—l)XN

My
denotes the first order difference matrix. Letting F := , the fused LASSO

Ao Dy
can be converted to the generalized LASSO.

(ii) Group LASSO which is widely used in statistics for model selection [93]: given

Ai>0fori=1,....p,

1 P
min = ||Az — b||2 + Xillxz.||2- 2.3
iy e U+ X Moz (23)
Other generalizations include generalized total variation denoising and #¢;-trend filtering
[36]. A generalized total variation denoising is a generalized LASSO with E = AD; for
A > 0, whereas the generalized ¢1-trend filtering has E = ADs, where Dy is the second

order difference matrix.
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¢ Basis Pursuit Denoising (BPDN) and Extensions. Consider the following con-

strained optimization problem which incorporates noisy signals:
BPDN: min |lz]; subject to [[Az—b|2 <o, (2.4)
zERN

where o > 0 characterizes the bound of noise or errors. Note that when ¢ = 0, it reduces
to the basis pursuit. We assume that [|b]l2 > o since otherwise, z, = 0 is the trivial
solution. Similar to the LASSO, the BPDN has several generalizations and extensions.
For example, it can be extended to min,cpn~ [[Ex|; subject to ||Ax — bl < o, where
E € RN is a matrix.

We summarize some fundamental solution properties of the aforementioned prob-
lems to be used in the subsequent development. For the convenience of generalizations
and extensions, we treat the aforementioned problems in a more general setting. Let the
constant ¢ > 1, E € R™¥ be a matrix, | - ||+ be a norm on the Euclidean space, and C be

a polyhedral set. Consider the following problems:

(Py) : min,cgny ||Ez|. subjectto Az =05, andzeC (2.5)
(P) : min,cpny 5[|Az — b||d + |Ez|l, subject to x€C (2.6)
(Ps) : min,cgny ||[Ez|l. subject to [[Az —b|, <o and xe€C. (2.7)

We call (Py), (P2) and (P3) the BP-like, LASSO-like, and BPND-like problems, respec-
tively. All the BP, LASSO, and BPDN models introduced before can be formulated within
the above framework. For example, in the group LASSO, ||z« := Y7, \i||lzz, |2 is a norm.

Letting E := Iy and g = 2, the group LASSO is a special case of (P).
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Proposition 2.2.1. Fiz g > 1, and assume that the problems (Py)-(Ps) are feasible. The

following hold:
(i) Each of the problems (Py) — (Ps) attains a minimizer;

) et Ho be the solution set o ). en Arx = Ax’ an Tle = x|« for a
i) Let Ho be the soluti f (P Then A Az’ and ||E E’fll

z, 1 € Ha;

(111) Suppose in (P3) that ||bllq > o, 0 € C, and the optimal value of (P3) is positive.
Then each minimizer . of (Ps) satisfies ||Azy —bllq = 0 and Az is constant on the

solution set.

Proof. Statements (i) and (ii) follow from a similar proof of [52, Theorem 4.1] and [94,
Lemma 4.1}, respectively. For Statement (iii), by a similar argument of [94, Lemma 4.2(3)],
we have that any minimizer z, of (P3) satisfies ||Az. — b||; = o. Since || - || is strictly
convex for ¢ > 1 [68, Appendix] and ||Az — b||¢ is constant (whose value is 07) on the

solution set, we deduce that Ax is constant on the solution set. ]

A sufficient condition for the optimal value of (P3) to be positive, along with the
conditions that ||b||; > o and 0 € C, is that E has full column rank. In fact, when [|b||, > o
and 0 € C, any minimizer x, must be nonzero. If E has full column rank, then Fx, # 0
so that [|[Ez.||« > 0.

To compute a solution of the LASSO in (2.12) using its dual solution, we need the
following result similar to [94, Theorem 2.1] or [52, Proposition 3.2]. To be self-contained,

we present its proof below.
Proposition 2.2.2. The following hold:

(i) Let z, be a minimizer of (Py) given by (2.6). Then z. is a minimizer of (Pa) if

and only if z. is a minimizer of the BP-like problem given by (2.5), i.e., (Py) :
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min,cgn || Ez||, subject to Az = Az, and z € C. Furthermore, the optimal value of

(P1) equals ||Ex.|«.

(it) Let z, be a minimizer of (P3) given by (2.7) which satisfies: ||bllq > o, 0 € C, and
the optimal value of (Ps) is positive. Then z, is a minimizer of (Ps) if and only if
2z« 15 a minimizer of the BP-like problem (2.5) with b := Ax,, and the optimal value

of this (P1) equals || Ex.||«.

Proof. (i) Let Ha be the solution set of (P2) given by (2.6). By Proposition 2.2.1, Ax = Az,
and ||[Ex|x = || Exs||« for any @ € Ho. Let J(z) := 1||Az — y||4 + || Bz« be the objective
function. For the “if” part, let z, be a minimizer of (P;). Then z, € C, Az, = Ax, and
|Ez«|lx < ||Exy|lx. Hence, J(zi) < J(zx). On the other hand, J(z.) < J(z.) because x,
is a minimizer of (P,). Therefore, J(x.) = J(z4) so that z, is a minimizer of (P). It also
implies that |Ez|, = ||Ez«||« or equivalently the optimal value of (P;) equals ||Exy||«.
To show the “only if” part, let z, be a minimizer of (P,). Suppose z, is not a minimizer of
(P1). Then there exists u € RY such that u € C, Au = Az, and ||Eul, < ||E2||+. Since 2,
is a minimizer of (P,), we have Az, = Az, and ||Ez||« = ||Ex«|». Hence, J(u) < J(z),
yielding a contradiction.

(i) Suppose (Ps) satisfies the specified conditions, and let H3 denote its solution set.
By statement (iii) Proposition 2.2.1, we have H3 = {z € C| Az = Ax., ||Ex|/« = ||Exy|+}
for a minimizer x, of (P3). “If”: suppose z, be a minimizer of (P;) with b := Az,. Then
zy € C, Az, = Az, and ||Ezy|x < ||Exy|x. This shows that z, is a feasible point of (P3)
and hence a minimizer in view of ||Ez.||x = ||Ex.|/«. “Only if”: since any feasible point of
(Py) with b := Az, is a feasible point of (P3) and since x, is a feasible point of this (P;),

we see that the optimal value of this (P;) equals ||Ez.|.. Suppose z. is a minimizer of
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(P3). Then z, € Hs such that z, € C, Az, = Az, and ||Ez||« = ||[Ez«||«. Hence z, is a

feasible point of this (P;) and thus a minimizer of this (P;). O

2.3 Overview of the Development of Column Partition based

Distributed Algorithms

One of the major contributions of this chapter is to develop two-stage, column
partition based distributed algorithms for the LASSO-like and BPDN-like problems (2.6)-
(2.7). To facilitate the presentation of this development, we outline its main ideas and

provide a road map of key steps in this section.

2.3.1 Illustration of Main Ideas via the Standard LASSO

For the simplicity of illustration, consider the standard LASSO (2.2) first. Although
the primal problem (2.2) of the LASSO is densely coupled, its dual problem

2
(D) : min”y2”2 + bTy, subject to ||ATyHOo <A
y

attains favorable properties for column partition based distributed computation since A”
is used in the constraint and the norm ||- || is separable. Hence, (D) can be formulated as
a separable consensus optimization problem, for which column partition based distributed
schemes can be developed. Let y, be the unique dual solution. A critical question is
how to recover a primal solution from y.. One possible way is to consider the regularized
LASSO:

.1 «
r-LASSO : min iqu—ng—k)\HleJrEHa:Hg,
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where §||z||3 is the regularization term with the regularization parameter a > 0. The
dual of r-LASSO enjoys similar favorable properties for column partition based distributed
computation, and there is a one-to-one correspondence between a primal solution to r-
LASSO and its dual solution. However, a primal solution to r-LASSO is generally not
a desired solution to the original LASSO (2.2) even when a > 0 is sufficiently small (cf.
Example 2.4.1). In other words, ezact reqularization of the LASSO fails in general.
Despite this negative result, it follows from duality theory (cf. Lemma 2.5.2) that
any solution z, to the LASSO (2.2) satisfies Az, = b + y., where y, is the unique dual
solution to (D) indicated above. Moreover, in view of Statement (i) of Proposition 2.2.2,

each solution to the following BP:
BP: min |z]|; subject to Az =0b+ y.
2€RN

is a solution to the LASSO. Since the above BP is exactly regularized [50], one can solve

the following regularized BP
r-BP:  min |z|; + 9||m||§ subject to Az = b+ y.
zeRN 2

for a small @ > 0 from its dual problem given below via a column partition based dis-

tributed scheme:

(Depr): muin (04979 + 50> 15(- (792 B).
i=1

where S(-) is the soft thresholding operator (cf. Section 2.5.2). Letting ¥, be a dual solu-

tion to (D,.gp), the primal solution to r-BP is recovered from ¥ as 27. = -138((A"5.)1,),
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Vi =1,...,p, which is a solution to the LASSO. This yields a two-stage column parti-
tioned based distributed scheme for the LASSO: its dual solution y, is solved in the first
stage, and a primal solution is obtained from the dual of a regularized BP in the second

stage using y, (cf. Algorithm 1 in Section 2.6.1).

2.3.2 Overview of Key Steps for General Problems

To apply the above ideas to a broader class of problems, e.g., the standard BPDN,
the fused LASSO, and other problems possibly subject to polyhedral constraints, we ad-
dress the following theoretical and numerical tasks which pave the way to developing
column partition based distributed schemes:

1) Ezact Regularization. We show that when the ¢;-norm is used, the BP-like
problem (2.5) subject to a polyhedral constraint is exactly regularized, whereas the LASSO
and BPDN are not in general (cf. Section 2.4). These results lay a ground for using
regularized BP-like problems to recover a desired primal solution in the second stage and
justify why regularized LASSO-like and BPDN-like problems are not considered.

2) Dual Formulations. We derive dual problems of the above mentioned primal
problems, e.g., the regularized BP-like problem, LLASSO-like problem, and BPDN-like
problem. These dual formulations are used in both stages of the LASSO-like and BPDN-
like problems: in the first stage, we use it to obtain a dual solution to the LASSO-like
(resp. BPDN-like) problem; in the second stage, we use the dual of a regularized BP-
like problem to recover a primal solution to the LASSO-like (resp. BPDN-like) problem.
Further, we study the relation between a primal solution and a dual solution via duality
theory (cf. Lemmas 2.5.2 and 2.5.3). Along with Proposition 2.2.2, this relation yields

a regularized BP-like problem in the second stage of the LASSO-like (resp. BPDN-like)
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problem. Besides, we develop various reduced dual problems which facilitate developing
distributed schemes.

3) Distributed Scheme Development. We show that the obtained dual problems can
be formulated as separable or locally coupled convex consensus optimization problems.
For example, consider the fused LASSO and fused BPDN. Their dual problems and those
of the corresponding regularized BP’s are given by locally coupled consensus optimiza-
tion such that a wide range of existing methods, e.g., operator splitting methods [15]
and consensus ADMM [10], [47], can be used to develop columned partitioned based dis-
tributed schemes over undirected and connected networks. Numerical tests are conducted
to evaluate performance of these schemes.

4) Overall Convergence. Many distributed algorithms can be used in each stage and
are convergent under suitable conditions. However, the first-stage scheme generates an
approximate solution to a true dual solution, and this raises the question of whether using
an approximate dual solution leads to significant discrepancy when solving the regularized
BP-like problem in the second stage. Using sensitivity analysis tools for the regularized
BP-like problem, we establish continuous dependence of its solution on certain parameters
and prove the overall convergence of the two-stage distributed algorithms.

The ¢1-norm will be considered in the above-mentioned key steps for many repre-
sentative convex sparse optimization problems. Nevertheless, the dual formulations and
related duality results can be obtained for an arbitrary norm || - ||, in (P1), (P2) and (Ps).
This allows us to handle the group LASSO (2.3) and its extensions defined by the norm

2« := D2 Aillzz, ||2. We will treat this general framework in Section 2.5.
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2.4 Exact Regularization

A key step in the development of column partition based distributed algorithms is
using dual problems. To establish a relation between solutions of a primal problem and
its dual, we consider regularization of the primal problem, which is expected to give rise
to a solution of the original primal problem. This pertains to the exact regularization of
the original primal problem [20].

We briefly review the exact regularization of general convex programs given in [20].
Consider the convex minimization problem (P) and its regularized problem (P:) for some
e>0:

(P): gggf(:v); (P.): ggglf(rv)Jrsh(w)’

where f,h: RN — R are real-valued convex functions, and P is a closed convex set. It is
assumed that (P) has a solution, and h is coercive such that (P:) has a solution for each
e > 0. A weaker assumption can be made for h; see [20, Section 1.2] for details. We call
the problem (P) ezactly regularized if there exists € > 0 such that for any € € (0,Z], any
solution of (P:) is a solution of (P). To establish the exact regularization, consider the
following convex program: letting f. be the optimal value of (P),

P : min h(z).
( h) z€P, f(x)< fe ( )

Clearly, the constraint set of (Pp) is equivalent to {z |z € P, f(x) = f«}, which is the
solution set of (P). It is shown in [20, Theorem 2.1] or [20, Corollary 2.2] that (P) is

exactly regularized by the regularization function h if and only if (P,) has a Lagrange
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multiplier . > 0, i.e., there exists a constant y, > 0 such that min,ep y)<y, h(z) =

min,ep h(z) + pu( f(z) ~ 1),

Corollary 2.4.1. The problem (Py) has a Lagrange multiplier p. > 0 if and only if there

exists a constant p > 0 such that a minimizer x, of (Py) is a minimizer of mingep h(x) +

p(f () = fo)-

Proof. “If”: suppose a constant p > 0 exists such that a minimizer z, of (F},) is that of
mingep h(z)+p(f(z)—fi). Since z, is a feasible point of (F},), we have z, € P and f(z.) <
f« or equivalently f(z.) = f.. Hence, the optimal value of min,ep h(x) + pu(f(z) — fi)
is given by h(z.), which equals mingep, )<y, h(z). Hence, py := p > 0 is a Lagrange
multiplier of (Py,).

“Only If”: Let ps > 0 be a Lagrange multiplier of (P,), and z, be a minimizer of
(Pr). Again, we have z, € P and f(x.) = f«. This shows that h(z.) + ps(f(zs) — fo) =
h(z.). Hence,

h(wy) = pepin h(z) = min A(z) + pa (f (@) = f) < hl).

We thus deduce that x, is a minimizer of mingep h(z) + p(f(z) — fi) with g = p,.. O
2.4.1 Exact Regularization of Convex Piecewise Affine Function based Opti-

mization

We consider the exact regularization of convex piecewise affine functions based con-
vex minimization problems with its applications to ¢;-minimization given by the BP,
LASSO, and BPDN. A real-valued continuous function f : RY — R is piecewise affine

(PA) if there exists a finite family of real-valued affine functions {f;}¢_, such that h(z) €
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{fi(2)}¢_, for each x € RY. A convex PA function f: RY — R has the max-formulation
[60, Section 19], i.e., there exists a finite family of (p;,v;) € RY x R,i = 1,...,¢ such
that f(z) = max;—1 ¢ ( p;fpw + ) Convex PA functions represent an important class of
nonsmooth convex functions in many applications, e.g., the f;-norm || -||1, f(z) := ||Ez|1
for a matrix F, a polyhedral gauge, and the ¢,-norm; see [52] for more discussions. We

first present a technical lemma whose proof is omitted.

Lemma 2.4.1. Let f : RY = R and h : RY — R be (not necessarily convex) functions

and P be a set such that mingep f(x) attains a minimizer and its optimal value is denoted

by f«. Let the set W = {(z,t)|x € P, f(x) < t}. Consider the following problems:

(P:) : 1;116171;1 f(z) +eh(x); (Pl): (x%iélwt + eh(x), e > 0;
P : i h(x); P)): i h(x).
Bl Mo I Bl )

Then the following hold:

(i) Fiz an arbitrarye > 0. Then (a) if x« is an optimal solution of (P:), then (., f(xx))
is an optimal solution of (P.); (b) if (x4, ts) s an optimal solution of (P.), then

te = f(xx) and z, is an optimal solution of (P:).

(ii) (a) If . is an optimal solution of (Py,), then (x«, fx) is an optimal solution of (P});
(b) if (z«,ts) is an optimal solution of (P}), then t. = f. and x, is an optimal

solution of (Py).

The following proposition shows exact regularization for convex PA objective func-
tions on a polyhedral set. This result has been mentioned in [91] without a formal proof;

we present a proof for completeness.
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Proposition 2.4.1. Let P be a polyhedral set, and f : RN — R be a convex PA function
such that the problem (P) : mingep f(x) has the nonempty solution set, and let h : RN — R
be a conver reqularization function which is coercive. Then there exists € > 0 such that for
any € € (0,€], any optimal solution of the regularized problem (P:) is an optimal solution
of (P).

Proof. Let f. be the optimal value of the problem (P). In view of Lemma 2.4.1, (P)
is equivalent to (Pj) and (P.) is equivalent to (P.) for any ¢ > 0 in the sense given
by Lemma 2.4.1. Hence, to show the exact regularization of (P) via (P:), it suffices
to show the exact regularization of (Pj) via (P.). To show the latter, it follows from
[20, Theorem 2.1] or [20, Corollary 2.2| that we only need to show that (P]) attains
a Lagrange multiplier, namely, there exists a Lagrange multiplier p, > 0 such that
min(, yew, i< f, A(x) = ming, yew h(z) + pa(t — fi), where we recall that f, is the optimal
value of (P) and W := {(x,t) |z € P, f(z) < t}. Suppose the convex PA function f is given
by f(z) =max;—1__¢ (plz+7 ). Then W = {(z,t) |z € P, pl o+ <t, Vi=1,...,(},
and W is thus a polyhedral set. Since W is polyhedral and t < f, is a linear inequal-
ity constraint, it follows from [6, Proposition 5.2.1] that there exists p, > 0 such that
ming, yew, < f, Mr) = ming pew h(x) + ps(t — fi). By [20, Corollary 2.2], (PY) is the

exact regularization of (F]) for all small € > 0. O

The above proposition yields the exact regularization for the BP-like problem with

the ¢1-norm.

Corollary 2.4.2. Let C be a polyhedral set. Then the following problem attains the exact

reqularization of (P1) for all sufficiently small o > 0:

(Pra): min,cpy ||Ezlli + $||z|3  subject to Az =b, andzx € C.
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Proof. Let f(x) := ||Ez|; which is a convex PA function, h(x) := |/z||3, and P :=
{z|Ax = b, v € C}. Then P is a polyhedral set. Applying Proposition 2.4.1, we conclude

that the exact regularization holds. ]

2.4.1.1 Failure of Exact Regularization of the LASSO and BPDN Problems

We investigate exact regularization of the LASSO and BPDN when the ¢;-norm
is used. For simplicity, we focus on the standard problems (i.e., C = R”") although the
results developed here can be extended. It follows from Proposition 2.2.1 that the solution
sets of the standard LASSO and BPDN are polyhedral. Hence, the constraint sets of
(Pp,) associated with the LASSO and BPDN are polyhedral. However, unlike the BP-like
problem, we show by examples that exact regularization fails in general. This motivates
us to develop two-stage distributed algorithms in Section 2.6 rather than directly using
the regularized LASSO and BPDN. Our first example shows that in general, the standard

LASSO (2.2) is not exactly regularized by the regularization function h(z) = ||z||3.

Example 2.4.1. Let A = [l Iy --- I)] € R®*N with N = 2r for some 7 € N, and
b e R?H. Hence, we can partition a vector x € RN as z = (x',...,2") where each
' € R2. When 0 < X < 1, it follows from the KKT condition: 0 € AT (Ax, —b) +\||z||1
and a straightforward computation that a particular optimal solution z, is given by x =
%b >0 for all i = 1,...,7. Hence, the solution set H = {z = (z!,...,2")| > I_ 2’ =
(1=X)b, ||lzll1 < (1=A)|[b]l1}. Consider the regularized LASSO for o > 0: min,cpn || Az—
b3+ ||z]l1+ $|l=[|3. For each a > 0, it can be shown that its unique optimal solution ., q

is given by xiﬂ = Tl,jr—gb foreachi=1,...,7. Hence, z, ¢ H for any a > 0. O
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In what follows, we show the failure of exact regularization of the standard BPDN

(2.4). Consider the convex minimization problem for a constant p > 0,

(Pu)3

in 3+ alel
min — || X
|Azbp<o 2112 T AL

where A € R™*N b € R™ and ¢ > 0 with ||b]]2 > 0.
Further, consider the max-formulation of /;-norm, ie., |||y = max,_; o~ p]x, where

each p; € {(il, +1,..., :I:l)T} C RY; see [52, Section 4.2] for details.

Lemma 2.4.2. A feasible point z. € RN of (P,) is a minimizer of (P,) if and only if
|Az. — bll2 = o and

Au=0 or glu< O} = <x*Tu+u max pZTu) >0, (2.8)
i€T(ws)

where g := AT (Az, —b), and I(z.) = {i | pl v = |21}

Proof. 1t follows from a similar argument of [94, Lemma 4.2(3)] that a minimizer =, of
(P,) satisfies ||Azy — b||2 = 0. The rest of the proof resembles that of [52, Theorem 3.3][;
we present its proof for completeness. Since (P,) is a convex program, it is easy to see
that z, is a minimizer of (P,) if and only if u, = 0 is a local minimizer of the following
problem:

~ 1
. T T . T
(P,) : ulélﬂlgjlv (:1:* u+ uig?gi)pi u), subject to  ¢g"u + iHAqu <0.

In what follows, we show that the latter holds if and only if the implication (2.8) holds.
Let J(u) := zlu + ,umaxieﬂx*)pTu. “If”: Let U be a neighborhood of u, = 0. For

(2

any u € U satisfying g7 u + %HAUH% < 0, either Au = 0 or Au # 0. For the latter, we
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have g”u < 0. Hence, in both cases, we deduce from (2.8) that J(u) > 0 = J(us). This
shows that u, = 0 is a local minimizer of (]Su) “Only If”: suppose u, = 0 is a local
minimizer of (15”) For any u with Au = 0, we have ¢g”u = 0 such that v := Bu satisfies
gTv+ %HA’UH% = 0 for any 8 > 0. Hence, Su is a locally feasible point of (ﬁ#) for all small
B > 0 such that J(Su) > J(us) = 0 for all small 8 > 0. Since J(Bu) = SJ(u) for all § > 0,
we have J(u) > 0. Next consider a vector u with g"u < 0. Clearly, g7 (Bu)+ 5[ ABul|3 < 0
for all small 5 > 0 so that Su is a locally feasible point of (IBM) By a similar argument,

we have J(u) > 0. O

Proposition 2.4.2. The problem (BPDN}) : minya,_p|y<o, 2] <s. |23 with [|bll2 > o
has a Lagrange multiplier if and only if there exist a constant u > 0 and a minimizer

of (BPDNy,) such that

(i) There exist w € RE(I*)‘ with 17w =1 and v € R™ such that z* + :“Ziez(x*) wip; +
ATy =0; and
(i) There exist w' € RE(”T*)‘ with 17w’ = 1 and a constant v > 0 such that (1Tw')z* +
1 e (w,) WiPi +79 =0,
where 1 denotes the vector of ones, g := AT (Az, —b), and T(z.) := {i|pl zs = |||}

Furthermore, if A has full row rank, then (BPDN},) has a Lagrange multiplier if and only

if there exist a constant p > 0 and a minimizer x of (BPDNy) such that

(ii’) There exist W € RE(“” with 1T%W = 1 and a constant 5 > 0 such that x* +
1D iet(z,) Wiki + 79 = 0.

Proof. Tt follows from Corollary 2.4.1 that (BPDNjy) has a Lagrange multiplier if and

only if there exist a constant g > 0 and a minimizer z, of (BPDN},) such that z, is a

minimizer of (P,). Note that any minimizer x, of (BPDN},) satisfies || Az, —b||2 = o such
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that x, # 0 in light of ||b||2 > 0. By Lemma 2.4.2, we also deduce that x, is a minimizer
of (P,) if and only if ||Az, — bl = o and the implication (2.8) holds. Notice that the
implication holds if and only if both the following linear inequalities have no solution:

T T T
I): Au=0 X ; 0; 1I) - 0, X ; 0.
M: Au=0, max (@ + ppi) " u < ) gu<0,  max (s + ppi) u <

By the Theorem of Alternative, we see that the inconsistency of the inequality (I) is equiv-
alent to the existence of (w,v) with 0 # w > 0 such that } ;7 ) Wi« + ppi) + ATy = 0.
Letting w := w/(17w) and v := v/(17w), we obtain condition (i). Similarly, the inconsis-
tency of the inequality (II) is equivalent to the existence of (¥, w’) with 0 # (3, w’) > 0 such
that Ziez(x*) Wi (x4 + pup;) +7g = 0. Moreover, we deduce that 7 > 0, since otherwise, we
must have 0 # @’ > 0 such that 0 = 2T D ieT(wn) Wil@s + ppi) = (AT ) (|| |3 + pl|slln),
where we use p! . = ||z.||1 for each i € Z(x,), yielding a contradiction to x. # 0. Hence,
by suitably scaling, we conclude that the inconsistency of the inequality (II) is equivalent
to condition (ii). This completes the proof of the first part of the proposition.

Suppose A has full row rank. Then condition (i) holds trivially. Furthermore, since
Az, — b # 0 for a minimizer x, of (BPDNy), g := AT(Az, — b) is a nonzero vector.
Hence, w' in condition (i) must be nonzero as vg # 0. Setting @ := w'/(1Tw’) and

7 :=~/(1Tw'), we obtain condition (ii’), which is equivalent to condition (ii). O

By leveraging Proposition 2.4.2, we construct the following example which shows
that in general, the standard BPDN (2.4) with the ¢;-norm penalty is not exactly regu-

larized by h(z) = ||z|3.

Example 2.4.2. Let A = [D D --- D] € R®*" with N = 2r for some r € N, where

D = diag(1, ) € R?*2 for a positive constant 3. As before, we partition a vector z € RY
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as z = (x!,...,2") where each z' € R?. Further, let b = (b1,02)" € R? and 0 = 1. We
assume that b > 1, which is a necessary and sufficient condition for ||v —b|l2 < o = v > 0.

We first consider the convex minimization problem: min, g2 ||u||; subject to ||Du —
bll2 < 1, which has a unique minimizer u, as D is invertible for any 8 > 0. Further,
we must have ||Du, — b|l2 = 1 and us > 0. In light of this, the necessary and sufficient
optimality conditions for u, are: there exists A € R, such that 9||us||; +ADT (Du,—b) = 0,
and ||Dus — b||3 = 1. Since u, > 0, we have A > 0 and the first equation becomes
1+ /\DT(Du* —b) = 0, which further gives rise to Du, = b— %D‘ll. Substituting it into

V1432 1

the equation || Du, —bl|z = 1, we obtain A = ~Y——. This yields u, = (b1 — %, 5(b2— ﬁ))T

_ 1

1
= i

Note that for all 5 >0, 0 < % < 1 and so that 0 < ﬁ%\ < 1. Hence, uy > 0 in
view of b > 1.

It can be shown that the solution set of the BPDN is given by

Ho={we = (25, 20) [ sl = uslh, Awe = Du.}
= {(es, D) | Y llabll = Juely, Dol =us}
i=1 i=1

= {z, = (zl,...,27) | 2% = Nus, Z)\i =1, \; >0,Vi}.

i=1

Therefore, it is easy to show that the regularized BPDN with h(x) = ||z||3 has the unique
minimizer z, = (z%) with 2} = % for each i = 1,...,r. Since us > 0, we have z, > 0
such that Z(x,) is singleton with the single vector p = 1. Since A has full row rank, it
follows from Proposition 2.4.2 that (BPDNj) has a Lagrange multiplier if and only if
there exist constants p > 0, v > 0 such that z, 4+ up + vg = 0 for the unique minimizer

x4, where p = 1 and g = AT(Az, — b) = AT(Du, —b) = —11, where A = /1 + é

Since z, = %(u*, ..., Uy), constants p > 0 and v > 0 exist if and only if (u.)1 = (us)2 or
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1-82

Vs

Hence, for any § > 0, (BPDNj;) has a Lagrange multiplier if and only if b satisfies

equivalently (b — %) = by — BIT The latter is further equivalent to by = 8by +

by = Bby + LB and b > 1. The set of such b’s has zero measure in R?. For instance,

V1482
when § = 1, (BPDN}) has a Lagrange multiplier if and only if b = 6 -1 for all 6 > 1.

Thus the BPDN is not exactly regularized by h(x) = ||z||3 in general. O

2.4.2 Exact Regularization of Grouped BP Problem Arising From Group

LASSO

Motivated by the group LASSO (2.3), we investigate exact regularization of the
following BP-like problem: min ) ?_, |lzz |2 subject to Az = b, where {Z;}}_, forms a
disjoint union of {1,..., N}. We call this problem the grouped basis pursuit or grouped
BP. Here we set \;’s in the original group LASSO formulation (2.3) as one, without loss

of generality. It is shown below that its exact regularization may fail.

I
Example 2.4.3. Consider the grouped BP: min, ,cg2 [|z|]2 + [lyl[2 subject to +

Z2
YY1
= b, where b = (by,b2)” € R? is nonzero. Let v = 0 and # > 1. Hence, 2} = by,
BY2
y; = 0, and the grouped BP is reduced to miny, ,, /b7 + 3+ |y2| subject to zo+ Bys = ba,

which is further equivalent to

. / b2 — 9
(Ry) : mmin J(xg) := /b + 23 + —5

. . b i
It is easy to show that if by > T > (, then the above reduced problem attains the
unique minimizer x5 = b which satisfies V.J (x%) = 0. Hence, when by > b >,

V 18271 /5271

the unique solution of the grouped BP is given by x* = (by, by )T and y* = (0, (b —

VB2-1

38



\/L)/ﬁ)T. Now consider the regularized problem for oo > 0: min, ,epe [|]]2 + [lyll2 +

g2—1

I 0
2([|=)13 + |lyll3) subject to + = b. Similarly, we must have 27 = b; and

T2 BY2
y} = 0 such that the reduced problem is given by

) 2 5, lb2—xa| ar, 9, 1 2
(RQ) ;glé% bl+l’2+T+§(b1+x2+?(b2—$2))

We claim that if by > —4— > 0 with by %+ L5 b1, then the exact regularization fails

VB-1 521

for any a > 0. We show this claim by contradiction. Suppose the exact regularization

by
2

holds for some positive constant «. Hence, z5 = is the solution to the reduced

5

1
problem (Rz). Since VJ(z3) = 0, we have a(a?; + —5 (a5 — b2)> = 0. This leads to

*

xSy = %252, yielding a contradiction to by #

1432
Pt

fails. O

. Hence, the exact regularization

In spite of the failure of exact regularization in Example 2.4.3, it can be shown
that the exact regularization holds for the following cases: (i) max(|vy|,|5]) < 1; (ii)
min(|y|,|8]) > 1; (iii) y =0, 8 > 1, by = 0, and by # 0; and (iv) v = 0, f = 1, and
b1 # 0. Especially, the first two cases hint that the spectra of A47,’s may determine exact
regularization. Inspired by this example, we present certain sufficient conditions for which

the exact regularization holds.

Lemma 2.4.3. Consider a nonzero b € R™ and a column partition {Asz,}._; of a matriz
A € R™N “where {T;}1_, form a disjoint union of {1,...,N}. Suppose Aez, is invertible,
A:IllA.L. is an orthogonal matriz for each i = 1,...,s, and ||(A.L.)T(A.Il)_TA:IlleQ <

||A:Illb|]2 for each i =s+1,...,p. Then the exact regularization holds.
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Proof. Since A:IIIAb = A._Illb, we may assume, without loss of generality, that Asz, is

the identity matrix. Hence, Asz, is an orthogonal matrix for i = 2,...,s. We claim
Aer )T T . . . .
that z* = (( Isl) b, e (A'I;) b,(), ...,0) is an optimal solution to the grouped BP-like

problem. Clearly, it satisfies the equality constraint. Besides, it follows from the KKT

conditions that there exists a Lagrange multiplier A € R" such that

*
s

Hx*l'HZJr(A.L)TAZO, Vi=1,...,s; 0€ By(0,1)+ (Aez;))" N, Vji=s+1,....p.
Z;

Note that (i) A = —b/||b]l2; and (i) for each j = s+ 1,...,p, [[(Aez;)"Al2 < 1 in
view of [[(Aez,)Tbll2 < ||b]l2. Hence, z* is indeed a minimizer. Now consider the reg-

ularized grouped BP-like problem with the parameter o > 0. We claim that z* =

((A-Il)Tb (Aez)Td 0

L, ..., 2= 0,...,0) is an optimal solution of the regularized problem for any

sufficiently small o > 0. To see this, the KKT condition is given by

*

L. ~ o~
ﬁ—i—a.ﬁ:z—l—(A.zi)T)\:O,Vi:1,...,8;OEB2(0,1)+(A.Ij)T)\,Vj:s—l—l,...,p.
Z;

Hence, A = _(Hblllz + 2)b such that X2 =1+ 2|1b]|2. Since [|(Aez;)Tbll2 < [|b]l2 for

each j = s+1,...,p, we have H(A.Ij-)T//\\HQ = (”b1”2 +2)(Aaz) b2 < 1,Vji=s+1,...,p
for all sufficiently small o > 0. Hence, x* is a solution of the regularized problem for all

small o > 0, and exact regularization holds. O

If the exact knowledge of b # 0 is unknown, the condition that HA?L,A:I:C Aflleg <
HA:leng for each i = s+1,...,p can be replaced by the following condition: [[AZ; A._IF{ |2 <

1foreachi=s+1,...,p.
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2.5 Dual Problems: Formulations and Properties

We develop dual problems of the regularized BP as well as those of the LASSO and
BPDN in this section. These dual problems and their properties form a foundation for
the development of column partition based distributed algorithms. As before, {Z;}?_; is
a disjoint union of {1,...,N}.

Consider the problems (P;)-(P3) given by (2.5)-(2.7), where E € R™" and || - |x is
a general norm on R”. Let || - [|o be the dual norm of || - ||, i.e., ||z][o := sup {zTv||Jv[, <
1}, vV z € R". As an example, the dual norm of the ¢;-norm is the ¢o.-norm. When ||z, :=
>P ., llzz||2 arising from the group LASSO, its dual norm is ||z]je = max;=1,_p |27, |2-
Since the dual of the dual norm is the original norm, we have [|z|l, = sup {z”v||v[|o <
1},Vz € R". Further, let Bo(0,1) := {v|[|v]|s < 1} denote the closed unit ball centered at

the origin with respect to || - ||o. Clearly, the subdifferential of || - ||, at z = 0 is B,(0,1).

2.5.1 Dual Problems: General Formulations

Strong duality will be exploited for the above mentioned problems and their corre-

sponding dual problems. For this purpose, the following minimax result is needed.

Lemma 2.5.1. Consider the convex program (P) :inf.cp az—pcz<d J(2), where J(z) :=
|Ez||« + f(2), f:R" = R is a convex function, P C R™ is a polyhedral set, A,C,E are

matrices, and b,d are vectors. Suppose that (P) is feasible and has a finite infimum. Then

inf ( sup (E2) v+ f(2) +yT (Az —b) + pF (Cz — d)D
2€P Ny, p>0, [v]o<1

- v, uzﬁjlllgllogl <z127f9 [(EZ)TU + f(2) + ¥ (Az = b) + T (Cz — d)} )

41



Proof. Let J, > —o0 be the finite infimum of (P). Since P is polyhedral, it follows from
[6, Proposition 5.2.1] that the strong duality holds, i.e., J, = inf.cp [Supy#zo J(z) +
yT(Az = b) + p"(Cz —d)] = SUp,, >0 linf.ep J(2) + yT (Az — b) + ' (Cz — d)], and the
dual problem of (P) attains an optimal solution (yi, ) with p. > 0 such that J, =

inf,ep J(2) +yL (Az — b) + ul (Cz — d). Therefore,

Jo = inf [[Ezll + f(2) + Yi (Az —b) + i (Cz — d)

— i ( s [(Ez)Tv + f(2) + yil (Az = b) + 4y (Cz — d)D

z€P [v]lo<1
= sup ( inf [(EZ)TU + f(2) +yl(Az = b) + ul (Cz — d)D
loflo<t N =€P
< sup ( inf |:(EZ)TU + f(2) + yT (Az = b) + uT (Cz — d)D
y, 120, vflo<t N 2EP
< inf ( sup |:(EZ)TU + f(2) + yT (Az — b) + uT(Cz — d)D = J.,
2€P Y, MZQ ”U”OSl

where the third equation follows from Sion’s minimax theorem [73, Corollary 3.3] and the
fact that B,(0,1) is a convex compact set, and the second inequality is due to the weak

duality. O

In what follows, we consider a general polyhedral set of the following form unless

otherwise stated

C:={zeRV|Czx<d}, CeR”N deR" (2.9)

As before, {Z;}!_; is a disjoint union of {1,...,N}.
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e Dual Problem of the Regularized BP-like Problem Consider the regularized
BP-like problem for a fixed regularization parameter a > 0:

(8]
i E —|lz||? 2.10
W B+ Sk, (2.10)

where b € R(A) N AC with AC := {Ax |z € C}. Let u € RY. be the Lagrange multiplier for

the polyhedral constraint Cz < d. It follows from Lemma 2.5.1 with z = z and P = RY

that

o
. E = 2
min_ Bl + 5ol

= inf( sup [(Ex)TU—i'gHﬁng+3/T(A1’—b)+,uT(Cx—d)D
TNy, p>0, |v]lo<1 2

- swp (inf [(Eg;)% D22+ T Az — b) + T (Cx — d)D
Y, M207 “U”OSl z 2

p
«
= s (=W pTd Y inf [Sllanl+ ((ATy + ETo+ CTp)z) g ])
v, 10, [ullo<1 pr

12
= sup (—bTy—qu—%ZH(ATZ/‘FETU‘FCT“)LH;)’
i=1

Y, 120, [|v][6<1

This leads to the equivalent dual problem:

(D) :

1 & 2
(bTy—i—dTu—i—M;H(ATy—i-ETv—i—CTu)L. 2). (2.11)

min
Y, ,U'ZO: ||'U||<>S1

Let (Yu, fix, vi) € R™ x RY x B,(0,1) be an optimal solution of the dual problem; its exis-
tence is shown in the proof of Lemma 2.5.1. Consider the Lagrangian L(z,y, u,v) =
(Ex)'v + §||z|l3 + y"(Az — b) + p?(Cz — d). Then by the strong duality given in

Lemma 2.5.1, we see from V,L(Z., Y, pis,v«) = 0 that the unique optimal solution
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a* = (x7,)i_; of (2.10) is given by

1
r7, = —a(ATy*—i-ETU*—i-CTu*)I, Vi=1,...,p.

0

e Dual Problem of the LASSO-like Problem Consider the LASSO-like problem for

AeR™N e R™ and E € RV
in 2|4z — bJ} + | Ex] (2.12)
e 20 T Ol IR '
It follows from Lemma 2.5.1 with z = (z,u) and P = RY x R™ that

in Ll Az — b2 _ Ill13
m1n2HAx bll3 + | Ex|x = inf + || Ex||«

zeC zeC,u=Az—b 2
2

= inf ( sup { [C + (Bx)'v + 4T (Az — b —u) + pT (Cz — d) })

T, Y, /J'ZO’ ||U||<>S1 2

2
= sup (inf M+(Ex)TU+yT(A$_b_U)+MT(Cx—d))
Y, 120, [vflo<t N T 2

2
= sup ( —b'y — p"'d + inf <M _ yTu>
Y, 120, [[v][6<1 u 2
P
+ Zinf [(ATZ/ +ETv+ C’T,U,)L.]Tmzi),
=1 T

2
= sup {—bTy—%—,qu:(ATy—i—ETU—I—C'Tu)L:O,izl,...,p}.
y:,U'ZO: HUHOSI 2

This yields the equivalent dual problem

2
Wl2 |y gty s ATy BT o CT )z =0, i = 1,...,p}. (2.13)

D): {
( ) Y, 120, [[v]]6<1 2
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By Lemma 2.5.1, the dual problem attains an optimal solution (yx, fix, v«) € R™ X Rﬁ X
B,(0,1). Since the objective function of (2.13) is strictly convex in y and convex in (u, v),
Yx is unique (but (g, v4) may not).

The following lemma establishes a connection between a primal solution and a dual

solution, which is critical to distributed algorithm development.

Lemma 2.5.2. Let (yx, jix, vx) be an optimal solution to the dual problem (2.18). Then
for any optimal solution x. of the primal problem (2.12), Az, — b = y.. Further, if C is a

polyhedral cone (i.e., d =0), then |[Ex.|x = —(b+ ys) ys.

Proof. Consider the equivalent primal problem for (2.12): mingec az—b—u 3 [|ull3 + | Ez |,

and let (x4, us) be its optimal solution. Consider the Lagrangian

2
Ly ) = P02 4 (BT 4 (Ae — b — ) + 7 (Co — d).

In view of the strong duality shown in Lemma 2.5.1, (24, Uy, Ys, s, v«) is a saddle point of

L. Hence,
L(x*au*aynuvv) S L($*7U*7y*all*,v*)7 v y € Rm7 N € RZ 9 v E BO(O) 1)7
L(@ey Uy Ysy s Vi) < L@, Uy Yuey e, Vi), VzeRN, uweR™.

The former inequality implies that VyL(2y, t«, Ys, ftx, v+) = 0 such that Az, —b— u, = 0;
the latter inequality shows that V,L(x., us, Ys, e, vx) = 0, which yields u, — y. = 0.
These results lead to Az, — b = y,. Lastly, when d = 0, it follows from the strong
duality that 1||Az, — 0|3 + ||Ezs|s = —bTy. — $|ly«l|3. Using Az, — b = y., we have

|Exylle = =0Ty — [ly«ll3 = —(b+ ) v O
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e Dual Problem of the BPDN-like Problem Consider the BPDN-like problem with
o> 0:

min ||Bal, = |Ex].. (2.14)

inf
zeC, ||Az—b||2<o z€C, u=Az—b, ||ul|2<c

where we assume that the problem is feasible and has a positive optimal value, ||blj2 > o,
and the polyhedral set C satisfies 0 € C. Note that 0 € C holds if and only if d > 0.

To establish the strong duality, we also assume that there is an Z in the rela-
tive interior of C (denoted by ri(C)) such that ||[AZ — b||2 < o or equivalently, by [60,
Theorem 6.6], there exits u € A(ri(C)) — b such that ||ull2 < o. A sufficient condi-
tion for this assumption to hold is that b € A(ri(C)). Under this assumption, it fol-
lows from [60, Theorem 28.2] that there exist y, € R™, p, > 0, and A, > 0 such that
inf, 0, it oo |12l = infoce.u | Bl 4y (Ax—b—u)+ A (Jul—0?) + 47 (C—d).

By the similar argument for Lemma 2.5.1, we have

min |Ex|, = inf | Ex||«
z€C,||Az—b||2<o 2€C,u=Az—b,|ull2<o
=t (o LB Ml - 0?)
zeC,u

Y, /~L207 ”U”OSL AZO

+yT(Az — b — ) + uT(Cz — d) })

- sup (inf (Ez) v+ A(J|ull2 — 02) + y7 (Az — b — u) +uT(Cx—d)>
y,HZO: HUHOSLAZO zu
£ sup (inf (Ex)Tv 4+ A(||lul|3 — 02) + yT (Az — b — u) —{—,uT(C':U—d))
Y, 120, [|v]|e<T,AS0 N Y
= sup (—bTy—,qu—)\JQ—i—inf (Alull3 — y"u) +
Y120, ||[v]| 6 <1,A>0 uw
Z inf (ATy + ETv + C’T,u)L.)T:L‘L.])
=1
2
o —bT . Td—)\ 2_||y”2:
o (v 08

y:/j‘207||v||0§1aA>0

(ATy + ETv+ CTp)z, =0, izl,...,p}
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Here the reason for letting A > 0 in the 4th equation (marked with £) is as follows:

suppose A = 0, then

sup { inf [(Ex)Tv +yT(Az —b) + p* (Cx — d)] + inf yT(—u)}
yp0,oflo<1 * 7 !

= sup { inf [(EJJ)TU +yT(Az —b) + uT(Cx — d)} + inf yT(—u)}
y=0,u>0, [lvflo<1 > % v

= sup <inf {(Ex)Tv +uT(Cx — d)D

p>0, fJvflo<t M ¥

< inf ( sup |:(ECC)TU +ul(Cx — d)D = inf ||Ex|. <0,

TN >0, [Jvflo<1 zeC
where we use the fact that 0 € C. This shows that the positive optimal value cannot be
achieved when A = 0, and thus the constraint A > 0 in the 3rd equation can be replaced
by A > 0 without loss of generality. Besides, in the second-to-last equation (marked with

=), the constraint y can be replaced with y # 0 because otherwise, i.e., y = 0, then we

have, in light of x> 0 and d > 0,

lyll3

sup {—bTy—,qu—)\UZ— 5

y=0,120,||v[lo<1,A>0

(ATy—i-ETU—i—CTu)L. =0, i:1,...,p}

= sup {—)\UQ—MTd:(ETv—l—CTu)L.:O,izl,...,p}go,
p20, [|v]lo <1,A>0
which cannot achieve the positive optimal value. Hence, we only consider y # 0 whose

corresponding optimal \, = ”gﬂQ in the second-to-last equation is indeed positive and thus
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satisfies the constraint A > 0. This gives rise to the equivalent dual problem

(D) s ming >0, vllo<1 { Vly+olylla +d¥u : (ATy+ ETo+CTu)z, =0, i=1,...,p }
(2.15)

By the similar argument for Lemma 2.5.1, the dual problem attains an optimal
solution (Y, is, vsx) € R™ x Rﬁ_ X B,(0,1) along with A\, > 0. The following lemma
establishes certain solution properties of the dual problem and a connection between a
primal solution and a dual solution, which is crucial to distributed algorithm development.
Particularly, it shows that the y-part of a dual solution is unique when C is a polyhedral

cone.

Lemma 2.5.3. Consider the BPDN (2.14), where ||bll2 > o, 0 € C, and its optimal value

is positive. Assume that the strong duality holds. The following hold:

(i) Let (Ys, ps, v4) be a dual solution of (2.15). Then y. # 0, and for any solution x,
of (2.14), Az, — b = ﬁ Further, if C is a polyhedral cone (i.e., d = 0), then
Bl = =0Ty — ollys |-

(it) Suppose d = 0. Let (Yx, fx, v5) and (Y, pl,vl) be two arbitrary solutions of (2.15).
Then y, = y...
Proof. (i) Consider the equivalent primal problem for (2.14): mingec, Az—b—u, |julla<o £ ]|x,
and let (x4, us) be its optimal solution. For a dual solution (yx, i, vs), we deduce that
Y« # 0 since otherwise, we have — (b7 y,+0||y«||2+d? pu«) < 0, which contradicts its positive
optimal value by the strong duality.

Consider the Lagrangian

Lia,w,y, 1,0, 0) = (B2) o+ 4" (Az —b—w) + A(Jul}3 - 0%) + 4" (Cz - d).
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By the strong duality, (2., U, Y, fix, Vs, Ax) is a saddle point of L such that

L(‘r*?u*?ynu’avv)‘) S L(x*vu*ay*nu’*av*a)\*)v
VyeR™, ,uE]RZ, v € B,(0,1), A € Ry;

L(Zgy U, Yos flos Vss As) < L(Z, 0, Yy fln, Vs, i), ¥V z € RN, 4 € R™,

The former inequality implies that VyL(x«, U, Ys, fix, Vs, Ax) = 0, yielding Az, —b—u, =0,
and the latter shows that V., L(x, Us, Y, fhx, Vs, Ax) = 0, which gives rise to 2\ usx = Yx.

Since y. # 0, we have A\, > 0 which implies ||u|]|2 — ¢ = 0 by the complementarity

relation. It thus follows from 2\ u. = y. and |lu||2 = o that A\, = ”%*;”2. This leads to
U = 5= = ”Zfl"h. Therefore, Az, — b = u, = HZij\*\z' Finally, when d = 0, we deduce via

the strong duality that ||Ez.||s = —bTyx — o||ys]|2.
(ii) Suppose d = 0. Let (Y, px,vs) and (yl, pl,v.) be two solutions of the dual
problem (2.15), where y. # 0 and vy, # 0. Then bTy, + olly«ll2 = Loyl =

—||[Fz||x+ < 0. Therefore, ||y*|]2(bTHi*H2 +a) = ||y;|]2(bTH5H2

+a) and bT”y*“ + 0o < 0.

It follows from Proposition 2.2.1 that for any solution x, of the primal problem (2.14),

Az, —bis constant. By the argument for Part (i), we have Az, —b = u, and Az}, —b = ),

~

OYs

Mol Hence, %~ = % such that
N

P llyill2

such that u, = ul, and u, = and ul, = s

pr Y= 4 5 =pT y*” + o0 < 0. In light of ||y«||2 (

Ty-T2 o +0) = [lyll2 (07 L 4 o), we

AR

Iy*llz

!
have ||y.|l2 = Hy>IkH2 Using Hyyﬁ = Z;]

yhll2

again, we obtain y, = /.. O

Remark 2.5.1. The above dual problem formulations for a general polyhedral set C are

RN is a dense matrix;

useful for distributed computation when ¢ <« N, even if C €
see Section 2.6. When both N and ¢ are large, e.g., C = Rf , decoupling properties of C

are preferred. In particular, consider the following polyhedral set of certain decoupling
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structure:

C = {zv=(2g)r, eRY|COg 2z, <dz,, i=1,...,p}, (2.16)

where Oz, € R4*I%il and dz, € R% for each i = 1,...,p. Let £ := Y7 £;. Also, let
p o= (pz,)f_y with pg, € ]Rﬁf be the Lagrange multiplier for C. The dual problems in
(2.11), (2.13), and (2.15) can be easily extended to the above set C by replacing u'd with

b ,u£ dz, and (ATy + ETv + CTp)z, with (ATy + ETv)z, + C%HL» respectively. For

example, the dual problem of the regularized problem (2.10) is:

P
(D) : min (bTy + Z ,u%_dzi +

p
v, 120, [jollo<1 > |[(ATy + ETv)z, + CL iz,
kl _Y o= Z:1 1/:1

1
200 4

)

p
i=1

Moreover, letting (yx, fix, v«) be a dual solution, the unique primal solution z* = (z7.)
— « _ _1[qgr T T L
is given by 27 = —2 (A ys+F v*)z_ +C7, (ps)z; |, Vi =1,...,p. Further, Lemmas 2.5.2

and 2.5.3 also hold for a primal solution x, and a dual solution y,.

¢ Reduced Dual Problems for Box Constraints Consider the box constraint set
C:=[l1,u1] X+ X [ln,un], where —oo < I; < u; < +oo for each i =1,..., N. We assume
0 € C or equivalently I; < 0 < u; for each ¢, which often holds for sparse signal recovery.
We may write C = {z € RN |1 < x < u}, where 1 := (I,...,Iy)T and u := (uy,...,un)’.
The dual problems for such C can be reduced by removing the dual variable p as shown
below.

For any given [; < 0 < wu; with [; < u; fori =1,..., N, define the function §; : R — R

as

0;(t) == % — (t — My, 0 () =2 — (min(t — &, (wi —1)-))°,  VteR. (2.17)
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Hence, 6; is C! and convex [17, Theorem 1.5.5, Exercise 2.9.13], and 6; is increasing on R,
and decreasing on R_, and its minimal value on R is zero. When C = RY, 6;(s) = 52,V i;
when C = RY, 6;(s) = (s4)%,Vi.

Define the index sets Lo 1= {i|l; = —o00, u; = +oo}, Ly = {i]|l; is finite, u; =
+oo}, Lo :={i|l; = —o0, u; is finite}, and Ly :={1,..., N} \ (Looc ULy U L_). Further,

define the polyhedral cone

K = {(y, v) € R™xR" | (ATy—I—ETU)EOO =0, (ATy—I—ETv)g+ >0, (ATy+ETU)57 < 0},

and the extended real valued convex PA function

gy,v) = Y (<L) [(ATy+ ETv)i], + > ui- [(ATy + ETv)i]
€Ly €L
+ 3 {1 - [(ATy + BT )]++ui-[(ATy—|—ETv)i]_}, v (y,0) €K,
€Ly

and ¢(y,v) := 4oo for each (y,v) & K. Note that g(y,v) > 0,V (y,v) € K. When the box
constraint set C is a cone, then K = {(y,v) | ATy + ETv € C*} (where C* is the dual cone
of C), and the corresponding g(y,v) = 0 for all (y,v) € K. Using these results, we obtain
the following reduced dual problems:

(i) The dual of the regularized BP-like problem (2.10):

N

Z - ATy+ET ),)-

vl ® —

(ii) The dual of the LASSO-like problem (2.12):

2
min (bTy + ”3/2||2

+g(y,v)).
lvlle <1, (y,v)EK ( ))
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(iii) Under similar assumptions, the dual of the BPDN-like problem (2.14):

min by + ollyll2 + g(y,v)).
||U||<>S17(yzv)€’c ( H H ( ))

The dual problems developed in this subsection can be further reduced or simpli-
fied for specific norms or polyhedral constraints. This will be shown in the subsequent

subsections.

2.5.2 Applications to the /;-norm based Problems

Let || - ||+ be the ¢1-norm; its dual norm is the ¢s-norm. As before, C is a general

polyhedral set defined by Cz < d unless otherwise stated.

¢ Reduced Dual Problem of the Regularized BP-like Problem Consider two cases
as follows:
Case (a): E = Iy. The dual variable v in (2.11) can be removed using the soft

thresholding or shrinkage operator Sy : R — R with the parameter x > 0 given by

s—k, ifs>k

1
Sk(s) := argmin §(t —5)* +klt| = 0, if s € [—k, K]
teR

s+k, ifs<-—k

\

When x = 1, we write S,(-) as S(-) for notational convenience. It is known that S2(-) is
convex and C'. Further, for a vector v = (v1,...,v;)" € R¥, we let

S(v) := (S(v1),...,S(ve))" € R™. In view of min < (¢ — 5)2 = S?(s),Vs € R whose
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optimal solution is given by t. = II|_; 1)(s), the dual problem (2.11) reduces to

2
: - T T, * _ (AT T 2
(D) : Jmin, (b y+p'd+ 5 Z»:EI 1S(—(Ay+C u)zi)HQ). (2.18)

Letting (y«, p«) be an optimal solution of the above reduced dual problem, it can be
shown via the strong duality that for each Z;, (vi)z, = w( — (ATy, + CT,u*)L.), where
Y(v) == (H_yqy(v1), ..., Ty gy (vg)) for v € RF. Thus the unique primal solution z* is

given by: Vi=1,...,p,
. 1 1
vy = (ATy*+CTu*)L+¢(—(ATy*+CTM*)L,)} - —aS((ATy*—FCT,u*)L.). (2.19)
When C is a box constraint set, the equivalent dual problem further reduces to

(D): min [bTy + % i 6; o ( - éS((ATy)Z)) } (2.20)

cR™
Y i—1

Letting y. be a dual solution, the unique primal solution z* is given by
* . 1 T :
x; = max-< l;, mm(—aS((A y*)z),uz) , Vi=1,...,N.

In
Case (b): £ = for some matrix F € R**N. Such an E appears in the ¢;

F
penalty of the fused LASSO. Let v = (¢v/, 7). Noting that [|v]jcc <1 || |lo < 1,[|7]|00 <

1, and ETv =o' + FT%, we have

. 1 & N
(D) : min (bTy—irp,Td—irM;HS(—(ATy—i—FTU—FCTM)L.) \3). (2.21)
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Letting (y«, pix, Ux) be an optimal solution of the above reduced dual problem, it can be
shown via the similar argument for Case (a) that the unique primal solution z* is given
by

1 ~ .
r7, = —aS<(ATy* + FT%, + C’T,u*)zi), Vi=1,...,p. (2.22)

Similarly, when C is a box constraint set, the equivalent dual problem further reduces to

N
O el [Py g e (-gs((v )]

and the primal solution x* is expressed in term of a dual solution (y.,v.) as

x; = max{li, min(— és((ATy*-FFT@)z‘)v Uz)}7 Vi=1,...,N.

e Reduced Dual Problem of the LASSO-like Problem Consider the following cases:

Case (a): E = M\ for a positive constant A\. The dual problem (2.13) reduces to

2
(D) : yn;lglo {Hy2’2 + o y+dp: |(ATy + CT )z oo < N, 0= 1,...,p}. (2.23)

2
Particularly, when C = R¥ it further reduces to IMiny A7y <) Hy2”2 +bTy; when C = Rf,
in light of the fact that the inequality w 4+ v > 0 and ||v|l < 1 is feasible for a given

vector w if and only if w > —1, we see that the dual problem (2.13) further reduces to

2
minyr,>_q ”‘y2”2 + by,
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My
Case (b): F = for some matrix F € R¥*N and A\ > 0. Such an E appears

F
in the ¢; penalty of the fused LASSO. The dual problem (2.13) reduces to

2 ~ .
(D)= miny ;>0 7)<t {HyQHQ +oly+dPp: [(ATy + FI5 + CTp)z]loo <A, i=1,...,p }

(2.24)

2
Particularly, when C = RY it further reduces to MDY ATy 4 FTF]| oo <N, [7]]0o <1 ”yQHQ +bTy.

¢ Reduced Dual Problem of the BPDN-like Problem Consider the following cases
under the similar assumptions given below (2.14) in Section 2.5.1:

Case (a): E = Iy. The equivalent dual problem (2.15) becomes

(D) min {bTy+a||yH2+dT,u ATy + CT )z e < 1, i = 1,...,p}. (2.25)

[Nt

When C = R¥ it further reduces to Min A7y <1 bTy + o|lyll2; when C = RY, the dual

Ylloo
problem (2.13) further reduces to minyr,~ 1 b7y + ofyll2.

Iy
Case (b): F = for some F' € RF*N. The equivalent dual problem (2.15)

F

reduces to

(D) : miny,uzo, 9]0 <1 {bTy +ollylz + dT:u : H(ATy + FTo + OTN)L‘HOO <lLii=1,...,p }
(2.26)

Particularly, when C = R¥ | it further reduces to M ATy 4 PTF|| o0 <1, [[5]]o0 <1 bly + ol|yl|2-
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2.5.3 Applications to Problems Associated with the Norm from

Group LASSO

Consider the norm ||z, := Y%, ||z,||2 arising from the group LASSO, where its

dual norm ||z||e = max;—1__p ||zz]2-

e Reduced Dual Problem of the Regularized BP-like Problem We consider
E = Iy as follows.

Case (a): C is a general polyhedral set defined by Cx < d. Given a vector w, we

see that
P 2 b 2 L 2
min Z v—w)z ||, = min Z v — W), :Z min ||lvz, — wz, ||,.
lollo<1 = o=z, (maxi=1,._.p vz, |l2) <1 o= wzl, P ||inH2§1H oo

Let Sy, (2) = (1 — L) +z,Vz € R™ denote the soft thresholding operator with respect

[[2[l2
to the fo-norm, and let B2(0,1) := {z|||z|l2 < 1}. It is known that given w, z, =
I, 0,1)(w) = w = Sjj, (w) and [z —wl|3 = S}, ()] = [([[wll2 — 1)+]*. Applying these

results to (2.11), we obtain the reduced dual problem

p

. 1
(D):  min (b +uTd+ 5 ; [(H (ATy + ")z,

, - 1)+}2). (2.27)

Letting (y«, p«) be an optimal solution of the problem (D), the primal solution is given
by

7, = —aS”.HQ ((ATy* + C’T,u*)zi>, Vi=1,...,p. (2.28)

The above results can be easily extended to the decoupled polyhedral constraint set given

by (2.16).
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Case (b): C is a box constraint with 0 € C. In this case, the dual variable p can be
removed. In fact, it follows from the results at the end of Section 2.5.1 that the reduced

dual problem is

min, (. yr_ b [bTTy + 92 jer 0j< — 1 ((Aez)Ty + UL)j)}’ subject to vz |2 <1, i=1,...,p,
(2.29)
where the functions ;s are defined in (2.17). Given a dual solution (y.,vs), the pri-

T
%71112.)) for i = 1,...,p. When the

mal solution 5 = max (Iz,, min(—
box constraint set C is a cone, the above problem can be further reduced by removing

v. For example, when C = RY, the reduced dual problem becomes mingcgm (bTy +

5= > (1 Aez) Pyl — 1)+]2 ), and the primal solution z* is given in term of a dual
solution y. by 27 = — L8, ((Aez,)Tys) for i = 1,...,p. When C = RY, the reduced

dual problem becomes: minyegm (b7y+ 5= 301 [([[[(Aez,) T y]-[|2 — 1)+} 2 ). Given a dual

solution ¥4, the unique primal solution x* is given by:

a7, = | - é((A-L)Ty*M + ;5||-|2(((A-L)Ty*)—)}+, Vi=1,...,p.

¢ Reduced Dual Problem of the LASSO-like Problem Let E = A\ for a positive
constant \. For a general polyhedral constraint Cz < d, the dual problem (2.13) reduces

to

2
0 min {12447yt ATy Tzl < =1} (230)

When C = RY, the dual problem becomes min, (b”y + ||y2||§) subject to ||(Aez,)Ty|l2

IN

IA

C_ _ N I, T, o i3 -
Ai=1,...,p. When C = R¥, the dual problem is min, (b”y + *52) subject to [v]
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1, ATy + Av > 0, which is equivalent to |lvz, |2 < 1,(ATy)z, + vz, > 0foralli=1,...,p.
Note that for a given vector w € R¥, the inequality system v +w > 0, ||v||2 < 1 is feasible
if and only if w € Bs(0,1) + R’i. Hence, when C = Rf , the dual problem is given by

miny (b7y + %) subject to (ATy)z, € Ba(0,\) + R‘f' foralli=1,...,p.

¢ Reduced Dual Problem of the BPDN-like Problem Let E = I. Suppose the
similar assumptions indicated in Section 2.5.1 hold. For a general polyhedral set C, the

dual problem (2.15) reduces to

D): min {67y +olyle+dTp: [(ATy+CTpzl <1, i=1,.p . (231)

y

When C = R, the dual problem is min, (b”y + o|y[|2) subject to ||(Aez,)Tyll2 < 1,7 =
1,...,p. When C = Rf, the dual problem is min, (bTy + J||y|\2) subject to (ATy)z, €

B»(0,1) —|—R‘f| foralli=1,...,p.

2.6 Development of Column Partition based Distributed Algorithms

In this section, we develop column partition based distributed schemes for the
LASSO-like problem (2.12) and the BPDN like problem (2.14), which include a board
class of convex sparse optimization problems as special cases. As a by-product, column
partition based distributed schemes are also developed for the regularized BP-like problem
(2.10).

Consider a network of p agents modeled by a graph G(V, ), where V = {1,...,p}
is the set of agents, and £ denotes the set of edges, each of which connects two agents in
V. For each i € V, N; denotes the set of neighbors of agent . The following assumptions

are made throughout this section:
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A.1 The graph G(V,€) is undirected and connected,;

A.2 The matrix A € R™ attains a column partition {Aez, };_,, where {Zy,...,Z,}
is a disjoint union of {1,...,N}. Each agent i knows A.z,, b, and possibly other

information but does not know Aez,’s with j # .

The assumption A.2 is motivated by the fact that m < N and each agent has
limited memory in the large scale problems indicated in Section 2.1. We also consider a
general polyhedral set C given by (2.9) satisfying ¢ << N or having decoupling structure

given by (2.16), e.g., the box constraints.

2.6.1 Structure of Column Partition based Distributed Schemes

We first present a general structure of the proposed column partition based dis-
tributed schemes for the LASSO/BPDN-like problems. Recall that these problems are
densely coupled but not exactly regularized in general (cf. Section 2.4.1). However,
it follows from Proposition 2.2.2 that if Ax, is known, where x, is a minimizer of the
LASSO/BPDN-like problem, then an exact primal solution can be solved via the dual of
a regularized BP-like problem using column partition of A, under exact regularization. To

find Az,, it follows from Lemmas 2.5.2 and 2.5.3 that Az, = b+y, (resp. Az, = b+ IIZfl*Iz ),

where y, is a dual solution to the LASSO (resp. BPDN)-like problem. Since the dual of the
LASSO/BPDN-like problem can be solved distributively using column partition of A, this
yields column partition based two-stage distributed schemes summarized in Algorithm 1.
See Section 2.3 for more illustration.

The dual problems used in each stage of Algorithm 1 have been derived in Sec-
tion 2.5. We will show that these dual problems can be formulated as separable or lo-

cally coupled convex optimization problems to which a wide range of existing distributed
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schemes can be applied. For the purpose of illustration, we consider operator splitting
method based schemes including Douglas-Rachford (D-R) algorithm and its variations
[15], [26], consensus ADMM (C-ADMM) schemes [47], and inexact C-ADMM (IC-ADMM)
schemes [10]. Specific distributed schemes in each stage are given in the next subsections.
It should be pointed out that it is not our goal to improve the performance of the existing
schemes or seek the most efficient existing scheme but rather to demonstrate their appli-
cability to the obtained dual problems. In fact, many other synchronous or asynchronous

distributed schemes can be exploited under even weaker assumptions.

Algorithm 1 Two-stage Distributed Algorithm for LASSO/BPDN-like Problem: General
Structure

1: Initialization

2: Compute a dual solution y, to the LASSO-like problem (2.12) or BPDN-like
problem (2.14) using a column partition based distributed scheme;

3: Solve the dual of the following regularized BP-like problem for a sufficiently
small o > 0 using y. and a column partition based distributed scheme:

) : Q2
tBPLASsO ¢, min o B+ Sl (2.32)
or
r-BPRppN : min 1Bz, + =22, (2.33)
Ax:b—i—“‘;fl*b, zeC 2

4: Output: obtain the subvector 7 from a dual solution to (2.32) or (2.33) for each
1=1,...,p

Remark 2.6.1. Before ending this subsection, we discuss a variation of the BP formula-
tion in the second stage for an important special case by exploiting solution properties of
(2.12) and (2.14). Consider E = XAy with A > 0 and C is a polyhedral cone (i.e., d = 0),
and let y, be the unique dual solution to (2.12) or (2.14). For (2.12), by Lemma 2.5.2 and
E = My, we have Az, = b+y, and \||z.|1 = —y! (b+ y.) for any minimizer z, of (2.12),

noting that ||z.||; is constant on the solution set by Proposition 2.2.1. Suppose x, # 0 or

equivalently b + y. # 0. Then [|z.|1 = _%y*T(y* +b), and Az, A(y«+b)

= — . Consider
[ENIE y¥ (y«+b)
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the scaled regularized BP (or scaled r-BP) for a > 0:

)‘(y* + b)

, z€C. 2.34
yT (y. +b) (2.34)

. o 2
-~ b Az=—
min flzfly + S ll2llz st. Az

Once the unique minimizer z, of the above r-BP is obtained (satisfying ||z«|1 = 1), the
least 2-norm minimizer x, of the LASSO-like problem is given by x, = —%y:{ (Y + b) 2.

Similarly, for (2.14), by Lemma 2.5.3 and the assumption that the optimal value of (2.14)

is positive, we have —b” 'y, — o ||y«||2 > 0. Hence, z, can be solved from the following scaled
r-BP:
b4 Ty
. Q2 [[y-Il2
min ||z||1 + =||z||5 st. Az = ————"—, x€(C. 2.35
JCRN H ||1 2H H2 bTy*—i-aHy*Hz ( )

Once the unique minimizer z, is obtained (satisfying ||z«||1 = 1), the least 2-norm mini-
mizer z, of the BPDN-like problem is given by z, = — (b7 ys + 0|y« ||2) 2.

The advantages of using the scaled r-BP (2.34) or (2.35) are two folds. First,
since ||z.||1 may be small or near zero in some applications, a direct application of the
1-BP1,Agq0 or 1-BPpgpp using y« in Algorithm 1 may be sensitive to round-off errors.
Using the scaled r-BP (2.34) or (2.35) can avoid such a problem. Second, the suitable
value of « achieving exact regularization is often unknown. A simple rule for choosing

such an «v is [38]: o < , where Z # 0 is a sparse vector to be recovered. An estimate

1
10(|Z[[os

of the upper bound of « is in view of ||Z]|1 > ||Z]/cc. When the scaled r-BP (2.34)

1
10([z[x

or (2.35) is used, we can simply choose a < & as ||z [y = 1.
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2.6.2 Column Partition based Distributed Schemes for the Standard LASSO-

like Problem

Consider the standard LASSO-like problem, i.e., the LASSO-like problem (2.12)
with E = My for a constant A > 0, || - ||« = || - ||1, and a general polyhedral set C given by

(2.9).

Stage One. We solve the dual problem (2.23), i.e.,

2
min {M + oy +dip: (ATy + CT )z, || < )\,W}.
y,u>0 2

Consider £ < N first. Let y := (y1,...,yp) € R™ and p := (uy,...,p,) € RCP.

Define the consensus subspace A, and the consensus cone A,:

Ay = {ylyi=y;, V(,j) €&}, (2.36)

A, = {[,LZO’IJ/i:/J/jvv(iaj)eg}‘ (2.37)

Hence, the dual problem (2.23) is equivalent to the consensus convex optimization prob-

lem:
P
min Ji(yi, i), st (yi, ;) € Wi, Vi, 2.38
(y,IL)eAyXAy, ; ’l(yl /J‘z) (yl IJ’Z) 7 ( )
where for each ¢ = 1, ..., p, the function

Lrllyi 2
Ji(yi, 1) = p(”2”2 +bTyi+dTui), (2.39)

and the set W; = {(yi, ;) | [|(Aez;)Tyi + (Coz,)T 1tillco < A}. To present distributed

schemes for (2.38), the following notation is used: let w := (y, u) € R™ x R and w; :=
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(yi, ;) € R™ x R for each i. Let w¥ := (y*, uF) € R™P x R, zF = (zk,2k) e R™P x R,

wh = (yF, uk) e R x RY, and z} = ((25)i, (z):) € R™ x Rf for each i = 1,...,p.

1.1) Distributed Averaging based Operator Splitting Scheme. Given y = (y;)t_;, let
y =1® [% P yi] denote the averaging of y. Similarly, fr denotes the averaging of

p = (p;)t_;. Such averaging can be computed via a distributed averaging scheme, e.g.,

[90]. A distributed averaging based operator splitting scheme [15] is shown in Algorithm 2.

Algorithm 2 Distributed averaging based operator splitting scheme for solving (2.38)

1: Initialization with suitable constants n > 0 and o > 0

2: repeat o

3 Compute wit! = (zk, (z,)+) via a distributed averaging scheme

4: zf“ = zf + Q[HWZ. (2{7vf+1 — zf — nVJi((Vka)i)) — v~vf+1} foreachi=1,...,p
5 k+k+1

6: until Stopping criterion is met

7: Output: obtain a dual solution y, = (%)Z for each 1.

1.2) Consensus-ADMM (C-ADMM) Scheme. A distributed consensus-ADMM

scheme is given in Algorithm 3.

Algorithm 3 Distributed C-ADMM scheme for solving (2.38)

1: Initialization with a suitable constant n > 0

2: repeat
8 Pl =pl Y en (Wh—wh) fori=1,....p
k k
1 . 1 wWItWE 2 .
4: wf*‘ = argminy,—(y, u.) Ji(wi) + WZTp;H— + 7723’6/\& w; — ——5—~ H2 subject to

w; = (yi, ;) €EWi, m; >0foreachi=1,...,p

5 k+—k+1
6: until Stopping criterion is met
7. Output: obtain a dual solution y, = y¥ for each i.
1.3) Local Averaging based Douglas-Rachford (D-R) Scheme. Recall w; = (yi, ;)
for each i. Foreachi =1,...,p, define x; := (w;, (W4;) en;) with w;; denoting local copies

of w;’s for agent i [26], the set AY = {x;|p; > 0, w; = w;;, Vj € N;}, and Ji(x;) =
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Ji(wi)+6 41 (x;)+ 0w, (W;), where & denotes the indicator function. Similarly, define u; :=

. . _ —LA ,—LA
(Wi, (Wi;)jen;) for each i. Given u = (u;)]_;, we also define uh = (w/; (Wi )jens)
here W, = Wit = L (w! ) for all j € N; denotes the local i
where W/, = w';;" = W(Wi + D sen; Wy;) for all j € N; denotes the local averaging

[26]. This leads to Algorithm 4.

Algorithm 4 Local averaging based Douglas-Rachford (D-R) scheme for solving (2.38)

1: Initialization with suitable constants n € (0,1) and p > 0
2: repeat
—TLA

3 xfl=uk Vi=1,...p

k1 k41 k1Y v/
4wt :ufJr277(p1r0xpji(2xi+ —uf) —xt ), Vi
5 k<« k+1
6: until Stopping criterion is met o
7. Output: obtain a dual solution y, = (u*); for each i.

Remark 2.6.2. The values of the parameters for convergence of the above schemes are
as follows: (i) 0 <n < % and 0 < p < 2— % for Algorithm 2, where L > 0 is the Lipschtiz
constant of Y 7_, V.J; [15]; (ii) n > 0 for the C-ADMM scheme (Algorithm 3) [47]; and
(iii) n € (0,1) and p > 0 for the local averaging based D-R scheme (Algorithm 4). Similar

values can be found for the subsequent schemes.

We then consider the case where ¢ is large and C € RN is given by (2.16), i
C = {z = (z1,)!_, € RN |Cp,7, 77, < dr,,Vi}. Recall that pu := (ug,)t_, € R with
pe, € R4, By Remark 2.5.1 and Section 2.5.2, the dual problem (2.23) is equivalent to

the consensus convex optimization problem:

min ZF Vi pic,)s st (yi, pe,) € Us, Vi, (2.40)
(y,p EAyx]Rﬁ =1
where, fore each ¢ = 1,...,p, the function
N
i(yis pe,) = A b'yi) +dz,pc, (2.41)
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and U := {(yi, pe,) | |(Aez)Tyi + (Cr.z) i, lloo < A}

1.4) Distributed Averaging based Operator Splitting Scheme for (2.40). Let w :=
(v, 1), Wi == (¥, fic,), and z = (zy,2,). The following operator splitting scheme can be

used for suitable constants n > 0 and o > 0 [15]:

WA = (b, (2)4) (2.42a)
@t = 11, <2wk+1 — VE((®FH), )) Vi (2.42b)
Zit =2+ o(WT - W), Vi=1,...,p (2.42¢)

where in (2.42a), zk is computed via a distributed averaging scheme, and the projection

(Z/]j)+ is easily implemented distributively. The output is a dual solution y, = (%)Z,Vz

1.5) C-ADMM Scheme for (2.40). To develop a distributed C-ADMM scheme,
it is easy to see that for any fixed y;, hi(y) := min, >0 >0 Fi(yi, pc;) subject to
(vi, pic;) € Ui is a real-valued convex function. Thus the sub-gradient of h; always exists,

yielding Algorithm (2.43) for some 1 > 0.

= qf + 1 Z Vi (2.43a)
JEN;
(y' k+1  k+1 : Fov: T (k+1)
Ty ) = arg min i((Yis be) + Y5 q;

(Yisbc; )€U, prc, >0

Y +yj()‘

L Vi (2.43b)

JEN;

The output is a dual solution y, = yf for each 1.

Stage Two. The 2nd stage is defined by the regularized BP-like problem (2.10)

with the regularization parameter a > 0 and b replaced by b + y,. Further, A = 1 such
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that £ = Iy. When || - ||« is the £1-norm, Corollary 2.4.2 shows that exact regularization
holds, i.e., the regularized problem attains a solution to the original BP-like problem for
all small a > 0.

Consider ¢ <« N first. Using the consensus subspace Ay in (2.36) and the consen-

sus cone A, in (2.37), the reduced dual problem (2.18) becomes the consensus convex

optimization:
P
min GZ iy M) 2.44
B, D il (2.44)
where for each ¢ = 1,...,p, the function
Gilys 1) = ~(8Tyi+dTp;) + —1S( = (Aez.) Ty — (Coz) 1) |2 2.45
z(szHz) = D yi+d p; +2OLH ( ( 'L’) yi ( 'L’) Hz)“g' ( : )

k. zf for each

The same notation introduced below (2.39) is used, e.g., w, w;, w* wk z
i=1,...,p. Further, given y = (y;)?_; and p = (p;)t_;, let ¥ and @ be the averaging of

y and p, respectively.

2.1) Distributed Averaging based D-R Scheme. Algorithm 5 presents a distributed

averaging based D-R scheme.

Algorithm 5 Distributed averaging based D-R scheme for (2.44)

1: Initialization with suitable constants n € (0,1) and p > 0

2: repeat

3. Compute wFt! = (%, (%)Jr) via a distributed averaging scheme
4: zf“ = zf + 2n<proxpGi (2W£ngl — zf) — Wf“), Vi

5 k< k+1

6: until Stopping criterion is met

7: Output: obtain (y., pus) = ((25)i, (2},)+):) for each 1.

2.2) Distributed C-ADMM Scheme. A distributed C-ADMM scheme for solving

(2.44) is given below.
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Algorithm 6 Distributed C-ADMM scheme for solving (2.44)

1: Initialization with a suitable constant n > 0

2: repeat
3: p?“:pf—i-nzja\/i(wf—wf) fori=1,...,p
k k
4wt = argming, _(y. .y Gi(W;) + wlpitt ¢ N jen; |Wi — il ;Wj H; st. p; >0
for each i
5 k+—k+1
6: until Stopping criterion is met
7: Output: obtain(y., ux) = (w*); for each i.

In Algorithms 5 and 6, once a dual solution (ys, p«) is found, it follows from (2.19)

that the primal solution * is given by 7. = —éS((A.L.)Ty* +(Coz,) ) fori=1,...,p.

Remark 2.6.3. Since the function G;(-) given by (2.45) involves the soft thresholding

operator S, it may be difficult to solve the subproblem in Line 4 of the above C-ADMM

k+1

scheme. In practice, we formulate this subproblem as: w;"" = (y!,u;), where w; =

(i, ;) and (y], pi',v7,) = argmingy, ;) %(bTyi + dTuz-) + o= |[(Aez,)Tyi + (Coz) T i +

k
w+

k
;—{—WT k1 2wj H; subject to p; > 0 and ||vz, || < 1, for each

i e Wi —

VT,
1. This new subproblem can be efficiently solved via a quadratic program. Besides, the

subproblem in Line 4 of Algorithm 5 can be solved in a similar way.

Remark 2.6.4. Another scheme for solving (2.44) is the distributed averaging based

operator splitting scheme [15]:

whtl — (@) (25)+), (2.46a)
2F 1 = gk 4 g[wf*l — 2} — VG, (Wf“)}, Vi, (2.46b)

where (2.46a) is solved via distributed averaging, and VG, is easy to compute. When C
is a box constraint with 0 € C, the dual problem can be reduced to (2.20) depending on y

only, and a distributed scheme similar to (2.46) can be developed. A drawback of (2.46)
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is that the Lipschitz constant of Y, VG is given by (||4]|% + ||C||%)/«, which is large for
a large N. This yields a small > 0 and thus slow convergence. Nonetheless, the scheme

(2.46) can be used for a small or moderate N.

We then consider a large ¢ with C given by (2.16). It follows from Remark 2.5.1 and

Section 2.5.2 that the equivalent dual problem is given by: recalling that p := (ug,)t_; €

RK
min Fi(yi, pc;)
(y,m) EAyxR+ ; ‘
2 ‘
where F(y,,,ug 2aHS o) yi—(Criz) ;) ‘2+%(bTyi)+d£,u£i fori=1,...,p

Let w := (y,n) and w; = (yi, piz;), and z = (zy,2z,). Distributed schemes similar to

Algorithms 5-6 can be developed by replacing G; with F,.

2.6.3 Column Partition based Distributed Schemes for the Standard BDPN-

like Problem

Consider the standard BPDN-like problem, i.e., the BPDN-like problem (2.14) with
E=1In,|ll«=1"]1, and a polyhedral set C given by (2.9). Suppose the assumptions
given below (2.14) in Section 2.5.1 hold. Consider the dual problem (2.15). As shown in

Lemma 2.5.3, a dual solution y, # 0. Hence, the function ||y||2 is differentiable near y..

Stage One. Consider ¢ < N first. In light of (2.25), it is easy to verify that the

distributed Algorithms 2-4 can be applied by replacing the functions J; in (2.39) with
7. 1 T T .
Ji(yi, ;) f:];<0Hyz'H2+b yi+d ,uz-), Vi=1,...,p,

and setting A = 1 in W;. Moreover, an inexact C-ADMM scheme [10] can be applied; its

details are omitted. When £ is large and C is given by (2.16), letting u := (ug,)’_, € RY,
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the schemes in (2.42)-(2.43) can be used by replacing Fy’s in (2.41) by Fi(ys, puc,) =
%(aHyin + bTy@) + dg,ugi and setting A = 1 in ¢;. When C =RY or C =RY, por p

can be removed; see the discussions below (2.25).

Stage Two. The 2nd stage is defined by the regularized BP-like problem (2.10)

with the regularization parameter o > 0, b replaced by b + ﬁ, and E = I. Hence, all

the results for the 2nd stage of the standard LASSO-like problem given in Section 2.6.2

apply.

2.6.4 Column Partition based Distributed Schemes for the Fused LASSO-like

and Fused BDPN-like Problems

Through this section, let || - ||, be the £;-norm, D; € RN=DXN he the first order
difference matrix, and we assume in addition that the graph G(V, ) satisfies (7,7 + 1) €

ENVi=1,...,p—1. Consider the fused LASSO-like problem first, i.e., the LASSO-like

Ay
problem (2.12) with E = for positive constants A and v and a general polyhedral

vD1

set C as before.

Stage One. Consider ¢ < N first. To solve the dual problem (2.24) with F' = vD;
and U = (v1,...,0n-1) € RN7L define ng := > 7_, |Z;| for s = 1,...,p. Without loss
of generality, let 7y = {1,...,n1}, and Z;41 = {n; + 1,...,n; + |Ziy1|} for each i =
1,...,p — 1. Define the index sets 1 := 71, S; := {n;—1} UZ; fori = 2,...,p— 1, and
Sp == {np_1,...,N — 1}. Define r; := |S;| and v; := vs, for each i = 1,...,p. Thus for
i=1,...,p—1, v; and v;41 overlap on one variable v,,. Let v := (v;)!_; € RN*P=2 and

the local coupling constraint Azc := {v € RV*P=2|(v;),. = (viz1)1, Vi=1,...,p — 1}.
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For each i = 1,...,p, define the function

_!

2
v;
Hi(yi, pi, vi) == » (m

5o byt dTui), (2.47)

and the set Vi := {(yi, ss, Vi) | [IVilloo < 1. [[(Aez)"yi + (Coz) " i + 7[(D1)siz] Villoo <

A }. The dual problem (2.24) is formulated as the locally coupled convex program:

p

o Hi(yi, 1, Vi), 2.48
(v,1,V)EAy X A X Arc ; i(Yis 1y Vi) ( )

subject to (yi, p;, vi) € Vi, Vi=1,....,p.
Let zF = (zf,, zﬁ, zF) € R x R x RN*tP=2 and 1), p are suitable positive constants

depending on the Lipschitz constant of Y ¥ | VH;; see [15, Thoerem 1] for details. For
any v = (v;)!_, € RVNP=2 defined above, v = (v;)!_; := 114, (V) is (Vi)r, = (Vig1)1 =

i

[(Vi)r, + (Vig1)1] for i = 1,...,p — 1, and for each i, (v;); = (v;); for the other indices

N[ =

j. Clearly, this local averaging can be computed distributively. A distributed averaging
based operator splitting scheme is given in Algorithm 7. A local averaging based operating
splitting scheme can be developed in a similar way. These schemes can be extended to a
large ¢ with C given by (2.16) and be extended to the generalized total variation denoising

or {1-trend filtering with £ = AD; or E = ADs.

Algorithm 7 Distributed averaging based operator splitting scheme for solving (2.48)

1: Initialization with suitable constants n > 0 and ¢ > 0
2: repeat

Compute Wh! = (z& (zF)1,2k), where z& and zF, are solved via a distributed

W

¥y y
averaging scheme, and z% = ((z%);)!_; with (2z£); computed distributively
4 zf“ =zF + Q|:HVZ. (2\7\7?“ —zF —nVH,; (vAfo)) — VAVZ.“H} foreachi=1,...,p
5 k<« k+1
6: until Stopping criterion is met o
7: Output: obtain a dual solution y. = (z%); for each 4.
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Stage Two. The 2nd stage is given by the regularized BP-like problem (2.10) with
In
the parameter @ > 0, b replaced by b + y,, and F = for a constant v > 0 after
vD1
scaling. Consider a general polyhedral set C with ¢ < N first.

We follow the same notation used in the first stage. Hence, the reduce dual problem

(2.21) can be formulated as the following locally coupled convex program:

P
Pi(yi, i, v5) 9.49
(y,m, V)eAyX.A“,X.ALC ; ! y i Vi ( )

where, for each i = 1,...,p, the function
(v, N Yoro o L Ty _ T, _ Ty |2
Pilyio i) = (Vi b d )+ 5 1S (Aar)Tyi = (Coz) s = Al(DD)s ] 5

Let zF = (28,28, 28) € R™P x R? x RNTP=2 w := (y, p,v) € R™ x R? x RN*P~2 and

wi = (¥i, 1, Vi) € R™ x RY x R" for each 4. This leads to Algorithm 8 below.

Algorithm 8 Distributed averaging based D-R scheme for (2.49)

1: Initialization with suitable constants n > 0 and p > 0
2: repeat

3. Compute wFtl = (ZT€ (zﬁ)+,sz), where % and % are solved via a distributed
averaging scheme, and z£ = ((z£);)!_, with (z%); computed distributively

4 zf“ = z + 2n<pr0x (2\7vf+1 — zf) k“) Vi

5 k< k+1

6: until Stopping criterion is met s

7: Output: obtain a dual solution (yx, f«, U) from (z, (z /’3)+,zk)

Once a dual solution (yx, i, Ux) is obtained from Algorithm 8, the primal solution
(2%,)i—; is computed using (2.22). Moreover, to solve the subproblem in Line 4 of Al-
gorithm 8, we apply the similar technique given in Remark 2.6.3 to formulate it as a

quadratic program.
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Another scheme for solving (2.49) is the distributed averaging based operator split-

ting scheme, which is suitable for a small or moderate N:

whtl — (%7 (%)_HZI‘“,) (2.50a)
Wl = T, (2wh ! = 2f — gV R (whT)), Vi (2.50b)

Zh =gk Q(u’?"'1 - wkﬂ), Vi=1,...,p (2.50¢)

K3 3

where for each i, the set R; := R™ x R x {v;|||villoo < 1}.
Similar distributed schemes can be developed for the decoupled constraint given by
(2.16). Moreover, they can be extended to the generalized total variation denoising and

¢1-trend filtering where £ = ADy or E = ADy with A > 0.

Remark 2.6.5. Consider the fused BPDN-like problem, i.e., the BPDN-like problem

In
(2.14) with E = for a constant v > 0. Suppose the assumptions given below

vD1
(2.14) in Section 2.5.1 hold. In the first stage, to solve the dual problem (2.26) with

F = 4Dy and ¢ < N, define the function H;(y;, s, vi) := (ollyillz + b7ys + d" ;) /.
Then Algorithm 7 can be applied by replacing H; with ﬁl Similar results can be made

for a large ¢ with C given by (2.16). The second stage is almost identical to that of the

fused LASSO-like problem, except that b + v, is replaced by b + IIZfﬁz'

2.6.5 LASSO-like, BPDN-like, and Regularized BP-like Problems with the

Norm from the Group LASSO

Consider ||z|, := Y_?_, ||xz ||2 from the group LASSO (2.3); its dual norm ||z, =
=1 i

max;—1,..p||zz,||2. Many preceding results for the £;-norm can be extended to this case.
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For illustration, consider the standard LASSO-like problem with £ = Ay for A > 0
and a small £. In the first stage, by virtue of the dual problem (2.30), Algorithms 2-4 can be
used by replacing the set W with the set W; := {(yi, 1) | [|(Aez,) Ty + (Coz, ) Tpill2 < A},
which has nonempty interior. When ¢ is large and C € RV is given by (2.16), the
schemes in (2.42) and (2.43) can be used after the same replacement. In the second stage,
we assume that exact regularization holds (cf. Section 2.4.2). When EF = Iy and C
is a general polyhedral set, the reduced dual problem (2.27) is formulated as the con-
vex consensus optimization problem: mingy, ,yea, x4, 21 Ji(¥i, 1;), where Ji(yi, p;) ==
(bly; +d" ;) /p+ [(H + (C. L.)THZ-HQ — 1)+]2 fori=1,...,p, and Ay, A, are
defined in (2.36)-(2.37). Thus a distributed scheme similar to (2.46) can be applied.

In the second stage, when C is a box constraint set, consider the reduced dual prob-
lem (2.29). By introducing p copies of y’s given by y; and imposing the consensus condition
on y;’s, this problem can be converted to a convex program of the variable (y;, UL.)le
with a separable objective function and separable constraint sets with nonempty interiors.
By Slater’s condition, the D-R scheme or operator splitting schemes similar to the scheme
(2.46) can be developed. If, in addition, C is a cone, the dual problems can be further
reduced to unconstrained problems of the variable 3 only, e.g., those for C = RY and
C= Rf given in Case (b) of Section 2.5.3. These problems can be formulated as consen-
sus convex programs and solved by column partition based distributed schemes. Finally,
the primal solution 27, can be computed distributively using a dual solution y. and the
operator S|, (cf. Section 2.5.3).

The above results can be easily extended to the standard BPDN-like and fused

LASSO/BPDN-like problems; these details are omitted.
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2.7 Overall Convergence of the Two-stage Distributed Algorithms

In this section, we analyze the overall convergence of the two-stage distributed
algorithms proposed in Section 2.6, assuming that a distributed algorithm in each stage is
convergent. To motivate the overall convergence analysis, it is noted that an algorithm of
the first-stage generates an approximate solution y* to the solution v of the dual problem,
and this raises the question of whether using this approximate solution in the second stage
leads to significant discrepancy when solving the second-stage problem (2.32) or (2.33).
Inspired by this question and its implication to the overall convergence of the two-stage
algorithms, we establishes the continuity of the solution of the regularized BP-like problem
(2.10) in b, which is closely related to sensitivity analysis of the problem (2.10). We first

present some technical preliminaries.

Lemma 2.7.1. Let || - ||« be a norm on R™ and || - ||o be its dual norm. Then for any

x € R™, ||v]lo <1 for any v € 9|z||«.

Proof. Fix x € R", and let v € J|z|.. Hence, |ly|lx > ||z|x + (v,y — ) for all y € R™.

Since ||y — 2|« > |[lyll« = [|z]l«| = (v,y — x), we have (v, o) < 1for any y # @ This

shows that ||vle < 1. O

Another result we will use is concerned with the Lipschitz property of the linear
complementarity problem (LCP) under certain singleton property. Specifically, consider
the LCP (¢, M): 0 <u L Mu+ g > 0 for a given matrix M € R™ ™ and a vector g € R™.
Let SOL(q, M) denote its solution set. The following theorem is an extension of a well-
known fact in the LCP and variational inequality theory, e.g., [17, Propositioin 4.2.2], [23,

Theorem 10], and [69].
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Theorem 2.7.1. Consider the LCP (q,M). Suppose a matric E € RP*™ and a set
W C R"™ are such that for any q € W, SOL(q, M) is nonempty and ESOL(q, M) is

singleton. The following hold:

(i) ESOL(-, M) is locally Lipschitz at each ¢ € W, i.e., there exist a constant Ly > 0
and a neighborhood N of q such that ||ESOL(q', M) — ESOL(q, M)|| < Lg4|ld" — q||

for any ¢ e NNW;

(ii) If W is a convez set, then ESOL(-, M) is (globally) Lipschitz continuous on W, i.e.,
there exists a constant L > 0 such that ||ESOL(q, M) — ESOL(¢', M)|| < L||qg — ||

forall ¢',q € W.

We apply the above results to the regularized BP-like problem subject to a generic
polyhedral constraint, in addition to the linear equality constraint, i.e.,

@]
i E —||z|? 2.51
me?fﬁ:b” ol + 2||w|!2, (2.51)

where « is a positive constant, E € R™" A € R™N the polyhedral set C := {x €
RN | Cx < d} for some C € RN and d € R, and b € R™ with b € AC := {Az |z € C}.
We shall show that its unique optimal solution is continuous in b, where we assume that
A # 0 without loss of generality. To achieve this goal, consider the necessary and sufficient
optimality condition for the unique solution x, of (2.51), namely, there exist (possibly non-

unique) multipliers A € R™ and u € Rﬁ such that

0c ETO|Exy|ly + axe + ATN+CTp, Az, =b, 0<pLlCz,—d<0. (2.52)
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When we need to emphasize the dependence of z, on b, we write it as z,(b) in the following
development. For a given b € AC and its corresponding unique minimizer z, of (2.51),

define the set
S(zy) = {(w, A ) | w e 8| EBxlly, ETwtoaz,+AT \4+CTp=0, 0<p L Cr,—d< 0}.

This set contains all the sub-gradients w and the multipliers A, y satisfying the optimality
condition at x, and it is often unbounded due to possible unboundeness of A and p (noting
that by Lemma 2.7.1, w’s are bounded). To overcome this difficulty in continuity analysis,

we present the following proposition.
Proposition 2.7.1. The following hold for the minimization problem (2.51):
(i) Let B be a bounded set in R™. Then {z.(b)|b € AC N B} is a bounded set;

(i) Let (DF) be a convergent sequence in ACNB. Then there exist a constant y > 0 and an

index subsequence (ks) such that for each ks, there exists (wFs, \es | i#s) € S(x.(bF+))
satisfying || (Vo )| < .
Proof. (i) Suppose {z«(b)|b € AC N B} is unbounded. Then there exists a sequence

(b%) in AC N B such that the sequence (. (b*)) satisfies [|2.(b¥)|| — oo. For notational

simplicity, we let ¥ := z,(b*) for each k. Without loss of generality, we assume that
k k k
(||§1’2H) converges to vy # 0. In view of AIIZH = IIHIZZH’ C\\;j’?ll < de,:”, and the fact that

(bk) is bounded, we have Av, = 0 and Cv, < 0. Further, for each k, there exist \ee R
and g% € RY and w* € 9||Ex¥||, such that ETwk + ax® + ATAF + CTpk = 0, Axk = b,
and 0 < p*F L CzF —d < 0 for each k. We claim that (Cv,)Tpu* = 0 for all large k.

To prove this claim, we note that, by virtue of Cv, < 0, that for each index i, either

(Cvy)i = 0 or (Cvy); < 0. For the latter, it follows from (C xZ S )l — (Cwy); that
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(CxF —d); < 0 for all large k. Hence, we deduce from the optimality condition (2.52) that
p¥ =0 for all large k. This shows that (Cv,); - u¥ = 0,V for all large k. Hence, the claim
holds. In view of this claim and Av, = 0, we see that left multiplying v! to the equation

ETwk 4+ axf + ATNF 4 CTpk = 0 leads to (Ev,)Tw® + a(v,)Tz¥ = 0, or equivalently

x>
el

+ a(v*)T ||§ZH

*

(EU*)T w

llzl

= 0, for all large k. Since (w*) is bounded by Lemma 2.7.1, we
have, by taking the limit, that aflv.||3 = 0, leading to v, = 0, a contradiction. Hence,
{z.(b)|b € AC N B} is bounded.

(ii) Given a convergent sequence (b*) in AC, we use z¥ := z,(b*) for each k again.
Consider a sequence ((w”, A¥, %)), where (w®, \¥, %) € S(zF) is arbitrary for each k. In
view of the boundedness of (x*) proven in (i) and Lemma 2.7.1, we assume by taking a
suitable subsequence that (w*, z¥) — (@, 2). Let the index set iu = {i| (CTZ — d); < 0}.
If there exists an index i & f# such that (u¥) has a zero subsequence (u!'), then let
fL = f# U {i}. We then consider the subsequence (u*'). If there exists an index j ¢ fL
such that (,ug‘?/) has a zero subsequence (,u;-‘"), then let fl’j = f/; U {j} and consider the
subsequence (uk”). Continuing this process in finite steps, we obtain an index subsequence
(ks) and an index set Z, such that (CTaks —d)z, < 0 and ‘u%’z > 0 for all kg’s, where
7, :=A{1,..., N} \ Z,. By the complementarity condition in (2.52), we have u%; =0 and
“%Si > 0 for each k.

Since A # 0, there exits an index subset J C {1,...,m} such that the columns of
(AT)47 (or equivalently (A7e)T) form a basis for R(AT). Hence, for each \*s there exists a

unique vector AF+ such that ATAFs = (A j.)TXkS. In view of the equations E7w"s +axks +

(A j.)TXkS + COTpks =0 and Agexhs = b\k;, we obtain via a straightforward computation
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that

)\ks = —(AJ.(AJ.)T)_I {ab’}s =+ AJ.(EkaS =+ CT/LkS) :| ,
o = (Az0)T (Age(Aze)T) 0l

+ é[(AJ-)T(AJ-(AJ.)T)flAJ. — I} (BT wks + CT ), (2.53)

where CT ks = (Czﬁ.)T,uéi for each ks in view of ,u%c > 0 and uﬁ = 0. Substituting 2
N
into the complementarity condition 0 < p*s L d — Cx¥s > 0, we deduce that ,uéi satisfies
N

the following conditions:
0< N%g L dz; - Czﬁ.xfs >0, Czu.xfs —dg, = Hﬂ%fi + ks <0,

where dIﬁ — Czﬁ.xl,fs =G “%i + g"s, and the matrices G, H and the vectors ¢g¥s, h¥s are

given by
G = Ol T~ (A2 (Aga(Ag0)T) " Ag] Copa)T,
P = CnalT - (A2 (Aga(Ag0)T) " Aga BT
—Crza(Agze)T (Age(Age)") V5 + dog,
H o= —On[l— (A7 (Aza(Aga)") " Ag] (o),
B = O[T ()T (Aga(Aga)T) " Aga BT

—1
~Cre(Age)" (Age(Aga)") W + da.

Since ,u% > 0, we must have G,ugi + gFs = 0. For the matrices G, H and given vectors
(7 (7

g, h, define the polyhedral set K(G,H,g,h) :={z|2 >0, Gz+g9g=0, Hz+ h <0} =
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G g
{z| Dz+v > 0}, where D := and v := . Hence, for each ks, KC(G, H, g*s, h*s)
—-H —h

contains the vector M%i > 0 and thus is nonempty. We write v as v¥ when (g,h) =
(g*s, h¥s). Let Z% be the least 2-norm point of K(G, H, gk, h¥s), i.e., 2% is the unique
solution to min %||z||% subject to Dz +vFs > 0. Since its underlying optimization problem
has a (feasible) polyhedral constraint, its necessary and sufficient optimality condition is:
ZF — DTy =0, 0 < v L DZF 4 vk > 0 for some (possibly non-unique) multiplier v.
Let SOL(v*s, DDT) be the solution set of the LCP: 0 < v L v* + DDTv > 0. By the
uniqueness of z¥s, z¥s = DTSOL(v¥s, DDT) such that DTSOL(v*s, DDT) is singleton.
Since g and h*s are affine functions of (w*s b¥s) and the sequences (w*s) and
(b¥s) are convergent, (vFs) is convergent and we let v* be its limit. We show as fol-
lows that the polyhedral set {z|Dz + v* > 0} is nonempty. Suppose not. Then it
follows from a version of Farkas’ lemma [13, Theorem 2.7.8] that there exists w > 0 such
that DTw = 0 and w’v* < 0. Since (v¥s) — v*, we see that w’v* < 0 for all large
ks. By [13, Theorem 2.7.8] again, we deduce that Dz + v¥s > 0 has no solution z for
all large kg, yielding a contradiction. This shows that {z| Dz + v* > 0} is nonempty.
Thus SOL(v*, DT D) is nonempty and DTSOL(v*, DD7) is singleton. Define the function
R(v) := DTSOL(v, DDT). By Theorem 2.7.1, R(-) is locally Lipschitz continuous at v*,
i.e., there exist a constant L, > 0 and a neighborhood V of v* such that for any v € V
satisfying that {z | Dz + v > 0} is nonempty, |R(v) — R(v*)|| < Ly|lv — v*||. This, along
with the convergence of (v**) to v*, show that {z*s|z¥s = R(v¥s),Vks} is bounded. For

each kg, let ks = (ﬁﬁ,ﬁ%) = (0,z%). Hence, (ji*s) is a bounded sequence. Further, let
"
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Nrs = —(AJ.(AJ.)T)_1 [abI}S + Age(ETwhs + CTpak<)], and M = (X’}‘,X@%) = (\*=,0).
This implies that (AFs), and thus (A¥:), is bounded. Hence, ((XkS,ﬁkS)) is a bounded
sequence, i.e., there exists v > 0 such that ||(A¥=, 72%+)|| < ~ for all ks.
Lastly, we show that (wkS,;\\kS,ﬁkS) € S(a%s) for each k,. In view of (2.53), define

B = (Age)T (Age(Age)T) 0k +$ [(AJ.)T(AJ.(A 707) A J.—I} (ETwhs+CT k).
Therefore, A 747" = kj for each ks. Since the columns of (A 7,)T form a basis for R(AT)
and b*s € AP, we have AzFs = b¥s. Moreover, based on the constructions of s and ks
it is easy to show that ETwhs +a@ks 4 ATAks 4 CTfiks = 0, (C7Fs —d)z, = Hz% +hks <0,
and (Cz"s — d)ze = G7*s + gFs = 0 for each k. In light of % = (ﬁ%u /7%3) = (0,z%) >0,
we have 0 < fi*s L Cz% — d < 0 for each ky. This implies that (wkS,/):kS, i) € S(zks)
for each ks. Since the optimization problem (2.51) has a unique solution for each bks | we

must have 7% = z¥s. This shows that (wkS,XkS, i) € S(aks) for each k. O
With the help of Proposition 2.7.1, we are ready to show the desired continuity.

Theorem 2.7.2. Let a > 0, E € RN A ¢ R™N, ¢ := {x € RV|Cx < d} for some
C e RN gndd € RY, and b € R™ with b € AC := {Ax |z € C}. Then the unique solution

Zx of the minimization problem (2.51) is continuous in b on AC.

Proof. Fix an arbitrary b € AC. Suppose z,(-) is discontinuous at this b. Then there exist
g0 > 0 and a sequence (b¥) in AC such that (b¥) converges to b but ||z¥ — z,.(b)|| > &0
for all k, where ¥ := z,(b¥). By Statement (i) of Proposition 2.7.1, (z¥) is bounded and
hence attains a convergent subsequence which, without loss of generality, can be itself.
Let the limit of (#¥) be Z. Further, as shown in Statement (ii) of Proposition 2.7.1, there

exists a bounded subsequence ((w®s, \¥s, k<)) such that (whs, AFs, i%=) € S(z¥+) for each
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ks. Without loss of generality, we assume that ((w"s, \"s, ;%)) converges to (@,X, 1).

Since (Ex%) — E7 and (w*) — @ with w¥s € 9| Ex*s|, for each ks, it follows from [6,

Proposition B.24(c)] that w € 9||EZ||.. By taking the limit, we deduce that (Z, @,X,ﬁ)

satisfies ET0+0Z+ATA+CTli =0, AT =b,and 0 < [i L C7—d < 0, i.e., (@, \, i) € S(F).

This shows that Z is a solution to (2.51) for the given b. Since this solution is unique, we
ks

must have 7 = x,(b). Hence, (x¥s) converges to . (b), a contradiction to ||z¥s —z,(b)|| > o

for all k. This yields the continuity of x, in b on AC. O

When the norm || - ||, in the objective function of the optimization problem (2.51) is
given by the £1-norm or a convex PA function in general, the continuity property shown in
Theorem 2.7.2 can be enhanced. Particularly, the following result establishes the Lipschitz
continuity of x, in b, which is useful in deriving the overall convergence rate of the two-

stage distributed algorithm.

Theorem 2.7.3. Let f : R — R be a conver piecewise affine function, A € R™N,
C:={z € RN |Cz < d} for some C € RN and d € R, and b € R™ with b € AC :=
{Az|z € C}. Then for any a > 0, mingec f(z) + $||z||3 subject to Az = b has a unique
minimizer x.. Further, x, is Lipschitz continuous in b on AC, i.e., there exists a constant

L > 0 such that ||z.(b') — z.(b)|| < L||t/ — b]| for any b,V € AC.

Proof. We first show the solution existence and uniqueness. Consider a real-valued convex
PA function f(x) = maxj—i (p;[x + %) for a finite family of (p;,7;) € RY x R,i =

1,...,r. Note that for any given a > 0 and any nonzero z,

“Nzl2 = 22 | 2 (.T z i )
@)+ el = Dl |5 + e (o o+ 2) |
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Hence, f(z) + §||z|]3 is coercive. Since it is continuous and strictly convex and the con-
straint set is closed and convex, the underlying optimization problem attains a unique
minimizer.

To prove the Lipschitz property of the unique minimizer z, in b, we consider the

following equivalent form of the underlying optimization problem:

ming, ¢, t4 —t- + %Hx”% subject to t1 >0, t- >0, Av=b,Cax <d, plo+v <ty —t_,i=1,...,r

(2.54)
p1T gi!

Define the matrix W := | : | € R™ and the vector T' := | : | € R". Then the
pr o

constraints can be written as t+-2 0,t_- >0, Az =b, Cx <d, and -VVi+F—t+1+t,1 <0,
where 1 denotes the vector of ones. Given b € AC, the necessary and sufficient optimality
conditions for the minimizer x, are described by a mixed linear complementarity problem,
i.e., there exist Lagrange multipliers A € R™, u € Rﬁ, velR\,0 € Ry and 0 € Ry such

that

azy + AN+ CTp+ Wl =0, Az, =0,
1-1Tv -0, =0, —1+1Tv—0_=0,
0<pulCe,—d<0, 0Z<vIWzx,+T—-t;14+t-1<0,

0<60, Lty >0, 0<6_ Lt >0.

Note that the first and second equations are equivalent to the first equation and ab +
AATN + ACTpu + AWTy = 0. Further, it is noticed that 6, = 6_ =0, and A = Ay — A_

with 0 < A4 L A_ > 0. Hence, by adding two slack variables 9 and ¢, the above mixed
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linear complementarity problem is equivalent to

1
T, = ——(ATA+ CATA 4Tt WTV>,
«
0<p L f€<AT)\+fAT)\,+CTM+WTV)fdgo,
«
W
0<v L —E(AT)\+—AT)\_+CTM+WTV>+F—t+1—|—t_1§0,

0<ty L 1-1Tv>o,
0<t. L —-1+1fv>o0,

0<A. L A_>0,

0<9 L ab+AATON, =X )+ ACTu+ AWTw >0,

0<¢ L ab+AATM\, =X )+ ACTu+ AWty <o.

The latter seven complementarity conditions in the above formulation yield the following
linear complementarity problem (LCP): 0 < u 1 Mu+ ¢ > 0, where

u = (p, vty o, A, A 0, p) € Rﬁ X RY x Ry x Ry x R x R x R x R, M is
a constant matrix of order (¢ + r + 4m + 2) that depends on A,C, W, « only, and the
vector ¢ = (d, —T',1,1,0,0,ab, —ab) € R x R" x R x R x R™ x R™ x R™ x R™. Denote
this LCP by LCP(q, M). For any given b € AC, LCP(q, M) attains a solution u which
pertains to the Lagrange multipliers A, p, v, t4,t_ and the slack variables ¥ and (. This
shows that for any given b € AC, LCP(q, M) has a nonempty solution set SOL(q, M).
Further, for any v = (@, v, L,f_,L,X_,@, ©) € SOL(q, M), if follows from the last two
complementarity conditions that = := —é (ATX+ —ATX_+ CTr+ WTﬂ) satisfies Az = b.
Besides, X = X+ — X_, 1, v, and 5+ =60_=0 satisfy the optimality conditions of the

underlying optimization problem (2.54) at (ty,t_,Z) for the given b € AC. Define the
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matrix

1
E = —a CT WT 0 0 AT —AT 0 0 c RNX(Z+T‘+4’m+2).

It follows from the solution uniqueness of the underlying optimization problem (2.54) that
for any b € AC, ESOL(q, M) is singleton. Define the function F(q) := ESOL(q, M).
Hence, F(-) is singleton on the closed convex set W := {q¢ = (d, -TI',1,1,0,0, ab, —ab) | b €
AC} and z.(b) = F(q). By Theorem 2.7.1, F' is Lipscthiz on S, i.e., there exists L > 0
such that [[F(¢") — F(g)ll2 < Lllg" — gllz for all ¢',q € W. Since ||¢' — gll2 = v2al[b" = b]|s

for any b/, b € AC, the desired (global) Lipschitz property of z, in b holds. ]

For a general polyhedral set C, it follows from Lemmas 2.5.2 and 2.5.3 that y, +b €
AC (respectively ﬁ +b € AC), where y, is a solution to the dual problem (2.13) (re-
spectively (2.15)). Practically, y. is approximated by a numerical sequence (y*) generated
in the first stage. For the LASSO-like problem (2.12), one uses y* + b (with a large k)
instead of y« + b in the BP[, Aqg (2.32) in the second stage. This raises the question of
whether y* + b € AC for all large k, which pertains to the feasibility of b € AC subject
to perturbations. The same question also arises for the BPDN-like problem (2.14). We
discuss a mild sufficient condition on A and C for the feasibility under perturbations for
a given b. Suppose C has a nonempty interior and A has full row rank, which holds for
almost all A € R™¥N with N > m. In view of 1i(AC) = Ari(C) = Aint(C) [60, Theorem
6.6], we see that AC has nonempty interior given by Ari(C) = Aint(C). Thus if b= Ys + b
is such that b = AZ for some 7 € int(C), then there exists a neighborhood N of b such
that b € AC for any b € N. Additional sufficient conditions independent of b can also

be established. For example, suppose C is unbounded, and consider its recession cone

K :={x|Cx <0}. Let h; € RY be generators of K, i.e., K = cone{h, ..., hs}. Define the
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matrix H := [hy,..., hs]. A sufficient condition for AC to be open is AKX = R™, which is
equivalent to AHRS = R™. By the Theorem of Alternative, the latter condition is further
equivalent to (i) AH has full row rank; and (ii) there exists a nonnegative matrix @) such
that AH (I + Q) = 0. Some simplified conditions can be derived from it for special cases.
For instance, when C = RY, A need to have full row rank; when C = Rf , A need to have
full row rank and A(I + Q) = 0 for a nonnegative matrix Q.

Based on the previous results, we establish the overall convergence of the two-stage

algorithms.

Theorem 2.7.4. Consider the two-stage distributed algorithms for the LASSO-like prob-
lem (2.12) (resp. the BPDN-like problem (2.14)) with the norm || - ||«. Let (y*) be a
sequence generated in the first stage such that (y*) — y. as k — oo and b+y* € AC (resp.
b+ ﬁ € AC) for all large k, where y, is a solution to the dual problem (2.13) (resp.

(2.15)), and (z°) be a convergent sequence in the second stage for solving (2.32) (resp.

(2.33)). Then the following hold:

(i) (z°) — 2« as k, s — 00, where x is the unique solution to the regularized BP[, 4 590

(232) (T@Sp. BPBPDN (233))

(ii) Let || - ||« be the ¢1-norm. Suppose (y*) has the convergence rate O() and (x°) has

the convergence rate O(2-). Then (z°) converges to z. in the rate of O(2)+ O(Z).

Proof. We consider the LASSO-like problem only; the similar argument holds for the
BPDN-like problem.

(i) For each k, let bE o= b+ y*, where (y*) is a sequence generated from the first
stage that converges to y.. When bk is used in the BP1 Ag50 (2.32) in the second

stage, i.c., the constraint Az = b+ y, is replaced by Az = b*, we have H:zs(gk) —xi] <
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|25 (0F) — 2, (0F)|| + ||+ (b%) — .|, where z,(b*) is the unique solution to the BP1,AS50
(2.32) corresponding to the constraint Az = b* (and z € C). Since (a* (Bk)) converges
to :r*(gk) as s — oo (for a fixed k), Hxs(gk) - x*(gk)H converges to zero. Further, note
that z, = x*(/l;*) with g* := b+ y,. Then it follows from the continuity property shown
in Theorem 2.7.2 that ||:c*(gk) — x| = HJ/‘*(E)\k) - x*(g*)H converges to zero as k — oo in
view of the convergence of (y*) to y.. This establishes the convergence of the two-stage
algorithm.

(ii) When || - || is the ¢;-norm, we deduce via Theorem 2.7.3 that z, is Lipschitz
continuous in b on AC, i.e., there exists a constant L > 0 such that ||z.(b) — z. (V)] <

L||b—V/| for any b,b € AC. Hence, ||z°(b%) — || < [|a°(0F) — 2, (0%)]| + |24 (B7) — 24 (b)) || <

l2(0%) — 2 (0F) | + LID* = bul| = [|2°(0F) — 2 (05| + Llly* — sl = O(7) + O(5). O

2.8 Numerical Results

We present numerical results to demonstrate the performance of the proposed two-
stage column partition based distributed algorithms for the standard LASSO/BPDN,
fused LASSO/BPDN;, group LASSO, and their extensions, e.g., those subject to polyhedral
constraints. Distributed algorithms are implemented on MATLAB and run on a computer
of the following processor: Intel(R) Core(TM) i7-8550U CPU with 4 cores @ 1.80GHz
and RAM: 16.0GB. We consider a network of p = 40 agents with two topologies: the
first is a cyclic graph, and the second is a random graph shown in Figure 2.1. The matrix
A € R100%4000 j5 random normal (i.e., m = 100 and N = 4000), and b € R'% is a random
normal vector. For the standard/fused BPDN and its extensions, ||b2 = 11.63 and the
parameter o = 0.2, satisfying ||b||2 > 0. We consider even column partitioning, i.e., each

agent knows 100 columns of A.
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Figure 2.1: The topology of the random graph

In each scheme, the stopping criterion is measured by the absolute error of two
neighboring iterates, and its termination tolerance is given below. Further, to simplify
notation, we use the following abbreviations: DA for distributed averaging, LA for local
averaging, DR for Douglas-Rachford, and OS for operator splitting. For instance, a DA-
OS scheme represents a distributed averaging based operator splitting scheme. In each
table below, Time stands for the computation time per agent.

In each DA based scheme, we use the distributed averaging scheme with optimal
constant edge weight [90, Section 4.1] for consensus computation. Numerical experiments
show that this scheme is highly efficient. For instance, to compute the average of y =
(yi)b_, with p = 40 and y; € R' it takes 0.0061 (resp. 0.001) seconds per agent
to converge on the cyclic (resp. the random) graph with the relative error less than
10~7. For the standard and fused LASSO/BPDN-like problems involving the ¢1-norm,
the subproblem in each scheme, e.g., the projection step in an OS scheme, the proximal
operator in DR scheme, or the subproblem in C-ADMM, is solved via a quadratic program;
see Remark 2.6.3. For the group LASSO, the projection step is formulated as a second

order cone program (SOCP) and solved by SeDuMi.
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Standard LASSO: Stage One

Scheme DA-OS C-ADMM LA-DR
Parameter | 0=12,n=3 n=15 n=12,p=0.6
Time (sec) 58.8 64.9 51.2

JRE, 1 8.1 x 1076 4.2 x107° 4.5 x107°
Standard LASSO: Stage Two

Scheme DA-DR C-ADMM LA-DR
Parameter || p =0.6,7 =0.8 n=2>55 n=08p=0.1
Time (sec) 41.2 26.7 66.2

JRE, 2 6.2 x 1076 5.2 x 1074 5.6 x 1073
JRE, o 3.5x 1077 1.9 x 107° 6.2 x 1074

To evaluate the accuracy of the proposed schemes, let J denote the objective func-
tion of each (primal) problem, and z}; be a numerical primal solution obtained from a
proposed 2-stage distributed scheme. Let Jj = J(2};), Jirue be the true optimal value

I

obtained from a high-precision centralized scheme, and Jrg, o := Wi —Jiruel 1y the overall

| Truel

relative error of the optimal value. We also use Jrg, s to denote the similar relative error

for stage s =1, 2.

2.8.1 Numerical Results for the LASSO-like Problems
Consider the cyclic graph and C = RY unless otherwise stated.

e Standard LASSO The /i-penalty parameter A = 1.8, and the regularization pa-
rameter in the second stage a = 0.18. We apply three schemes for each stage: DA-OS
(Algorithm 2), C-ADMM (Algorithm 3), LA-DR (Algorithm 4) for stage one, and DA-DR
(Algorithm 5), C-ADMM (Algorithm 6), LA-DR (similar to Algorithm 4) for stage two.
The termination tolerances for stages one and two are 10~ and 1075, respectively. See

the following table for the numerical results.
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| —DA-OS |
--C-ADMM
LADR |

Iy* = y7l2

I I I I I
o 500 1000 1500 2000 2500 3000

lteration Number

Figure 2.2: Convergence behaviors in stage one of standard LASSO.

~DA-DR |
- C-ADMM
LADR

I I I I I I I I I
o 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

lteration Number

Figure 2.3: Convergence behaviors in stage two of standard LASSO.

The convergence behaviors of these schemes in the two stages are displayed in Fig-
ures 2.2-2.3. In the first stage, the errors of the dual variable is shown; in the second stage,
we compute the corresponding primal variables from its numerical dual solutions and dis-
play its convergence behavior, where y* and z* are the true dual and primal solutions,
respectively.

We also test the standard LASSO on the random graph via the DA-OS and C-
ADMM for stage one, and the DA-DR for stage two, which is also used for the scaled

regularized BP (cf. Remark 2.6.1) with the regularization constant o = 0.1 in stage two.
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The same termination tolerances are used. See the following table for a summary of the

numerical results.

Standard LASSO: Stage One

Scheme DA-OS C-ADMM
Parameter 0=12n=3 n=15
Time (sec) 54.7 73.3

JRE, 1 8.3 x 1076 3.2x107°

Standard LASSO: Stage Two

Scheme DA-DR DA-DR for scaled r-BP
Parameter || p =0.6,7=0.8 p=0.6,1n=0.8
Time (sec) 23.6 43.9

JRE, 2 1.5 x 1076 2.9 x107*
JRE, o 4.7 %1077 2.1 x10°°

¢ LASSO with C = Rf This problem is known as the nonnegative garrote in the
literature [93]. We apply the DA-OS and C-ADMM for stage one, and the DA-DR and
C-ADMM for stage two with o = 0.18. The termination tolerances are 10~* for both the
schemes in stage one, 10~* for the DA-DR in stage two, and 5 x 107> for the C-ADMM

in stage two. See the following table for the numerical results.
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Constrained LASSO: Stage One

Scheme DA-OS C-ADMM
Parameter 0=12n=3 n=15
Time (sec) 12.4 24.9

JRE, 1 1.2x 1075 7.5 x107°

Constrained LASSO: Stage Two

Scheme DA-DR C-ADMM
Parameter || p =0.6,7 = 0.95 n=2>55
Time (sec) 71.5 32.8

JRE, 2 3.5 x 1073 3.5x 1073
JRE, o 1.3x 1073 7.8 %1073
Al

e Fused LASSO The matrix £ = with A = 0.6 and v = 0.4, and the regular-

vD1
ization constant o = 0.18. We apply DA-OS (Algorithm 7) for stage one and the DA-DR

(Algorithm 8) for stage two with termination tolerances 8 x 10~* and 10~*, respectively.

We obtain Jrg, o = 1.6 X 1074,

Fused LASSO: Stage One Fused LASSO: Stage Two

Scheme DA-OS Scheme DA-DR
Parameter || 0 =0.3,n =3 Parameter || p=0.4,7=0.6
Time (sec) 213.8 Time (sec) 271.9

JRE, 1 8.5 x 107° JRE, 2 6.5 x 1074
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e Group LASSO The penalty constant A = 1.8, and the regularization parameter a =
0.18. For stage one, a DA-OS scheme similar to Algorithm 2 is used by replacing the set W;
with Wy := {y;| [|(4ez,)Tyill2 < A} as in Section 2.6.5. Its projection step is formulated
as a SOCP and solved by SeDuMi. For stage two, we exploit the reduced dual problem
via the soft thresholding operator S, and apply the DA-OS scheme similar to that in
(2.46) by dropping p and replacing G; with J;(y;) :== (b7y;)/p + 5= [(H ) ]2
for each i. The termination tolerances for stages one and two are 107° and 8 x 1077,

respectively. We obtain Jrg, o = 3.6 X 1074,

Group LASSO: Stage One Group LASSO: Stage Two
Scheme DA-OS Scheme DA-OS
Parameter 0=12n=2 Parameter || p =0.005,n= 0.3
Time (sec) 52.8 Time (sec) 19.5
JRE, 1 3.6 x 107* JRE, 2 4.5 x 1075

2.8.2 Numerical Results for the BPDN-like Problems
Consider the cyclic graph and C = RY unless otherwise stated.

e Standard BPDN The regularization parameter in the second stage a = 0.15. We
apply DA-OS and IC-ADMM [10] (with the parameters ¢ and §;’s) for stage one, and
DA-DR, C-ADMM, LA-OS for stage two. The termination tolerances for the first and

second stages are 4 x 107* and 107° respectively.
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Standard BPDN: Stage One

Scheme DA-OS IC-ADMM
Parameter || p=12,7=3 | ¢=1.5,8, =1.7,Vi
Time (sec) 26.6 58.5

JRE, 1 5.9 x 107* 1.7 x 1075

Standard BPDN: Stage Two

Scheme DA-DR C-ADMM LA-OS
Parameter || p =0.5,7=0.95 n=2>55 n=20.95p=0.1
Time (sec) 13.2 24.4 33.9

JRE, 2 1.68 x 1075 1.3 x 1073 5.1 x 1074

JRE, o 1.7 x 107° 1.3 x 1073 5.1 x 1074

We also test the standard BPDN on the random graph with the regularization

parameter o = 0.18. We apply DA-OS for stage one, and DA-DR for stage two. The table

below shows the numerical results with Jrg, o = 5.6 X 1074,

Standard BPDN: Stage One

Scheme DA-OS
Parameter 0=12n=3
Time (sec) 19.9

JRE, 1 7.04 x 1074

¢ BPDN with C = Rﬂ\_’ We apply the DA-OS for stage one, and the DA-DR for stage

two with a = 0.18. The termination tolerances for stage one and stage two are 10> and

Standard BPDN: Stage Two

Scheme DA-DR
Parameter || p =0.5,7 = 0.95
Time (sec) 6.8

JRE, 2 1.28 x 1073

104, respectively. We obtain JRE, o = 4.9 X 1074,
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Constr. BPDN: Stage One Constr. BPDN: Stage Two

Scheme DA-OS Scheme DA-DR
Parameter 0o=12n=3 Parameter || p =0.95,7 = 0.6
Time (sec) 37.1 Time (sec) 49.0

JRE, 1 1.5x 1074 JRE, 2 7.4 x107*
In

e Fused BPDN The matrix £ = with v = 2/3, and the regularization constant
vD1

a = 0.18. We apply DA-OS and DA-DR for stage one and stage two with the termination

tolerances 10~ and 2 x 1074, respectively. We obtain JRE, o = 6.9 X 1074

Fused BPDN: Stage One Fused BPDN: Stage Two

Scheme DA-OS Scheme DA-DR
Parameter || o =1.2,7n=3 Parameter || p =0.4,7=0.8
Time (sec) 2484 Time (sec) 205.3

JRE, 1 1.5x107¢ JRE, 2 7.7 x 1074

2.8.3 Discussions and Comparison

We compare the proposed two-stage schemes with two existing distributed schemes:
the DC-ADMM [10], [47] for the standard LASSO with C = R", and the PDC-ADMM
8] for the standard LASSO with C = RY. These two schemes cannot handle the non-
polyhedral constraints in the BPDN-like problems and the additional coupling in the fused
LASSO/BPDN. Hence, we focus on the standard LASSO and its constrained case. The
results of the DC-ADMM and PDC-ADMM over the cyclic graph on the same computer

with the tolerance 10™* are given below.
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Standard LASSO

Constrained LASSO

Scheme DC-ADMM Scheme PDC-ADMM
Parameter c¢=0.05 Parameter c=1;=0.01
Time (sec) 307.1 Time (sec) 323.5

JRE, o 4.1 x 107" JRE, o 3.6 x 1072
Iteration No. 12974 Iteration No. 4632

The overall computation time of the proposed two-stage schemes for the standard
(resp. constrained) LASSO is 78-121 seconds (resp. 57-94 seconds) with smaller Jrg, o.
Hence, the proposed schemes outperform the DC-ADMM and PDC-ADMM in both com-
putation time and numerical accuracy.

Since the communication cost is proportional to the number of iterations, we com-
pare the number of iterations of the proposed two-stage schemes vs. DC-ADMM (resp.
PDC-ADMM) for the standard LASSO (resp. constrained LASSO) on the cyclic graph.

The following table summarizes the number of iterations for the proposed two-stage

schemes.
Stage Standard LASSO: Iteration No. Constr. LASSO: Iteration No.
DA-OS/DR | C-ADMM | LA-DR || DA-OS/DR C-ADMM
One 0OS: 1930 2624 2105 0OS: 1175 2864
Two DR: 3483 4104 9999 DR: 2683 2846

For the standard LASSO, the total iteration numbers of the two-stage DA based
scheme, C-ADMM, and LA-DR scheme are 5413, 6728, and 12094, respectively. For the
constrained LASSO, the total iteration number is 3958 for the DA-based scheme and is
5710 for the C-ADMM. Note that the DA-based schemes need additional iterations for

distributed averaging computation, leading to extensive communications. Nevertheless,
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the proposed two-stage C-ADMM takes fewer or a similar number of iterations and less
computation time while achieving better numerical accuracy in comparison with the DC-
ADMM and PDC-ADMM. Finally, the memory costs of the proposed two-stage schemes

are same or similar to those of the DC-ADMM or PDC-ADMM.

2.9 Summary

In this chapter, column partition based distributed schemes are developed for a class
of densely coupled convex sparse optimization problems, including BP, LASSO, BPDN
and their extensions. By leveraging duality theory, exact regularization techniques, and
solution properties of the aforementioned problems, we develop dual based fully distributed
schemes via column partition. Sensitivity results are used to establish overall convergence

of the two-stage distributed schemes for LASSO, BPDN, and their extensions.
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CHAPTER II1

Fully Distributed Optimization based CAV Platooning

Control under Linear Vehicle Dynamics

Chapters 3 and 4 are concerned with the second topics of this thesis, namely de-
veloping fully distributed optimization algorithms for real-time implementation of CAV

platooning control schemes under both linear and nonlinear vehicle dynamics.

3.1 Introduction

The recent advancement of connected and autonomous vehicle (CAV) technologies
provides a unique opportunity to mitigate urban traffic congestion through innovative
traffic flow control and operations. Supported by advanced sensing, vehicle communica-
tion, and portable computing technologies, CAVs can sense, share, and process real-time
mobility data and conduct cooperative or coordinated driving. This has led to a surging
interest in self-driving technologies. Among a number of emerging self-driving technolo-
gies, vehicle platooning technology receives substantial attention. Specifically, the vehicle

platooning technology links a group of CAVs through cooperative acceleration or speed
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control. It allows adjacent group members to travel safely at a higher speed with smaller
spacing between them and thus has a great potential to increase lane capacity, improve
traffic flow efficiency, and reduce congestion, emission, and fuel consumption [4], [33].

A number of effective distributed control or optimization schemes have been pro-
posed for CAV platooning [84], [85], [96], [99]. The recent paper [22] develops model
predictive control (MPC) based car-following control schemes for CAV platooning by ex-
ploiting transportation, control and optimization methodologies. These control schemes
take vehicle constraints, transient dynamics and and asymptotic dynamics of the entire
platoon into account, and can be computed in a partially distributed manner i.e., they re-
quire all vehicles to exchange information with a central central component for centralized
data processing or perform centralized computation in at least one step of these schemes.

In this chapter, we develop a fully distributed optimization based and platoon cen-
tered CAV car following control scheme over a general vehicle communication network
under linear vehicle dynamics. We propose a general p-horizon MPC model subject to
the linear vehicle dynamics and various physical or safety constraints. Typically, a fully
distributed optimization scheme requires the objective function and constraints of the un-
derlying optimization problem to be decoupled [26]. However, the proposed MPC is a
centralized control approach and its underlying optimization problem does not satisfy this
requirement since its objective function is densely coupled and its constraints are locally
coupled; see Remark 3.3.2 for details. Therefore, this chapter develops new techniques to
overcome this difficulty.

The main contributions of this chapter are summarized as follows:

(1) We propose a new form of the objective function in the MPC model with new sets

of weight matrices. This new formulation facilitates the development of fully dis-
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tributed schemes and closed loop stability analysis whereas it can achieve desired
traffic transient performance of the whole platoon. Based on the new formulation, a
decomposition method is developed for the strongly convex quadratic objective func-
tion. This method decomposes the central objective function into the sum of locally
coupled (strongly) convex quadratic functions, where local coupling satisfies the net-
work topology constraint under a mild assumption on network topology. Along with
locally coupled constraints in the MPC model, the underlying optimization model is

formulated as a locally coupled convex quadratically constrained quadratic program

(QCQP).

Fully distributed schemes are developed for solving the above-mentioned convex
QCQP arising from the MPC model using the techniques of locally coupled opti-
mization and operator splitting methods. Specifically, by introducing copies of local
coupling variables of each vehicle, an augmented optimization model is formulated
with an additional consensus constraint. One of the major challenges in develop-
ing a fully distributed scheme for the model is the computation time. In order to
facilitate real time implementation, the computation time for the scheme should
be less than one second. A generalized Douglas-Rachford splitting method based
distributed scheme is developed, where only local information exchange is needed,
leading to a fully distributed scheme which can be used for real time implementation.

Other operator splitting method based distributed scheme are also discussed.

The new formulation of the weight matrices and objective function leads to different
closed loop dynamics in comparison with that in [22]. Besides, since a general

p-horizon MPC is considered, it calls for new stability analysis of the closed loop
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dynamics. We perform detailed stability analysis and choose suitable weight matrices
for desired traffic transient performance for a general horizon length p. In particular,
we prove that up to a horizon of p = 3, the closed loop dynamic matrix is Schur
stable. Extensive numerical tests are carried out to test the proposed distributed
schemes under different MPC horizon p’s and to evaluate the closed loop stability

and performance.

The materials of this chapter are reported in our recent journal publication [64] which is
in print. The rest of the chapter is organized as follows. Section 3.2 introduces the linear
vehicle dynamics, state and control constraints, and vehicle communication networks. The
model predictive control model with a general prediction horizon p is proposed and for-
mulated as a constrained optimization problem in Section 3.3; fundamental properties of
this optimization problem are established. Section 3.4 develops fully distributed schemes
by exploiting a decomposition method for the central quadratic objective function, locally
coupled optimization, and operator splitting methods. Control design and stability anal-
ysis for the closed loop dynamics is presented in Section 3.5 with numerical results given

in Section 3.6. Finally, summary is given in Section 3.7.

3.2 Vehicle Dynamics, Constraints, and Communication Networks

We consider a platoon of multiple vehicles on a straight roadway, where the (un-
controlled) leading vehicle is labeled by the index 0 and its n following CAVs are labeled
by the indices ¢ = 1,...,n, respectively. Let x;,v; denote the longitudinal position and
speed of the ith vehicle, respectively. Let 7 > 0 be the sampling time, and each time
interval is given by [k7, (k + 1)7) for k € Z4 := {0,1,2,...}. We consider the following

kinematic model for linear vehicle dynamics widely adopted in system-level studies with
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the acceleration u;(k) as the control input for vehicle i:

-2
zi(k+1) = zi(k) + Tvi(k) + ?uz(k), vi(k+1) = vi(k) + Tu;(k). (3.1)

State and control constraints. Each vehicle in a platoon is subject to several impor-

tant state and control constraints. For each i = 1,...,n,

(i)

(i)

(iii)

Control constraints: amin < Ui < Amax, Where amin < 0 and apmax > 0 are pre-

specified acceleration and deceleration bounds for a vehicle.

Speed constraints: vmin < v; < Umax, where 0 < vpmin < Umax are pre-specified

bounds on longitudinal speed for a vehicle;

Safety distance constraints: these constraints guarantee sufficient spacing between

neighboring vehicles to avoid collision even if the leading vehicle comes to a sudden
stop. This gives rise to the safety distance constraint of the following form:

(Ui - Umin)2

Ti—1 — Iy Z L—i—r-vi—
2amin

, (3.2)

where L > 0 is a constant depending on vehicle length, and r is the reaction time.

Besides, we assume that the leading vehicle satisfies the same acceleration and speed

constraints, i.e., amin < Uo(k) < @max, and vmin < vo(k) < vmax for all & € Zy. Note

that constraints (i) and (ii) are decoupled across vehicles, whereas the safety distance

constraint (iii) is state-control coupled since such a constraint involves control inputs of

two vehicles. This yields challenges to distribution computation. Further, the identical

acceleration or deceleration bounds are considered, although the proposed approach can

handle a general case with different acceleration or deceleration bounds.
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Communication network topology. We consider a general communication network
whose topology is modeled by a graph G(V, ), where V = {1,2,...,n} is the set of nodes
where the ith node corresponds to the ith CAV, and £ is the set of edges connecting two
nodes in V. Let N; denote the set of neighbors of node i, i.e., N; = {j| (i,j) € £}. The
following assumption on the communication network topology is made throughout the

chapter:

A.1 The graph G(V,€) is undirected and connected. Further, two neighboring CAVs
form a bidirectional edge of the graph, i.e., (1,2),(2,3),...,(n —1,n) € £, and the

first CAV can receive xo(k), vo(k), and ug(k) from the leading vehicle at each k € Z .

Since the graph is undirected, for any i,5 € V with ¢ # j, (i,j) € £ means that there
exists an edge between node ¢ and node j. In other words, vehicle ¢ can receive infor-
mation from vehicle j and send information to vehicle j, and so does vehicle j. The set-
ting given by A.1l includes many widely used communication networks of CAV platoons,
e.g., predecessor-following, predecessor-leader following, immediate-preceding, multiple-

preceding, and preceding-and-following networks [97].

3.3 Model Predictive Control for CAV Platooning Control

We exploit the model predictive control (MPC) approach for car following control of
a platoon of CAVs. Let A be the desired constant spacing between two adjacent vehicles,
and (g, vo, up) be the position, speed, and control input of the leading vehicle, respectively.
Define the vectors: (i) z(k) := (zo — 21 — A,...,Tn—1 — 2 — A)(k) € R", representing
the relative spacing error; (ii) 2/(k) := (vo — v1,...,vn—1 — vn)(k) € R", representing
the relative speed between adjacent vehicles; and (iii) u(k) = (u1,...,un)(k) € R",
representing the control input. Further, let w;(k) := u;—1(k) —u;(k) for each i = 1,...,n,
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and w(k) := (wl, A wn) (k) € R™, which stands for the difference of control input between

adjacent vehicles. Hence, for any k € Z4, u(k) = —S,w(k) + uo(k) - 1, where 1 :=
(1,...,1)T is the vector of ones, and
-1 0 0 0- - 1 -
11 0 ... 0 -1 1
Spi= |1 i o | eRY S — e R™™. (3.3)
11 1 0 -1 1
_1 1 1 1_ I -1 1_

Given a prediction horizon p € N, the p-horizon MPC control is determined by
solving the following constrained optimization problem at each k € Z., involving all
vehicles’ control inputs for given feasible state (z;(k), vi(k))’_; and (xo(k),vo(k), uo(k)) at

time k subject to the vehicle dynamics model (3.1):

minimize J(u(k),...,u(k+p—1)):= (3.4)
P
% Z <T2uT(k: +s— 1)SgTQw755;1u(k: +s—1)
s=1 e

ride comfort

2T+ 8)Qu o2 (k4 5) + (2/(k + )T Qa2 (k + 5) )

traffic stability and smoothness

subject to: foreachi=1,...,nand each s =1,...,p, zi(k+s) = x;—1(k+s) —x;(k+s),
and z/(k +s) = vi—1(k + s) — vi(k + s), where x;(k + s) and v;(k + s) are given in terms

of u;(k),...,u;(k+p—1) as shown in the vehicle dynamics model (3.1), and

amin < Uz(k +s— 1) < Omax, Umin < Uz(k + 3) < Umax, (35)
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(U’L(k + 3) - Umin)2
2amin

zi—i(k+s)—zi(k+s) >L+r-vi(k+s)— ,  (3.6)

where Q. s, Q. s and Qs are n x n symmetric positive semidefinite weight matrices to
be discussed soon. When p > 1, (zo(k + s + 1),v0(k + s + 1), up(k + s)) are unknown
at time k for s = 1,...,p — 1. In this case, we assume that ug(k 4+ s) = wug(k) for all
s=1,...,p—1 and use these ug(k + s)’s and the vehicle dynamics model (3.1) to predict

(xo(k+s+1),v9(k+s+1)) fors=1,...,p—1.

Remark 3.3.1. The three terms in the objective function J intend to minimize traffic flow
oscillations via mild control. Particularly, the first term penalizes the magnitude of control
for mild control and ride comfort, whereas the second and last terms penalize the variations
of the relative spacing and relative speed to reduce traffic oscillations, respectively. The
weight matrices Q). s, Q. s and Qs in the above J are chosen such that smooth traffic
dynamics and asymptotic stability is achieved in the closed loop dynamics; see Section 3.5
for details. The presence of the matrix S, in the first term is due to the coupled vehicle
dynamics through the CAV platoon. To illustrate this, let w(k+s—1) :=w(k+s—1)—
ug(k) - ey for s =1,...,p. Thus w(k+s—1) = =S, 'u(k+s—1) for each s = 1,...,p.
Therefore, the first term in J satisfies 72u? (k+s—1)S, T Qu sS; tu(k +s—1) = 20T (k+
s —1)Qu,sw(k+s—1) for each s. Lastly, non-constant spacing car following polices can

be considered; see Remark 3.4.3 for details.

The weight matrices Q. s, @./s, and Qus, s = 1,...,p determine transient and
asymptotic dynamics, and they depend on vehicle network topologies and can be chosen
by stability analysis and transient dynamics criteria of the closed loop system. To develop

fully distributed schemes for a broad class of vehicle network topologies and to facilitate
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control design and analysis, we make the following blanket assumption on Q. s, Q. s, and

Qu,s throughout the rest of the chapter:

A.2 Foreach s =1,...,p, Q. and @, , are diagonal and positive semidefinite (PSD),

and Qs is diagonal and positive definite (PD).

The reasons for considering this class of diagonal positive semidefinite or positive
definite weight matrices are three folds: (i) Diagonal matrices have a simpler interpre-
tation in transportation engineering so that the selection of such matrices is easier to
practitioners. For instance, the diagonal @, and @),/ s mean that one imposes penalties
on each element of z(k + s) and 2/(k + s) without considering their coupling. Further, by
suitably choosing the weight matrices Q) s, it can be shown that the ride comfort term in
equation (3.4), which corresponds to acceleration of CAVs, is similar to imposing direct
penalties on w;’s, which simplifies control design. (ii) This class of weight matrices facili-
tates the development of fully distributed schemes for general vehicle network topologies.
(iii) Closed-loop stability and performance analysis is relatively simpler (although still
nontrivial) when using this class of weight matrices. The detailed discussions of choosing
diagonal, positive semidefinite or positive definite weight matrices for satisfactory closed
loop dynamics will be given in Section 3.5.

The sequential feasibility has been established in [21], [22] for the MPC model (3.4)
when 7 > 7. Define P((x;,v;)i—g, u0) = {u € R"|amin < % < Gmax, Umin < v + T <

Umax, Pi(u) <0, Vi =1,...,n}, where h;j(u) :== L+ r(v; + Tu;) — (it —vmin)® (z; —

2amin

Ti—1) + 1(v; —vi—1) + g[uZ — u;—1] for each ¢ = 1,...,n. Specifically, the sequential

feasibility implies that for any feasible x;(k),v;(k),uo(k) at time k, the constraint set
P((zi(k),vi(k))i, uo(k)) is non-empty such that the MPC model (3.4) has a solution

ux(k) such that the constraint set P((z;(k + 1),v;(k + 1)), uo(k + 1)) is non-empty.
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Using this result, we show below that under a mild assumption, the constraint sets of the
MPC model have nonempty interior for any MPC horizon p € N. This result is important

to the development of distributed algorithms.

Corollary 3.3.1. Consider the linear vehicle dynamics (3.1) and assume r > 1. Suppose
the leading vehicle is such that (vo(k),uo(k)) is feasible and vo(k) > vmin for all k € Zy.
Then the constraint set of the p-horizon MPC model (3.4) has nonempty interior at each

k.

Proof. Fix an arbitrary k € Zy. Since vg(k) > vpmin, it follows from [22, Proposition 3.1]
that there exists a vector denoted by w(k) in the interior of P((z;(k),vi(k))i, uo(k)).
Let z;(k 4+ 1) and v;(k + 1) be generated by (k) (and (z;(k),vi(k))I—y, uo(k)). Since
vo(k + 1) > vmin, we deduce via [22, Proposition 3.1] again that there exists a vector
denoted by u(k+1) in the interior of the constraint set P((z;(k+1), vi(k+1))"y, uo(k+1)).
Continuing this process in p-steps, we derive the existence of an interior point in the

constraint set of the p-horizon MPC model (3.4). O

3.3.1 Constrained MPC Optimization Model

Consider the constrained MPC optimization model (3.4) at an arbitrary but fixed
time k € Z4 subject to the linear vehicle dynamics (3.1). In view of the following results:

foreach s=1,...,p,

s—1 s—1
vilk+s) =vi(k)+ 7> ui(k+j), Z(k+s) =2k +71> wlk+j),
j=0 j=0
s—1 .
(k4 5) = 2(k) + 572/ () + 72 ;0 2(5_2»7)_111;@; + ),

w(k+s) =S, [ —u(k +s) +up(k) - 1],
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we formulate (3.4) as the constrained convex minimization problem (where we omit k since

it is fixed):

minimize  J(u) := Ju’Wu+cTu+7,

subject to w; € &;, (Hi(u))s <0, Vi=1,...,n, Vs=1,...,p,

where u := (uy,...,u,) € R™ with u; := (u;(k),...,ui(k+p—1)) € RP, W is a PD
matrix to be shown in Lemma 3.3.1 below, ¢ € R™, v € R, each X; := {z € RP | ayin - 1 <
2 < Gmax - 1, (Umin —0i(k)) - 1 < 752 < (Umax — vi(k)) - 1} is a polyhedral set, and each
(H;(+))s is a convex quadratic function characterizing the safety distance given by (3.12).
Here S, is the p x p matrix of the form given by (3.3). Further, ug := ug(k) - 1, € R? for

the given ug(k). An important property of the matrix W in (3.7) is given below.

Lemma 3.3.1. Suppose that Q. s and Q. s are PSD and Q. s are PD for alls =1,...,p

(but not necessarily diagonal). Then the matrix W in (3.7) is PD.

Proof. Let u be an arbitrary nonzero vector in R™. Since J(-) is quadratic, we have
sulWu = limy o % In view of the equivalent formulation of J(-) given by (3.4), we
deduce that for any A > 0, J(Au) = J(Au(k),..., \u(k+p—1)) > )‘72 SP_ Pl (k+ s —
1S, TQu S, 'u(k + s — 1) > 0, where the first inequality follows from the fact that Q. s

and @, s are PSD, and the second inequality holds because @ s, and thus S TQuw Sy,

are PD. Therefore, J(;‘Qu) > 23 2T (k4 s — 1)9, ' Qus Sy tu(k + 5 — 1) > 0, leading

to sulWu> 337 r2ul(k+5—1)S;'Qu,sS, 'u(k + s — 1) > 0. Hence, W is PD. [
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To establish the closed form expressions of the matrix W and the vector ¢ in (3.7),

we define the following matrices for any i,7 € {1,...,p}:

p 4
Vig = ST |0 (R =0+ 10 205 = ) + Qs +72Qu,) | S € RN

s=max(i,j)

Clearly, V; ; = Vj; for any 7, j. Moreover, let ©w7s = S;TQuw&f fors=1,...,p. Hence,

the symmetric matrix W is given by W = ETV E, where

Vi + 72Qu Vi Vig oo oo Vip
Vi Voo +72Qua Vaz -0 o Vap
V= e R (3.8)
i %71 %72 %73 . o [N ‘/;74) _|_ T2@w,p_

and F € R"™*"P ig the permutation matrix satisfying

U(k‘) up

u(k + 1) U
=F

u(k+p—1) u,

Specifically, the (7, j)-entry of the matrix F is given by

1 ifi=n-k+s, j=p-(s—1)+k+1, for k=0,...,p—1, s=1,...,n;
Eij=

0, otherwise.
(3.9)

In particular, when p = 1, we have E = I,,.
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For a fixed k € Z,, we also define for each s =1,...,p,

s—1
ds(k) = 2(k) + s72'(k —1—7222 S_] 7;1‘1~u0(/<:),
7=0
s—1
fo(k) o= 2'(k)+ 7> S, 1-ug(k).
j=0

In light of S, ! given by (3.3), we have S, ! -1 = e;. Therefore, we obtain

2
ds(k) = z(k) + s72' (k) + %52e1u0(k), fs(k) = 2/ (k) + Tsejup(k). (3.10)
In view of
25_12(S_j)_1 -1 : / =
2(k+s) = ds(k)—T Zfsn u(k+5),  2(k+s)=fuk)—7Y_ S, lulk+j),
j=0 7=0

the linear terms in the objective function J are given by

> (S5

S$=1

s — Z) + 1]dz(k)Qz,s + TfsT(k)Qz’,s} ) SEI ’ u(k +i— 1)' (3'11)

Using the permutation matrix E given in (3.9), we can write ¢c’u as cfu = Y, c%iui,

where cz; is the subvector of ¢ corresponding to u;. Since Q. s and @),/ , are diagonal, it
is easy to obtain the following lemma via ds(k), fs(k) in (3.10) and the structure of S *

given by (3.3).

Lemma 3.3.2. Consider the vector ¢ = (cz,,...,cz,) given above. Then for each i =

1,...,n, the subvector cz, depends only on z(k), zj(k), zi41(k), 2z 1 (k)’s fori=1,...,n—

/
n

1, and ¢z, depends only on z,(k), z,(k). Further, only cz, depends on ug(k).

109



The above lemma shows that each cz; only depends on the information of the adja-
cent vehicles of vehicle i, and thus can be easily established from any vehicle network. This
property is important for developing fully distributed schemes to be shown in Section 3.4.2.

To find the vector form of the safety constraint, we note that for s=1,...,p,

s—1 . s—1
2(s—3)—1 . )
xi(k+s) = x;(k)+sTv;(k)+72 Z (;)ui(k—i—j), vi(k+s) = vi(k)+7 Zui(k—i—j).
§=0 §=0
The safety distance constraint for the i-th vehicle at time k is given by: for s=1,...,p,

2§ 2s =)~ 1 .
0> —|zi—1(k) + sTvi—1(k) — (xi(k) + sTvi(k)) | — 7 Z ————[u—1(k +j)

[E—

s—1 s—1
—wilh ]+ L) b w4 g) - 5 [P (S wk+ ) (312)
=0 min =0

s—1
+27(0i(k) = vmin) Y wilk + ) + (vi(k) — ’Umin)ﬂ = (Hi(ui—1,w))s,
=0

where (H;(,-))s is a convex quadratic function for each s = 1,...,p. Hence, the set
Z; = {u € R"|(H;j(wji—1,u;))s < 0,Vi=1,...,p} is closed and convex. The problem
(3.7) becomes miny J(u) subject to u; € &; and u € 2Z; for all ¢ = 1,...,n, which is
a convex quadratically constrained quadratic program (QCQP) and can be solved via a

second-order cone program or a semi-definite program in the centralized manner.

Remark 3.3.2. The above results show that each X;’s are decoupled from the other vehi-
cles, whereas the constraint function H; for vehicle i is locally coupled with its neighboring
vehicles. Specifically, H; depends not only on u; but also on u;_; of vehicle (i — 1), which
can exchange information with vehicle ¢. We will explore this local coupling property to

develop fully distributed schemes for solving (3.7) in the next section.
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3.4 Operator Splitting Method based Fully Distributed Algorithms for

Constrained Optimization in MPC

We develop fully distributed algorithms for solving the underlying optimization
problem given by (3.7) at each time k using the techniques of locally coupled convex
optimization and operator splitting methods. One of the major techniques for developing
fully distributed schemes for the underlying optimization problem given by (3.7) is to
formulate it as a locally coupled convex optimization problem [26]. Section 1.2.1 shows
the formulation of such problems into a locally coupled convex optimization problem. In
what follows, we will develop a decomposition method for the underlying matrix W given
in equation (3.7). This decomposition helps us to write the objective function as a locally

coupled convex optimization problem.

3.4.1 Decomposition of a Strongly Convex Quadratic Objective Function

The framework of locally coupled optimization problems requires that both an ob-
jective function and constraints are expressed in a locally coupled manner. Especially,
the central objective function in (1.1) is expected to be written as the sum of mutiple
locally coupled functions preserving certain desired properties, e.g., the (strong) convex-
ity if the central objective function is so, where local coupling satisfies network topology
constraints. While the constraints of the problem (3.7) have been shown to be locally
coupled (cf. Remark 3.3.2), the central strongly convex quadratic objective function, par-
ticularly its quadratic term %uTVVu7 is densely coupled and thus need to be decomposed

into the sum of locally coupled (strongly) convex quadratic functions, where the local
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coupling should satisfy the network topology constraint. In this subsection, we address

this decomposition problem under a mild assumption on network topology.

We start from a slightly general setting. Let A := (Aq,...

s An) € R and A =

diag(X) = diag(\1, ..., A\y) be a diagonal matrix, i.e., A is the vector representation of the

diagonal entries of A. Therefore, the following matrix is tridiagonal:

SoTAS T =

A1+ A2

W

W

A2 + A3

)3

_)\nfl

)\nfl + )\n

,)\n

“\,

An

(3.13)

Consider a general p € N. Let © be a symmetric block diagonal matrix given by

O1,1

O2.1

@p,l

O1,2

O2.2

@p,2

@l,p

@2,1)

@p,p

c Rnpxnp’

where ©; ; = diag(8;;) € R"*" is diagonal for some 8;; € R", and 0;; = 0;; for all

i,7 =1,...,p. Let (8;;)r denote the kth entry of the vector 6; ;. For each i =1,...,n,
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define the matrix

(011)i (B12)i -+ (O1p)i
U, := G21)i (Bo2)i - (Oap)s € RPXP, (3.14)
((Op1)i (Op2)i -+ (Opp)i]

It can be shown that © = ETdiag(Uy, ..., U,)E, where E is the permutation matrix given

by (3.9). Hence, O is PD (resp. PSD) if and only if each U; is PD (resp. PSD).

Let
_S,T i _S,l i
ST St
V = ©
Syt Syt
=S-T .—§-1
Viin Vig -+ Vi,
Vor Voo - Vo,
Vo1 Ve2 o Vpp)

where Vi ; = S,70,;S, ! is symmetric and tridiagonal. Letting E be the permutation

matrix given by (3.9), a straightforward computation shows that ETV E is a symmetric
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block tridiagonal matrix given by

Wi1 Wio

)

Wai1 Wapo Wa 3

W:ETVE: G]Rnpxnp7

Wn—l,n—Q Wn—l,n— 1 Wn— 1,n

Wn,n—l Wn,n

where each W; ; € RP*P is symmetric and W; ; = W;;. Furthermore, for eachi=1,...,n

and j € {i,i+ 1},

V)i Vig)ig - Viplig
W, = (V21)ij  (Va2)ij (Vap)ij —
(Vo) (V2)ig o (Vop)ig ]|

where (V. 5);; denotes the (,7)-entry of the block V; . In view of V;; = S;T@i,ngl
and (3.13), we have that W;; = U; + Ujq and Wy ;41 = —Ujpq fori=1,...,n—1, and
Wy.n = U,. Moreover, since W = ETVE = ETSTTOS™LE, W is PD (resp. PSD) if and
only if © is PD (resp. PSD), which is also equivalent to that each U; is PD (resp. PSD);
see the comment after (3.14).

In what follows, we consider PSD (resp. PD) matrix decomposition for a PSD (resp.
PD) W generated by 6; ; € R" fori =1,...,nand j > i. The goal of this decomposition is
to construct PSD matrices W* € R for s = 1,...,n such that the following conditions

hold:
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WhHis (Whie

(Wha1 (Wh)ay

)

wh = 0 0
0O --- 0
(ii)
W =19 ... 0
(Wn)n—l,n—l (Wn)n—l,n
i (Wn)n,n—l (Wn)n,n
(iii) for each s =2,...,n—1,
0(s—2)px (s—2)p
(WS)S—LS—I (Ws)s—l,s 0
(Ws)s,sfl (Ws)s,s (Ws)s,erl
WS = 0 (/V[\?S)s+1,s (Ws)s+1,s+l

(iv) W=y we.

115




For notational simplicity, let W* denote the possibly nonzero block in each W, Specifi-

cally,
Wl Wl Wn el Wn neln
Wl — ( )1’1 ( )1’2 c R2p><2p’ Wn — ( ) Ln—1 ( ) L c RQPX2P,
(Whax (Wh)aa (Wn1 (W
and for each s =2,...,n—1,
(Ws)s—l,s—l (ﬁ//s)s—l,s 0
W? .= (Ws)s,s—l (Ws)s,s (Ws)s,s-l—l € Rgpxgp'
L 0 (Ws)s+1,s (Ws)s+1,s+1_

When W is PD, we also want each W in the above decomposition to be PD.

Proposition 3.4.1. Let W be a PSD matriz generated by 6;; € Rt for i = 1,...,n.
Then there exist PSD matrices Ws, s = 1,...,n satisfying the above conditions. More-
over, suppose W is PD. Then there exist PD matrices WS, s =1,...,n such that their

corresponding Ws’s satisfy the above conditions.

Proof. Let W be generated by ; ;’s such that W is PSD, and let U;’s be defined in (3.14)

corresponding to 6; ;’s. Note that each U; is PSD as W is PSD. Let
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and for each s =2,...,n—1,

We =

0(s—2)px(s—2)p

Us —Us
-Us Us
0 0

Since each Uj; is PSD, so is W for each s = 1,...,n. Clearly, W =30, W,

Now suppose W is PD. Hence, each U; given by (3.14) is PD. Define

. 1 Ur+U; —Us - u, -U,
2 —U, UQ’ ‘2—Un Un7
_Ul +U; U 0 _
we ;:% ~Uy Ua+Us —Us|:
I 0 —Us Us ]
and for each s =3,...,n—1,
- Us —Us 0
Woim 3 | U, Uy h Uy —User| ERP.
I 0 —Ust1 Us+1
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v Ul 0 U2 —U2
Note that W' = % + and the two matrices on the right hand

0 0 =Us Uy

side are both PSD and the intersection of their null spaces is the zero subspace. Hence,
W1is PD. Similarly, W2 is PD, and the other W*’s are PSD. Since W1 is PD, we see that

for an arbitrary ¢; € (0, )\min(Wl)), Wl.=w!— 1 - Iy is PD. Hence,

I, U + Uz + 261 -1, —Us 0
N N 1
wW? .= W2+(51' I, = B U, U2+U3+251'Ip —Us
0 0 —Us Us

is also PD. Therefore, for an arbitrary d2 € (0, )\min(W2)), the matrix W2 := W2 — Jo -
0 I,

I, is PD. Further, it is easy to show that the matrix W3 := W3 48, I,

is PD such that for any d3 € (0, Amin(W?3)), the matrix W3 = W3 — 65 - I, is

Ip

PD. Continuing this process by induction, we see that W* is PD for all s = 4,...,n—1
0

and Wn—1 .= -1 _ Op—_1 - I, is PD for an arbitrary 6,1 € (0, )\mm(W"_l)),

I

where W1 is PD. Finally, define Wn = +0p—1-I2p, which is clearly PD. Using these

PD /WS, s=1,...,n, we construct ws by setting the possibly nonzero block in each ws
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as Ws. Specifically,

Wl Wl wn el wn neln
( )1’1 ( )1’2 _ Wl c ]R2p><2p7 ( ) Ln—1 ( ) L — Wn c R2p><2p,
(Wl)Q,l (WI)Q,Q (Wn)n,n—l (Wn)n,n
and for each s =2,...,n—1,
(Ws)s—l,s—l (Ws)s—l,s 0

(Ws)s,s—l (WS)S s (Ws)s,s—I—l = WS € R3P><3p_

0 (W)srts (W)ssrss1]

A straightforward calculation shows that W =37, Ws, yielding the desired result. [J

To obtain the desired decomposition using the above proposition, we observe that
the matrix V in (3.8) is given by S™70S~! for some matrix © of the form given below
(3.13) whose blocks are positive combinations of Q. s, Q. s and Q5. Since Q. and Q¢
are diagonal and PSD and @, s are diagonal and PD, each block of © is diagonal and PD
or PSD. Moreover, by Lemma 3.3.1, W is PD. Hence, there are uncountably many ways to
construct positive 5, and thus PD Ws, as shown in the above proposition. Therefore, we
obtain the following strongly convex decomposition for the objective function J in (3.7),

where we set the constant v = 0 without loss of generality:

n

1 1
J(u) = —u"'Wu+clu= Z §uTW’u + Z cgiui
i=1

2 5
=1
n—1
= Ji(ug,u2) + Z Ji(wi—1, w5, 9541) + Jn(Up—1,uy)
i—2
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where the strongly convex functions J; are given by

1 —~ |u
J1(ll1,ll2) = 2|:u¥“ u%i| %] +C%1ul,
U2
for 1=2,....,n—1
u;—1
1 7% T
Ji(wi—1, 05, 0541) = 5 u;{l u;TF u;ﬂrl Wil w | e, (3.15)
Wi+1
1 —~ | Un-1 T
Jn(un—hun) = 5 uz;_l ug Wn +cInun.
Upn

Remark 3.4.1. The above decomposition method is applicable to any vehicle commu-
nication network satisfying the assumption A.1 in Section 3.2, i.e., (i, + 1) € & for all
i =1,...,n — 1. Besides, various alternative approaches can be developed to construct
PD matrices W* using the similar idea given in the above proposition. Further, a similar
decomposition method can be developed for other vehicle communication networks differ-
ent from the the cyclic-like graph. For instance, if such a graph contains edges other than
(i,i4 1) € &, one can add or subtract certain small terms pertaining to these extra edges

in relevant matrices, which will preserve the desired PD property.

In what follows, we write each J; as J;(u;, (uj);en;) for notational convenience,
where N; denotes the set of neighbors of vehicle 7 in a vehicle network such that i—1,i+1 €

Nifori=2,....n—1land2€Nj,n—1€N,,.
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3.4.2 Operator Splitting Method based Fully Distributed Algorithms

For illustration simplicity, we consider the cyclic like network topology through
this subsection, although the proposed schemes can be easily extended to other network
topologies under a suitable assumption (cf. Remark 3.4.1). In this case, N7 = {2},
Nop={n—-1},and N; ={i—1,i+1} fori=2,...,n— 1.

Define the constraint set

P :={u=(u,...,uy) ER?P|un; € X;, ue z;, i=1,...,n}.

Recall that P is defined by convex quadratic functions. The underlying optimization
problem (3.7) at time k& becomes min,, J(u) subject to u € P.

We formulate this problem as a locally coupled convex optimization problem [26]
and solve it using fully distributed algorithms. Specifically, in view of the decompositions

given by (3.15), the objective function in (3.7) can be written as

In view of Remark 3.3.2, the safety constraints are also locally coupled. Let I denote the

indicator function of a (closed convex) set S. Define, for each i = 1,...,n,

~

Ji(wi, (wy)jen;) = Ji(wi, (0))jen;) + Ly, (W) + Iz, (w1, w;).

As in [26], define u; := (ui, (W;5) e M)7 where the new variables u; j represent the predicted

values of u; of vehicle j in the neighbor of vehicle ¢, and let U := (U;)i=1,..n € RY. Define
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the consensus subspace

A = {ﬁ|um- = uy, V(Z,]) 65}

Then the underlying optimization problem (3.7) can be equivalently written as
n
min Z Ji(u;), subjectto ue€ A
u
i=1

Let P; := {u; |w; € &, (Hi(ui;—1,1;))s < 0,Vs = 1,...,p} for notational simplicity.

Then the underlying optimization problem becomes

n

min F(G) = Ji(W;) + Y Ip, () + La(d), (3.16)

u i=1 i=1

where F' : R — RU{+4o0} denotes the extended-valued objective function. Thus F is the
sum of two indictor functions of closed convex sets and the convex quadratic function given
by J(a) := >, Ji(U;), by slightly abusing the notation. Note that A is polyhedral. It is
easy to show via Corollary 3.3.1 that the Slater’s condition holds under the mild assump-
tions given in Corollary 3.3.1, e.g., vg(k) > vy for all k € Z,. Hence, by [60, Corollary
23.8.1], OF (@) = S0y (V:(0) + Nop, () ) + Na(@) in light of Olc (w) = N (x), where
Ne(x) denotes the normal cone of a closed convex set C at x € C. Finally, the formula-
tion given by (3.16) is a locally coupled convex optimization problem; see Section 1.2.1.
This formulation allows one to develop fully distributed schemes. Particularly, in fully
distributed computation, each vehicle 7 only knows u; and :]\z (i.e., J; and P;) but does not
know u; and j; with j # i. Each vehicle ¢ will exchange information with its neighboring

vehicles to update U; via a distributed scheme.
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Algorithm 9 Generalized Douglas-Rachford Splitting Method based Fully Distributed
Algorithm
1: Choose constants 0 < a < 1 and p >0
. Initialize k = 0, and choose an initial point 2"
: while the stopping criteria is not met do
fori=1,...,ndo

2

3

4

5 Compute z¥ using equation (3.17), and let wf“ — z*
6: end for

7. fori=1,...,ndo

8 zf“ —zF+2a- [Proxpfi (waJrl - zf) - wf“}

9: end for

10 k<« k+1

11: end while

12: return u* = wk

We introduce more notation first. For a proper, lower semicontinuous convex func-
tion f : R” — R U {400}, let Proxy(-) denote the proximal operator, i.e., for any given
r € R,

1
Proxs(z) := argmin f(z) + =z — z|j3.
ZeRn 2

Further, IIo denotes the Euclidean projection onto a closed convex set C. Using this
notation, we present a specific operator splitting method based distributed scheme for
solving (3.16). By grouping the first two sums (with separable variables) in the objective
function of (3.16), we apply the generalized Douglas-Rachford splitting algorithm [26].
Recall that J;(4;) := J;(U;) + Ip,(4;) for each i = 1,...,n. For any constants o and p

satisfying 0 < o < 1 and p > 0, this algorithm is given by:

ouwkt! _ Zk) _ wk+1]

k41 _ k k41 _ Lk . A .
w = TI4(2"), z = 2" 4 2« [PrOXpJ1+“'+pJn(

It is shown in [15], [26] that the sequence (w*) converges to the unique minimizer 4* of
the optimization problem (3.16). In the above scheme, II4 is the orthogonal projection

onto the consensus subspace A such that the following holds: for any u := (uy,...,q,)
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where U; := (ui, (uq;j)je_/\/i), u:=II4(u) is given by [26, Section IV]:

B 1 ~ ~ o
u; =u;; = IV (uj + k%\:/ ukj), V(i,5) € €. (3.17)
J

Furthermore, due to the decoupled structure of ji’s, we obtain the distributed version of
the above algorithm, which is also summarized in Algorithm 9:

witl = Zk i=1,...,n; (3.18a)

79

= 24 2a [Proxpji (wa+1 - zf) - wf“], i=1,...,n. (3.18b)

In the distributed scheme (3.18), the first step (or Line 5 of Algorithms 9) is a
consensus step, and the consensus computation is carried out in a fully distributed and
synchronous manner as indicated in [26, Section IV]. The second step in (3.18) (or Line
8 of Algorithms 9) does not need inter-agent communication [26] and is performed using
local computation only. For effective computation in the second step, recall that jz(ﬁz) =
Ji(u;) +1Ip,(u;) for each ¢ = 1,...,n such that the proximal operator Prox 5 (u;) becomes

Prox -

~ . 1 ~
in(ui) = argmin J;(z) + %Hz — 3.

z€P;

Since P; is the intersection of a polyhedral set and a quadratically constrained convex set

and J; is a quadratic convex function, Prox - (u;) is formulated as a QCQP and can be

P:fi(
solved via a second order cone program [1] or a semidefinite program. Efficient numerical
packages, e.g., SeDuMi [75], can be used for solving the QCQP with high accuracy. Lastly,
a typical (global) stopping criterion in the scheme (3.18) (or Algorithm 9) is defined

by the error tolerance of two neighboring 2*’s; i.e., ||2F*1 — 2¥||3 < &, where ¢ > 0
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is an error tolerance. For distributed computation, one can use its local version, i.e.,

|25 — 2F||a < /n, as a stopping criterion for each vehicle.

Remark 3.4.2. Other distributed algorithms can be used to solve the underlying opti-
mization problem (3.16). For example, the three operator splitting method based schemes
developed in [15] can be applied. To describe such schemes, let L= max;—1i,.n HWZHQ > 0.
Note that the Hessian HJ(u) = diag(/W?")i:Lm,n. Hence, VJ is E—Lipschitz continuous
and thus 1/ L-cocoercive. Further, the two indicator functions are proper, closed, and
convex functions. Choose the constants ~, A such that 0 < v < Q/E and 0 < A <2 — %

Then for any initial condition 2°, the iterative scheme is given by [15, Algorithm 1]:
wh ! = TI4(25), AR LT |:H7>1><...><7>n (2wk+1 — 2k - 7VJ(wk+1)) - wk+1].

In view of the similar discussions for consensus computation and decoupled structure of
the projection Ilp, «...xp,, we obtain the distributed version of the above algorithm:

i i 1=1,...,n;

= 2k [Hpi (2wf+1 —2F . [Wiwarl +cz,]) — wf“}, i=1,...,n.

In this scheme, the Euclidean projection Ilp, can be formulated as a QCQP or a second
order cone program and solved via SeDuMi.

When each W' is PD, each J; is strongly convex. Thus VJ is p-strongly monotone
with g = min;—q1,__, )\min(/Wi), ie, (z—y)T(VJ(z)—-VJI(y)) > pllz—yl|3,Vz,y. Since the
subdifferential of the indicator function of a closed convex set is monotone, an accelerated
scheme developed in [15, Algorithm 2] can be exploited. In particular, let  be a constant

with 0 < n < 1, and 79 € (0,2/(5‘ (1 —n)). Set the initial points for an arbitrary 29,
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wY = T4 (2°%) and v° = (2° — w")/~0. The distributed version of this scheme is given by:

k+1 _ =k —k .
wi+ = z; + Y05, 1=1,...,n;

1 .

vf“ = —(zqu'ykvffwa), t=1,...,1n
Yk

Yerr = —I + 4/ (E7)? + s

k+1 _ k+1 k+1 7, k41 -
Z; - H'Pi (IUZ — VE+1Y; - ’7k+1[szi + CL])’ 1=1,...,n,

where i := n - u. It is shown in [15, Theorem 1.2] that (w*) converges to the unique
minimizer G* with ||w* —d*||2 = O(1/(k +1)). However, our numerical results show that
Algorithm 9 outperforms the three operator splitting method based schemes in term of

real-time computation when p > 3; see Section 3.6.2 for comparison and details.

Remark 3.4.3. The proposed MPC formulation, decomposition method, and fully dis-
tributed schemes can be extended to non-constant spacing car following policies, for exam-
ple, the time-headway spacing policy. This policy is given by A;(k) = do+v;(k)-h, Vk €
Z for the ith vehicle, where dy > 0 is a constant, and A > 0 is the constant time-headway.
In this case, it can be shown that z;(k + 1) = z(k) + 72/(k) + ng(k) —7h - u;(k) and
2i(k+1) = z}(k) + Tw;(k) for each i. Therefore, for each s =1,...,p, (zi(k+s), zl(k+5))
depends on u;(k), ..., ui(k+s—1) and u;—1(k), ..., ui—1(k+s—1) only such that its MPC
formulation also leads to a locally coupled QCQP, to which the proposed fully distributed

schemes are applicable.

3.5 Control Design and Stability Analysis of the Closed Loop Dynamics

In this section, we discuss how to choose the weight matrices Q. s, Q. s and Qs

to achieve the desired closed loop performance, including stability and traffic transient
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dynamics. For the similar reasons given in [22, Section 5], we focus on the constraint free
case.
Under the linear vehicle dynamics, the closed-loop system is also a linear system.

Specifically, the linear closed-loop dynamics are given by

2(k+1) = z(k)+ 72/ (k) + 7—2210(/{), Z(k+1) = 2'(k)+ Tw(k), (3.19)

where w(k) is a unique solution to an unconstrained optimization problem arising from

the MPC and is a linear function of z(k) and 2'(k) to be determined as follows.

Case (i): p = 1. In this case, we write Q.1, Q. 1, Qu,1 as Q~, Q. , Qy respectively. Then

the objective function becomes

2
J(w(k)) = %[zT(k+1)Qz,z(k+l)+ (2 (k + 1) Qo (k+1)| + & ()Quid (k).

where we recall that w(k) = w(k) — ug(k)e;. It follows from the similar argument in [22,

Section 5] that the the closed-loop system is given by the following linear system:

z(k+1) 2 =
+ WQwel : UO(/C), (320)

Z(k+1)

where Ac is the closed loop dynamics matrix given below, and

—

2= 3
L= 5WQ. - W(FQ.+3Q.)| 2 -1
Ac = ! ;o W= [sz+Qz/+Qw

“IWQ.  L-W(5Q.+Q.)

(3.21)
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The matrix Ac in (3.20) plays an important role in the closed loop stability and
desired transient dynamical performance. Since Q),, @, and @Q,, are all diagonal and PSD
(resp. PD), we have Q. = diag(a), Q. = diag(8), and Q,, = diag(¢{), where o, 3 € R}
and ¢ € R, with a = (a4)}_;, B = (8:)j~;, and ¢ = ({;)j—,. Hence, we write the matrix
Ac as Ac(a, 3,¢,7) to emphasize its dependence on these parameters. The following
result asserts asymptotic stability of the linear closed-loop dynamics; its proof resembles

that for [22, Proposition 5.1] and is thus omitted.

Proposition 3.5.1. Given any T € Ry | and any o, B,¢ € R"} , , the matriz Ac(a, B,¢, T)
is Schur stable, i.e., each eigenvalue p € C of Ac(ex, 3,¢,T) satisfies |pu| < 1. Moreover,

for any eigenvalue p; of Ac, the following hold:

(1) if p; is non-real, then |u;|? = %7 where d; := o”f + B + Gi;

(2) if p; is real, then 1 — (‘W +ﬁz) <pi<l-— CEdez

Case (ii): p > 1. Fix k. For a general p € N, let w := (w(k),...,w(k+p—1)) € R".

Recall that for each s =1,...,p,

s—1 .
d(hts) = k) +sr2(0) 472 Y 20D T e ) k) = 2 +rz (k).
7=0

and with slightly abusing notation, the objective function is

J(w(k), ..., wk+p—1)) =

w

Z( T(k4+s5—1)Qusw(k+s—1)

[\Q\P—‘

(ke + 8)Qusz(k+5) + (2(k+ ) Quu? (k + s)),
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where w(k + s) := w(k + s) — uo(k) - e; introduced in Remark 3.3.1. It follows from the

similar development in Section 3.3.1 that

1 ~

J(w) = §WTHW +wl |G —uwo(k)g | +7,
where 7 is a constant. By a similar argument as in Lemma 3.3.1, it can be shown that
H € RP"*P" is a symmetric PD matrix. Further, it resembles the matrix V in (3.8) (by

replacing S, ! with I,,), i.e.,

g ) o . y
Hi 1 +7°Quw1 Hyo Hiz -~ - H,,
g o ) o o
H> Hyo +7°Qu2 Hzz --- - H,
npxn
H = € R"PXTP
y o y y )
i Hp1 Hpo Hps -+ - Hpyp+r7 Qw,p_

(3.22)

where I:Ii’j’s are diagonal PD matrices given by

p 4
Hi’j = Z (%[2(5 - 7‘) + 1] : [2(8 — j) + 1]Qz,s + TQQZ/78> € R**",

s=max(i,j)

Moreover, it follows from (3.10) and (3.11) that the matrix G and constant vector g are

G171 GLQ Qw,lel

G = : | e R, g = 12 : c RP™.

Gp71 Gp72 Qw,pel
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where G; 1, G;2 € R"™" are given by: for each i =1,...,p,

= QZ Q287 22—7—323 st+TZQz’s

s=1

Hence, the optimal solution is w, = (w.(k), w«(k +1),...,w.(k+p—1)) =

z(k) z(k)
~-H! (G —uo(k)g>, and wy (k) = — |:In 0 --- O] H_1<G —uo(k)g>.
(k) 2 (k)
Define the matrix K and the vector d as
K:=— [[n 0 --- 0} H'G ¢ R, d:= [[n 0 --- O] H 'g ¢ R". (3.23)
The closed loop system becomes
2(k+1) I, 71, ~I, (k) I,
= + K + uo(k) - d, (3.24)
Z'(k+1) 0 I, T, 2/ (k) I,
Ac

where Ac is the closed loop dynamics matrix, and the subscript of A¢ represents the closed
loop.

Since Q; s, Q). s are diagonal PSD and @), s are diagonal PD for all s =1,...,p, we
write them as Q. s = diag(a®), Q. s = diag(8°), and Qs = diag(¢®), where o®, 3% € R}
and ¢* € R, forall s =1,...,p with a® = (o)}, B° = (5;)i=;, and ¢* = ()i, for
each 5. Let a := (a!,...,a?), B := (B',...,8), and ¢ = (¢},...,¢P). We write the
matrix Ac as Ac(a, 3, ¢, 7) to emphasize its dependence on these parameters.

It can be shown that there exists a permutation matrix E € R22n guch that

A= ETACE is a block diagonal matrix, i.e., A= diag(;ll, /ng, .. ,En) whose each block

130



A; € R2X2 ig given by

2
- 17 5 ~
A = + K, Vi=1, , N
0 1 T
Here for each i = 1,...,n, K; = —el ﬁ;l G, € R'*2 where H; € RPXP is given as:
(Hi1 + 72Qu)ii (Fi )i (Fig)i; - o (Hip)i
(F,1)ii (Ho2 + 72 Qu2)ii (Fag)ii - - (Hap)is
ﬁi = N
L (Hp)i (Hpz2)i (Hpa)ii -+ -+ (Hpp+7°Quip)ii]
and

(G11)ii (G12)i4

G; = e RP¥2,

(Gp1)ii (Gp2)ii

Note that H = diag(ﬁl, ﬁg, . ,ﬁn) = ETHE for the permutation matrix E € RP?XP"
given by (3.9). Since H is PD, so are all the H,’s.
As examples, we give the closed form expressions of H; and G, for some small p’s.
~ ) ~ .
When p =1, H; = 72(Ta; + 6} +() and G; = %20%1 ;all +7p} foreachi=1,...,s.

When p = 2, we have, for each ¢ =1,...,n,

2.1, 972 2 1 2 1 372 2 2
~ T e 6+ 6+ T+ B

H,; = 2 € R2*2,

372 2 92 2 2
ad + 57 T B+
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and
2a11+3a12 3 1 3.2 1 2
G _ TPt Top + 3% +7(B] + 57) —
%204? 7'30412 +Tﬁi2
Lemma 3.5.1. Let p = 2. For any 7 > 0, (o}, 8L,¢}) > 0 and 0 # (o, 52,¢2) > 0 for

eachi=1,...,n, Ac(ex,3,¢, 7) is Schur stable, i.e., its spectral radius is strictly less than

1.

Proof. By the previous argument, it suffices to show that each A; is Schur stable for

i =1,...,n. Fix an arbitrary . Letting K; = [01 CQ] , we have

2 2
~ 1+ %5ca 7+ 5

2 2
AZ': s

TC1 1+ 7co

where

2 2
dooy + 0 (267 + 3¢7) oy — oo + B)) + 2 afBE + (P (37%F + B7)
2d’ ’ o Td! ’

Cl1 =

and d’ := det(H;) /74, and d, = %af + B8 + ¢F for s = 1,2. Hence, d’' = dyds + 7202 (5% +

9¢2) + B2¢2. Define

2 3
of = dyal + X2 +3C7), B = ol + TaBE+ (5T 4 BY), o = dacl,
Clearly, o/, B,+' are all positive for any 7 > 0, (a7, 8},¢}) > 0 and 0 # (a2, 32,¢?) > 0.

Moreover, we deduce from a somewhat lengthy but straightforward calculation that d’ =

2 / 20/ 2+ ’
o'+ +4>0. Hence, ¢; = —55, ca = —#, and
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_ 1_LT,2 T(l_(alq-z_i_[i/)l/)
A; = i ! 2 € R2*2_ It follows from [22, Proposition
_317;' 1_(&’27'2_’_/8/)%
5.1] that A; is Schur stable, and so is Ac(a, 3,¢, 7). O

Using a similar technique but more lengthy calculations, it can be shown that when
p = 3, the matrix A(e, 3, ¢, 7) is Schur stable for 7 > 0, (o}, 8, ¢}) > 0,0 # (o, 82, ¢?) >
0 and 0 # (a?,83,¢}) > 0 for each i = 1,...,n. For p > 4, we expect that the same
result holds (supported by numerical experience) although its proof becomes much more
complicated. Nevertheless, it is observed that in the p-horizon MPC, when the parameters
af, p¢ (and possibly including ¢7) with s > 3 are medium or large, large control inputs are
generated, which causes control or speed saturation and may lead to undesired close-loop
dynamics. Motivated by this observation, we obtain the following stability result for small

(a,57)>0for s=3,...,p.

Proposition 3.5.2. Let p > 3. For any 7 > 0, (o}, 8},¢!) > 0 and 0 # (o2, 82,¢%) > 0
for eachi=1,...,n, and ¢ >0 for s =3,...,p and i = 1,...,n, there exists a positive
constant € such that for any of, 57 € [0,2) fors=3,...,pandi=1,...,n, Ac(e,3,¢,T)

is Schur stable.

Proof. Consider p > 3. Fix arbitrary 7 > 0, (af, 84,¢}) > 0, and 0 # (a2, 82,¢?) > 0 for
eachi=1,...,nand ¢ >0 for s =3,...,pand i = 1,...,n. Suppose o = 3 = 0 for

all s=3,...,pand i =1,...,n. Then Q,s = @, s =0 for all s > 3. Hence, H; ; = 0 for
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all ¢ > 3 and any j. Thus it is easy to show that for each i =1,...,n,

H?2 G2

2~3 0

-~ (2

Hi - S Rpo7 éz - S RpX2a

72§f 0

where INIZQ € R?*2 and é? € R?*2 correspond to p = 2 given before. Hence, K; :=
—er{ﬁ;léi = —er{(ﬁ%)_lég. It follows from Lemma 3.5.1 that Ac(e,3,¢,7) is Schur
stable, i.e., spectral radius is strictly less than 1. Since the spectral radius of Ac(ax, 3,¢, T)
is continuous in «f, 3 for all s =3,...,pand i = 1,...,n, a small perturbation to o, 3/
forall s=3,...,pand i = 1,...,n still leads to the Schur stable matrix Ac. This yields

the desired result. O

Based on the above results, one may choose Q). s, Q. s, Qu, s in the following way.
Let us,vs € R and ws € R}, be positive or nonnegative vectors of the same order.
Let n > 1 (e.g., n = 5 or higher) be a constant and let k., k., and k, be some positive

constants. Then for s = 2,...,p, let

Raw

Qz,s = (Sfizl)ndiag(us), Qz/,s = @iiz;y)diag(vs)a Qw,s = Wdlag(ws)

For a given MPC horizon p € N, suppose that the closed loop dynamic matrix
Ac(a, 3,¢, 1) is Schur stable. Since the acceleration of the leading vehicle is bounded,
ie., amin < ug(k) < amax for all k € Zy, the closed loop dynamics given by (3.20) or
(3.24) is bounded-input-bounded-output stable. Particularly, if ug(k) — 0 as k — oo,

then (z(k),2'(k)) — 0 as k — oo.
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3.6 Numerical Results

3.6.1 Numerical Experiments and Weight Matrices Design

We conduct numerical tests to evaluate the performance of the proposed fully dis-
tributed schemes and the CAV platooning control. In these tests, we consider a platoon of
an uncontrolled leading vehicle labeled by the index 0 and ten (i.e., n = 10) CAVs follow-
ing the leading vehicle. The following physical parameters are used for the CAVs and their
constraints throughout this section unless otherwise stated: the desired spacing A = 50m,
the vehicle length L = 5m, the sample time 7 = 1s, the reaction time r = 7 = 1s,
the acceleration and deceleration limits amax = 1.35m/s? and amin = —8m/s?, and the
speed limits vpax = 27.78m/s and vpin, = 10m/s. The initial state of the platoon is
2(0) = 2/(0) = 0 and v;(0) = 25m/s for all i« = 0,1,...,n. Further, the vehicle communi-
cation network is given by the cyclic-like graph, i.e., the bidirectional edges of the graph
are (1,2),(2,3),...,(n—1,n) € £.

When n = 10, a particular choice of these weight matrices is given as follows: for

p=1,

a' = (38.85,40.2,41.55,42.90,44.25,45.60, 46.95, 48.30, 49.65, 51.00) := &,

B! = (130.61,136.21,141.82,147.42,153.03, 158.64, 164.24, 169.85, 175.46, 181.06) := 3,
¢! = (62,74,90,92,106, 194,298, 402, 454, 480) := ¢

For p > 2, we choose a'! =& —1, 8 =B8-1,¢' =¢—1, and

0.0228 0.044 _ ~ 0.0026 _ ~
B = xB, (= XC s=2,...,p.
(s —1)*

o = X

(-1t
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The above vectors a®, 3%, ¢* define the weight matrices Q. s, Q. s, Qu,s for s =1,...,5,
which further yield the closed loop dynamics matrix Ac; see the discussions below (3.23).
It is shown that when these weights are used, the spectral radius of Ac¢ is 0.8498 for p = 1,

and 0.8376 for p = 2,...,5, respectively.

Discussion on the selection of MPC horizon. We discuss the choice of the MPC
prediction horizon p based on numerical tests as follows. Our numerical experience shows
that for p > 1, the weight matrices @1, Q.1 and @1 play a more important role for the
closed loop dynamics. For fixed Q. 1,Q./ 1 and Q1 with the large penalties in Q). s, Q. s
and Qs for s > 1, the closed loop dynamics may be mildly improved but at the expense
of undesired large control. Hence, we choose smaller penalties in Q. 5, Q. s and @, s for
s > 1, which only lead to slightly better closed loop performance compared with the case
of p = 1. Further, when a large p is used, the underlying optimization problem has a larger
size, resulting in longer computation time and slow convergence of the proposed distributed
scheme. Besides, the current MPC model assumes that the future ug(k + s) = ug(k) for
all s = 1,...,p — 1 at each k. This assumption is invalid when the true ug(k + s) is
substantially different from wug(k), which implies that the prediction performance is poor

for a large p. Hence, it is recommended that a smaller p be used, for example, p < 5.

The following scenarios are used to evaluate the proposed CAV platooning control.
e Scenario 1. The leading vehicle performs instantaneous deceleration/acceleration and
then keeps a constant speed for a while. The goal of this scenario is to test if the platoon
can maintain stable spacing and speed when the leading vehicle is subject to acceleration
or deceleration disturbances. The motion profile of the leading vehicle is as follows: the

leading vehicle decelerates from k = 51s to k = 54s with the deceleration —2m/s?, and
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maintains a constant speed till k£ = 100s. After k = 100s, it restores to its original speed

25m/s with the acceleration 1m/s?.

e Scenario 2. The leading vehicle performs periodical acceleration/deceleration. The
goal of this scenario is to test whether the proposed control scheme can reduce periodical
spacing and speed fluctuation. The motion profile of the leading vehicle in this scenario is
as follows: the leading vehicle periodically changes its acceleration and deceleration from
k = 51s to k = 100s with the period T' = 4s and acceleration/deceleration =1m/s?. Then

it maintains its original constant speed 25m/s after k = 100s.

e Scenario 3. In this scenario, we aim to test the performance of the proposed control
scheme in a real traffic environment, particularly when the leading vehicle undergoes traffic
oscillations. We use real world trajectory data from an oscillating traffic flow to generate
the leading vehicle’s motion profile. Specifically, we consider NGSIM data on eastbound
1-80 in San Francisco Bay area in California. We use the data of position and speed
of a real vehicle to generate its control input at each second and treat this vehicle as a
leading vehicle. Since the maximum of acceleration of this vehicle is close to 2m/s?, we
choose amax = 2m/s%. All the other parameters or physical limits remain the same. The
experiment setup of this scenario is: z;(0) = Om, v;(0) = 25m/s for each i, and the time
length is 45s. To further test the proposed CAV platooning control in a more realistic
traffic setting in Scenario 3, random noise is added to each CAV to simulate dynamical
disturbances, model mismatch, signal noise, communication delay, and road condition
perturbations. In particular, at each k, the random noise with the normal distribution
N(0.04,0) is added to the first CAV, and the noise with the normal distribution A/(0.02,0)

is added to each of the rest of the CAVs. Here a larger noise is imposed to the first CAV
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Table 3.1: Parameters in Algorithm 9 for different MPC horizon p’s

MPC horizon p=1 p=2 p=3 p=4 p=>5
a 0.95 0.95 0.95 0.8 0.8
p 0.3 0.3 0.3 0.1 0.1
Error tolerance | 1073 | 2x 1073 | 5x 1073 | 7x 1073 | 1.25 x 1072

since there are more noises and disturbances between the leading vehicle and the first

CAV.

3.6.2 Performance of Fully Distributed Schemes and CAV Platooning Control

The generalized Douglas-Rachford splitting method based distributed algorithm
(i.e., Algorithm 9) is tested. For each MPC horizon p, the parameters «, p, and the
error tolerance for the stopping criteria in this algorithm are chosen to achieve desired
numerical accuracy and efficiency; see the discussions below (3.18) for error tolerances
and Table 3.1 for a list of these parameters and error tolerances. In particular, we choose
a larger error tolerance for a larger p to meet the desired computation time requirement
of one second per vehicle. For comparison, we also test the three operator splitting based
distributed scheme and its accelerated version given in Remark 3.4.2, where we choose
8 = Amin(W /2, v = 1.9/L and A = 1.05. Here L is the Lipschitz constant defined in

Remark 3.4.2. For the accelerated scheme, we let 7 = 0.2 and ~o = 1.9/(0.8 x L).

Initial guess warm-up. For a given p, the augmented locally coupled optimization
problem (3.16) has nearly 3np scalar variables and 3np scalar constraints when the cyclic-
like network topology is considered. These sizes can be even larger for other network
topologies satisfying the assumption Al. Hence, when p is large, the underlying opti-

mization problem is of large size, which may affect the numerical performance of the
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distributed schemes. Several techniques are developed to improve the efficiency of the
proposed Douglas-Rachford distributed schemes for real-time computation, particularly
for a large p. For illustration, we discuss the initial guess warm-up technique as fol-
lows. When implementing the proposed scheme, we often choose a numerical solution
obtained from the last step as an initial guess for the current step and run the proposed
Douglas-Rachford scheme. Such the choice of an initial guess usually works well when
two neighboring control solutions are relatively close. However, it is observed that the
convergence of the proposed distributed scheme is sensitive to an initial guess, especially
when the CAV platoon is subject to significant traffic oscillations, which results in highly
different control solutions between two neighboring instants. In this case, using a neigh-
boring control solution as an initial guess leads to rather slow convergence. To solve this
problem, we propose an initial guess warm-up technique, motivated by the fact that con-
trol solutions are usually unconstrained for most of k’s. Specifically, we first compute an
unconstrained solution in a fully distributed manner, which can be realized by setting P;
as the Euclidean space in Algorithm 9. This step can be efficiently computed since the
proximal operator is formulated by an unconstrained quadratic program and has a closed
form solution. In fact, letting J;(u;) = %ﬁ;‘rﬁ/\lﬁl + c%, u;, the closed form solution to the
proximal operator is given by Prox,j (u}) = —(pﬁ/\i + I)7Y(pez, — 1), where W; is PD.
We then project this unconstrained solution onto the constrained set in one step. Due to
the decoupled structure of the problem (3.16), this one-step projection can be computed
in a fully distributed manner. We thus use this projected solution as an initial guess for
the Douglas-Rachford scheme. Numerical experience shows that this new initial guess

significantly improves computation time and solution quality when p is large.
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Table 3.2: Scenario 1: computation time and numerical accuracy

MPC horizon

Computation time per CAV (s)

Relative numer. error

Mean Variance Mean Variance
p=1 0.0248 0.0017 34x107% | 1.9x 1077
p=2 0.0603 0.0034 1.5x 1073 | 2.6 x 1076
p=3 0.1596 0.0764 32x1073 | 1.1 x107°
p=4 0.1528 0.1500 40x1073 | 1.7x107°
p=>5 0.2365 0.2830 6.6 x 1073 | 5.7x107°

Table 3.3: Scenario 2: computation time and numerical accuracy

MPC horizon

Computation time per CAV (s)

Relative numer. error

Mean Variance Mean Variance
p=1 0.0464 0.0039 4.0%x107* | 1.9x 1077
p=2 0.1086 0.0153 1.1x1073 | 1.4x 1076
p=3 0.3296 0.2593 3.2x107% | 1.13 x 1077
p=4 0.5049 0.6257 59x 1073 | 4.6 x 107
p=>5 0.5784 0.7981 1.13x 1072 | 1.3x107°

Table 3.4: Scenario 3: computation time and numerical accuracy

MPC horizon

Computation time per CAV (s)

Relative numer. error

Mean Variance Mean Variance
p=1 0.0825 0.0023 1.30 x 1073 | 3.5 x 1076
p=2 0.2011 0.0051 7.5 %1073 1.6 x 1074
p=3 0.5830 0.3462 1.20x 1072 | 42x107*
p=4 0.8904 0.4685 1.69x 1072 | 3.3x107*
p=5 0.9967 0.7467 3.25x1072 | 1.3x 1074

140




Table 3.5: Scenario 3: computation time and numerical accuracy with initial guess warm-
up

MPC horizon Computation time per CAV (s) Relative numer. error
Mean Variance Mean Variance
p=1 0.0243 0.0023 50x107% | 7.0x 107"
p=2 0.0097 0.0017 2.6x107% | 1.6x107°
p=3 0.0579 0.0253 22x1073 | 1.1 x107°
p=4 0.1063 0.1103 3.7x107% | 24x107°
p=>5 0.1258 0.1155 85x1073 | 1.5x107°

Performance of distributed schemes. Distributed algorithms are implemented on
MATLAB and run on a computer of the following processor with 4 cores: Intel(R)
Core(TM) i7-8550U CPU @ 1.80GHz and RAM: 16.0GB. We test the fully distributed
Algorithm 9 for Scenarios 1-3. At each k € N, we use the optimal solution obtained
from the last step as an initial guess unless otherwise stated. To evaluate the numerical
accuracy of the proposed distributed scheme, we compute the relative error between the
numerical solution from the distributed scheme and that from a high precision centralized
scheme when the latter solution, labeled as the true solution, is nonzero. The mean and
variance of computation time per vehicle and relative errors for different MPC horizon
p’s in noise-free Scenarios 1-3 are displayed in Table 3.2- 3.4, respectively. The numer-
ical performance for Scenario 3 under noises is similar to that without noise and is thus
omitted.

It is observed from the numerical results that when the MPC horizon p increases,
more computation time is needed with mildly deteriorating numerical accuracy. This
observation agrees with the discussion on the choice of p given in Section 3.6.1, which sug-

gests a relatively small p for practical computation. Besides, we have tested the proposed
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initial guess warm-up technique on Scenario 3 for different p’s using the same parameters
and error tolerances for Algorithm 9; see Table 3.1. To compute a warm-up initial guess
using an iterative distributed scheme, we use the same « and p for each p with error
tolerance 5 x 107% for p = 1 and 1073 for the other p’s. A summary of the numerical
results is shown in Table 3.5. Compared with the results given in Table 3.4 without
initial guess warm-up, the averaging computation time is reduced by at least 80% and
the relative numerical error is reduced by at least two thirds for p > 2 when the initial
guess warm-up is used. This shows that the initial guess warm-up technique considerably
improves the numerical efficiency and accuracy, and it is especially suitable for real-time
computation when a large p is used. Hence, we conclude that Algorithm 9, together with
the initial guess warm-up technique, is suitable for real-time computation with satisfactory
numerical precision.

We have also tested the three-operator splitting based distributed scheme and its
accelerated version given in Remark 3.4.2. These schemes provide satisfactory computa-
tion time and numerical accuracy when p is small. For example, when p = 1, the mean
of computation time per CAV is 0.0553 seconds with the variance 0.0284 for Scenario 1
and 0.219 seconds with the variance 0.138 for Scenario 2, respectively. However, for a
slightly large p, e.g., p > 3, it takes much longer than 1 second for an individual CAV
to complete computation. This is because when p > 3, the Lipschitz constant L is large,
yielding a small constant v and slow convergence. Hence, these schemes are not suitable

for real-time computation when p > 3.

Performance of the CAV platooning control. We discuss the closed-loop perfor-
mance of the proposed CAV platooning control for the three aforementioned scenarios

with different MPC horizon p’s. In each scenario, we evaluate the performance of the
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Figure 3.1: Scenario 1: the proposed CAV platooning control with p = 1 (left column)
and p =5 (right column).
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Figure 3.2: Scenario 2: the proposed CAV platooning control with p = 1 (left column)
and p =5 (right column).
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Figure 3.3: Scenario 3: the proposed CAV platooning control with p = 1 (left
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spacing between two neighboring vehicles (i.e., Si—1,i(k) := zi—1(k) — zi(k) = zi(k) + A),

the vehicle speed v;(k), and the control input u;(k), i =1,...,n for p = 1,2,3,4,5. We

present the closed-loop performance for p = 1 and p = 5 only for each scenario; see Fig-

ures 3.1-3.3 for (noise free) Scenarios 1-3 respectively, and Figure 3.4 for Scenario 3 with

noises. In fact, it is observed from these figures (and the other tests) that there is little

difference in control performance between p = 1 and a higher p, e.g., p = 5. We comment

more on the closed-loop performance of each scenario as follows:

(i)

Scenario 1. Figure 3.1 shows that the spacing between the uncontrolled leading
vehicle and the first CAV, i.e., Sp1, has mild deviation from the desired A when
the leading vehicle performs instantaneous acceleration or deceleration, while the
spacings between the other CAVs remain the desired constant A. Further, it takes
about 35s for Sp 1 to converge to the steady state with the maximum spacing de-
viation 2.66m. The similar performance can be observed for the vehicle speed and
control input. In particular, it can be seen that all the CAVs show the exactly same
speed change and control, implying that the CAV platoon performs a “coordinated”

motion with “consensus” under the proposed platooning control.

Scenario 2. Figure 3.2 displays that under the periodic acceleration/deceleration
of the leading vehicle, the CAV platoon also demonstrates a “coordinated” motion
with “consensus”. For example, only Sp; demonstrates mild fluctuation, whereas
the spacings between the other CAVs remain the desired constant, and all the CAVs
show the exactly same speed change and control. Moreover, under the proposed
platooning control, the oscillations of Sp; are relatively small with the maximal
magnitude less than 0.22m. Such oscillations quickly decay to zero within 30s when

the leading vehicle stops its periodical acceleration/deceleration.
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(iii) Scenario 3. In this scenario, the leading vehicle undergoes various traffic oscilla-
tions through the time window of 45s. In spite of such oscillations, it is seen from
Figure 3.3 that only Sp 1 demonstrates small spacing variations with the maximum
magnitude less than 1m, but the spacings between the other CAVs remain almost
constant A through the entire time window. This shows that the CAV platoon also

demonstrates a “coordinated” motion with “consensus” as in Scenarios 1-2.

(iv) Scenario 3 subject to noises. Figure 3.4 shows the control performance of the CAV
platoon in Scenario 3 under noises. It can be seen that there are more noticeable
spacing deviations from the desired constant A for all CAVs due to the noises.
However, the variation of Sy 1 remains to be within 1m, and the maximum deviation
of each S;_;; with ¢ > 2 is less than 0.5m. Further, the profiles of the CAV speed

and control still demonstrate a nearly “coordinated” motion in spite of the noises.

In summary, the proposed platooning control effectively mitigates traffic oscillations
of the spacing and vehicle speed of the platoon; it actually achieves a (nearly) consensus
motion of the entire CAV platoon even under small random noises and perturbations.
Compared with other platoon centered approaches, e.g., [22], the proposed control scheme
performs better since it uses different weight matrices that lead to decoupled closed loop
dynamics; this choice of the weight matrices also facilitates the development of fully dis-

tributed computation.

3.7 Summary

The present chapter develops fully distributed optimization based MPC schemes
for CAV platooning control under the linear vehicle dynamics. Such schemes do not

require centralized data processing or computation and are thus applicable to a wide
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range of vehicle communication networks. New techniques are exploited to develop these
schemes, including a new formulation of the MPC model, a decomposition method for
a strongly convex quadratic objective function, formulating the underlying optimization
problem as locally coupled optimization, and Douglas-Rachford method based distributed
schemes. Control design and stability analysis of the closed loop dynamics is carried out
for the new formulation of the MPC model. Numerical tests are conducted to illustrate
the effectiveness of the proposed fully distributed schemes and CAV platooning control.
Our future research will address nonlinear vehicle dynamics [63], closed loop stability
analysis under non-constant spacing car following polices, and various robust issues under
uncertainties and disturbances, e.g., communication network malfunction and failure, time

delays in communication and control, model mismatch, and sensing errors.
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CHAPTER IV

Nonconvex, Fully Distributed Optimization based CAV

Platooning Control under Nonlinear Vehicle Dynamics

4.1 Introduction

Most of the existing research considers the linear vehicle dynamics [21], [22], [64],
[84]. Although the linear vehicle dynamics is suitable for smaller passenger vehicles, non-
linear dynamic effects, e.g, aerodynamiec drag, friction, and rolling resistance, play a
non-negligible role in trucks, heavy duty vehicles, and other types of CAVs. Motivated by
the lack of research for nonlinear vehicle dynamics, this chapter aims to develop fully dis-
tributed optimization based and platoon centered CAV platooning under nonlinear vehicle
dynamics over a general vehicle communication network. To achieve this goal, we propose
a general p-horizon MPC model subject to the nonlinear vehicle dynamics of the CAVs
and various physical or safety constraints. Several new challenges arise for the MPC hori-
zon p > 2 when the nonlinear vehicle dynamics is considered. First, the underlying MPC
optimization problem gives rise to a densely coupled, nonconver optimization problem,

where both the objective function and constraints are nonconvex. This is very different

150



from the linear vehicle dynamics treated in Chapter 3, for which a convex MPC model is

obtained so that various convex distributed optimization schemes can be used. Second,

a local optimal solution to the MPC is characterized by a highly sophisticated nonlinear

equation and does not attain a closed-form expression. Hence, the closed loop system

is defined by a time-varying nonlinear dynamical system, whose right-hand side has no

closed form expression, subject to non-vanishing external disturbances. These pose a dif-

ficulty in closed loop stability analysis and control design. To address these challenges,

we exploit new techniques for distributed algorithm development and control analysis and

design, which constitute main contributions of this chapter.

(1)

The major contributions of this chapter are summarized as follows:

To develop fully distributed schemes for the nonconvex MPC optimization problem
when p > 2, we first formulate the underlying densely coupled MPC optimization
problem as a locally coupled, albeit nonconvex, optimization problem using a decom-
position method developed for the linear CAV dynamics. Furthermore, we propose
a sequential convex programming (SCP) [45] based distributed scheme to solve the
locally coupled optimization problem. This SCP based scheme solves a sequence
of convex, quadratically constrained quadratic programs (QCQPs) that approxi-
mate the original nonconvex program at each iteration; such a convex QCQP can
be efficiently solved using (generalized) Douglas-Rachford method or other operator
splitting methods [15] in the fully distributed manner. The SCP based distributed
scheme converges to a stationary point, which often coincides or is close to an optimal

solution, under mild assumptions.

To analyze the closed loop dynamics, we first formulate the closed loop system as

a tracking system defined by a time-varying, nonlinear dynamical system subject
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to non-vanishing external disturbances. We apply stability theory of linear time-
varying systems and Lyapunov theory for input-to-state stability to show that for
all sufficiently small parameters pertaining to the nonlinear dynamics terms, the
closed loop system is locally input-to-state stable provided that the corresponding
linear closed loop dynamics under the linear vehicle dynamics (or equivalently when

the abovementioned parameters are zero) is Schur stable.

For real-time implementation, the computation time of the schemes should be less
than one second. This is the major reason for the choice of Douglas-Rachford method
based fully distributed schemes. Moreover, we develop initial warm-up techniques to
further improve the computation time. Extensive numerical tests have been carried
out for three types of CAV platoons in different scenarios: a homogeneous small-
size CAV platoon, a heterogeneous medium-size CAV platoon, and a homogeneous
large-size CAV platoon. The numerical results illustrate the effectiveness of the
proposed distributed scheme and CAV platooning control under the nonlinear vehicle

dynamics.

This chapter is organized as follows. Section 4.2 introduces the nonlinear vehicle

dynamics, state and control constraints, and vehicle communication networks. Sequen-

tial feasibility and properties of the constraint sets are established in Section 4.3; these

properties lay a ground for distributed optimization. A MPC model with a general pre-

diction horizon p is proposed in Section 4.4 and is formulated as a nonconvex constrained

optimization problem. Section 4.5 develops sequentially convex programming based fully

distributed schemes for the densely coupled nonconvex MPC optimization problem. Con-

trol design and stability analysis for the closed loop dynamics is given in Section 4.6, and
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Numerical tests and their results are presented in Section 4.7. Finally, summary is given

in Section 4.8.

4.2 Vehicle Dynamics, Constraints, and Communication Topology

We use the similar terminology given in Section 3.2 for the linear dynamics. Here
we introduce the following nonlinear vehicle dynamical model which in addition captures

aerodynamic drag, friction, and rolling resistance [97]:

2
zi(k+1) = zi(k)+71vi(k) + ?(ul(k) — 9 - vi(k) — 34 -9), (4.1a)
vilk+1) = wvi(k)+ T(uz(k) — - Uf(k) —c3, 'g), (4.1b)

where wu;(k) denotes the desired driving/braking acceleration treated as the control input.
ca,i - v2(k) characterizes the deceleration due to aerodynamic drag with the coefficient
c2; > 0, and c3; - g characterizes friction and rolling resistance with g = 9.8m/ 52 being
the gravity constant and c3; > 0 being the rolling friction coefficient. For different vehicles,
the coefficients ¢ ;, c3; can be different.

The coefficients c¢p; and c3; in model (4.1) are usually small for many different
types of cars or road conditions. For example, ca; typically ranges from 2.5 x 107*/m to
4.5 x 107*/m, and c3; typically ranges from 0.006 to 0.015 [97]. Since these coefficients
are small, the nonlinear terms in (4.1) are often neglected in system-level studies. This
yields the widely adopted double-integrator linear model given in linear dynamics (3.1).

The model (3.1) is suitable for small-size passenger cars, while model (4.1) can be

used for medium-size or large-size vehicles, e.g., trucks and heavy-duty vehicles. These

models are all well studied and widely accepted in the literature.
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State and control constraints. FEach vehicle in a platoon is subject to several im-
portant state and control constraints given in Section 3.2. Further it is possible that the
vehicle platoon is possibly inhomogeneous, i.e., different vehicles have different control
constraints. Hence, we let the acceleration/deceleration bounds a;max, @imin as well as

the vehicle length L; and the reaction time r; be different for different types of vehicles.

Communication network topology. The communication network topology for the
nonlinear dynamics is assumed to be the same as that of linear dynamics. In particular,

we assume that A.1 holds true; see Section 3.2 for details.

4.3 Sequential Feasibility and Properties of Constraint Sets

The sequential feasibility has been shown for a CAV platoon under the linear vehicle
dynamics [22]; see the definition of sequential feasibility on page 105. In what follows, we

establish the sequential feasibility under the nonlinear vehicle dynamics (4.1).

4.3.1 Sequential Feasibility

For notational convenience, define a;(k,u;(k)) := u;(k) — co02(k) — c3,g for given
(vi(k),u;(k))’s. It is noted that ug(k) is the actual acceleration of the leading vehicle at
time £ instead of its control. Hence, we set cag = c39 = 0 for notational convenience.
When £ is fixed, we often write it as a;(u;) to emphasize the dependence of a; on u;. Then

the nonlinear vehicle dynamics given by (4.1) can be written as

7_2
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Given (z;,v;), and ug, we introduce the following constraint set on the control u

subject to the nonlinear vehicle dynamics and the state and control constraints:

W (x4, vi)ig, o) = {U € R" | @i min < % < @i max, Vmin < Vi + 70 (%) < Umax,

hi(u) §O,i:1,...,n},

where the function h;’s are given by

v; + Ta; (U;) — Upnin)?
hi(w) = L; 4+ ri(v; + Ta;(u;)) — (vi + Ta;(u;) )

+ (z; — mi—1) + 7(vi —vi_1)

2ai,min
-2
+ E[Gi(uz’) —ai—1(ui-1)], (4.2)
and by abusing notation, a;(u;) = u; — czivf — ¢3,ig for each ¢ = 0,1,...,n. Further,

we define the following functions that describe the safety distances between two adjacent
vehicles on their current position and speed:

(vj = Umin)?

pi((wi,vi)img) = Lj+1jvj — =5 —
J,min

+ (z; —xj-1), Vi=1,...,n.

To simplify notation, we often write these functions as p; when (z;, v;)?"_, and ug are fixed
in the subsequent development. The sequential feasibility holds if W((z;,v;)i o, uo) is
nonempty for any given feasible (z;,v;)]" and g, i.e., aomin < U0 < @0max;, Umin < Vo <

Vmax, Umin < V0 + TU0 < Umax, Vmin < V3 < Umax and pi((xhvi)?:()) <Oforalli=1,...,n.
Proposition 4.3.1. Consider the nonlinear vehicle dynamics given by (4.1). Suppose
th ; ) . )2 . . )

e nonnegative constants ca;,c3; are such that co;v5 ., + €359 < Gimax and r; > T for

each i =1,...,n. Then the system is sequentially feasible for an arbitrary feasible initial

condition.
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Proof. We present some technical preliminaries first. For each given v; satisfying v, <

v; < Umax, define the continuous function ¢; : R — R as

2
T Vi — Umin TW )
qi(w ::v-+(+r->-w— w — , Yi=1,...,n. 4.3
i( ) g 2 v @4 min 20; min ( )

Moreover, in view of the definition of h; given by (4.2), we write h; as h;(a;,a;—1) by

slightly abusing notation. We claim the following result:

Claim : Given any feasible (z;,v;)!", and ug, assume that there exist a;’s such that
Vi + Ta; > Vmin, Vi =0,1,...,n. If ¢;(a;) < vmin, then hi(a;,a;—1) <0,

foralli=1,...,n.

To prove this claim, we first show that vi‘1+(vi‘21+mi‘1) > Umin for each i = 1,...,n.

that Ui—1+(vi—21+7'ai—1)

Clearly, we deduce via vy > vymin and vg + Tag > Umin > Umin When

i = 1. For each i > 2, it follows from the feasibility of (z;,v;);" that v;_1 > vyin. This,

Vi—1+(Vi—1+7Tai—1
. (22 i=1) 2 Umin for

along with the assumption that v;_1 4+ 7a;—1 > vpin, yields

each i > 2. Further, for each i = 1,...,n, we obtain, using p; < 0, that

(Ui +Ta; — Umin)2

hi(ai, ai_1) = L + ri(vi + TCLZ‘) — + (sz — mi_l) + T(Ui — U¢_1)
2ai,min
2
p
+?(ai — ;1)
2
Vi — Vo
= [L + v — m + (561 - xi_l)]
26Li,min
=Pi
e[t (0= ) = i) = 5 — )]
T|ria; + (v — vi— —(a; —a;—1) — — Vi — Umin
(AL 7 i—1 2 Q i—1 Zai,min i min )
2
T a; Ta;
< T[Ui + (ri + 5)% - aiv;m (vi — Vmin) — 2ai’;in
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_i—1+ (Vi1 + Ta-)

2
_ 7'|:(Zi(ai) ~ i1+ (Vi1 +Ta-1) }
2
< T[qi(ai) - Umin]v
where the last inequality follows from ”i’ﬁ(vi;ﬁmi*l) > Umin for each i = 1,...,n. Since

gi(a;) < Umin, we have h;(a;,a;—1) < 0 for each i = 1,...,n, completing the proof of the
claim.

With the help of the above result, we prove that there exists u = (u;)]; €
W((z,v;)}—, uo) for any feasible (z;,v;)!, and ug. For this purpose, consider the follow-

ing choice of u;’s for a feasible v;:

2 .
@i min + €2,iV; + €34, if v; + 7a;min > Vmin

Umin—Vs 2 .
=L+ 907 + 349,  if v + T min < Vmin

We show that the above u = (u;)i~; € W((zi,v;)i, uo) by considering the following

two cases for each fixed i:
(C.1) v; + T@jmin > Vmin. In this case, a;(u;) = ajmin < 0.

(a) Control constraint. In view of ca;,¢3; > 0, we have u; > ajmin. By the
assumption that cz,ivﬁlax + 3,9 < Qi max, We have u; = a; min + cz’wi2 + 359 <
C2,iU12naX +c3,i9 < i max- Thus Qi min < Uj < Qi max-

(b) Speed constraint. By virtue of a;(u;) = @; min, T min < 0, and the assumption

Vi + TQjmin = Umin, We have vmin < U + T@imin < ¥; < Umax. Thus vmin <

v; + 7a;(U;) = Vi + T4 min < Umax-

(C.2) v; + TGimin < Umin. In this case, a;(u;) = w < 0.

157



(a) Control constraint. Since ¢z, c¢3; > 0 and Vmin > v; + TGjmin, We have u; >

al(uz) — Pmin=¥ - Vi+TGi min—Vi

- - = @;min- By the assumption that 62,iUI2nax +

€3,i9 < @ max and using a;(u;) = 2= < 0, we also have u; < 0272-1)@-2 + 349 <

aj max- Thus Qi min < U; < i max-

(b) Speed constraint. Since v; + Ta;(u;) = vmin and a;(u;) < 0, we have vy, =

v; + 74 (4;) < Umax.

These results show that the a;(u;)’s satisfy v; + 7a;(u;) > Vmin, Vi = 0, 1,...,n such that
all the assumptions in the claim proved above hold.

To show that the proposed u given by (4.4) satisfies the safety distance constraints,
we consider cases (C.1) and (C.2) separately. For the former case, note that ¢;(a;(u;)) =
¢i(@imin) = T * Qimin + Umin < Umin. By the claim proved above, h;(a;, a;—1) < 0. For the

latter case, in light of v; = vyin — 7ai(u;), we have

0i(@i()) = vanin + (i = 7) - @i () =~y () + () [1 - ai(ua]

A3, min 2 A3 min

Since r; > 7, a;(u;) < 0 and v; — vy > 0, we have (r;—7)-a;(u;) < 0 and _(Lvmm)az(u) <

i, min

0. It has been shown in part (a) of (C.2) that a;(«) > @; min. This yields %ai(ui)[l—a"(ui)] <

Qi min

0. We thus conclude that g;(ai(u;)) < Umin, leading to h;(a;,a;i—1) < 0. Consequently,

w € W((z4,vi)} g, uo)- .

4.3.2 Nonempty Interior of the Constraint Sets

Consider the non-polyhedral constraint set arising from the nonlinear vehicle dy-

namics subject to the control, speed, and safety distance constraints. We show that under
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mild assumptions, this constraint set has nonempty interior. This property is critical for

the Slater’s constraint qualification in optimization.

Proposition 4.3.2. Consider the nonlinear vehicle dynamics (4.1). Suppose the non-

2

negative constants cz;,c3; are such that cg;vi ..

+ ¢3i9 < Qimax and r; > T for each
i=1,...,n. For any feasible (x;,v;)}y and ug, if vo > Vmin and vo + TUy > Umin, then

W((z,vi)}—, uo) has nonempty interior.

Proof. Given a feasible (x;,v;)", and ug such that agmin < %o < @0 max, Umin < V0 < Umax,
Vmin < V0 + 700 < Umaxs Umin < V; < Umax and p; <0 for all i = 1,...,n, we show that for
eachi =1,...,n, there exists u; satisfying a; min < U < @i maxs Vmin < Vi +7a;(U;) < VUmax,
and h;(;_;, ;) < 0, where @ := (Uy,...,u,)" € R". We prove this result by induction on
1 as follows.

Consider ¢ = 1 first. Let u; be given by (4.4). By the given assumptions and the

proof of Proposition 4.3.1, we obtain the following:

(C.1) If v1 + Ta1min > Vmin, then @min < U1 < 21025 + €319 < Gimax, Umin < V1 +
Ta1(u1) = v1 + 701 min < Vmax, and qi(a1(v1)) = r10i min + Vmin < Umin. Since qi (+)
given by (4.3) is continuous, there exists a constant £ > 0 such that uy := uy + ¢
satisfies ajmin < U1 < @imax; Umin < V1 + 7a1(U1) < Umax, and ¢i(a1(u1)) < Vmin-

It follows from the Claim given in the proof of Proposition 4.3.1 that hi(u;) <

7Tlq1(a1(@1)) — vmin) < 0.

— Ymin—Y 2
(C.2) If v1 + Ta1,min < Vmin, then a1(uy) = 2= a; g < up < 2,105, + 63,19 < @i max,

Umin = V1 + 7a1(u1) < Umax, and qi(ai(u1)) < Vpmin. As shown in the proof for the
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Claim in Proposition 4.3.1,

Vo + (Uo —I—TUO)

hi(u1) < 7| qi(ai(u1)) — 5

} < T[Q1(a1(u1)) — Umin | <0,

where we use the assumptions that vg > vy and vo+7ug > vmin. Hence, hi(ug) < 0.
By the continuity of ¢i(-) and hi(-), we see that there exists a small constant € > 0
such that 4y := wy + € satisfies ajmin < U1 < @imax; Vmin < V1 + 7a1(U1) < Umax,

and hl(ﬁl) < 0.

Now assume that for each 7 with 1 < i < n — 1, there exists u; satisfying a; min <

Uj < @i max; Umin < Vj +7a;(Uj) < Umax, and hj(u;,w;—1) < O0forall j =1,...,4i. Consider

i+ 1 as follows. As before, let u;11 be given in (4.4), and consider two cases:

(C.1))

(C.2))

Vit1 + TGimin > Umin- By the proof of Proposition 4.3.1 and a similar argument
for (C.1) given above, we deduce that there exists a constant ¢ > 0 such that

Uit1 := uiy1 + € satisfies the desired results.

Vit1 + TQjmin < Vmin. Similarly, @; min < %i+1 < @i max, Umin = Vi1 + TGi+1(Uir1) <
VUmin — Vi1

Vmax; and Gi1+1(ai+1(%it1)) < Vmin, Where a;y1(uir1) = =22——*1. Moreover,

v + (v + Ta;(u;))
2

hiv1 (Ui, uip1) < T[Q@'Jrl(aiJrl(qu))_

< T[Qi+1(ai+1(uz‘+1)) — vmin] <0,

where the strict inequality follows from the assumption that v; > vy, and the
induction hypothesis v; + 7a;(4;)) > vmin. Hence, h;y1(U;, uiy1) < 0. Then by the
similar argument for (C.2) above, we see that there exists a constant € > 0 such that

Uit1 := uj+1 + € yields the desired results.
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Consequently, by the induction principle, there exists a vector @ in the interior of

W((24,vi)ig, vo0)- m

In light of the above result, we make the following assumptions throughout the rest

of the chapter unless otherwise stated:

A.3 For each ¢ = 1,...,n, the nonnegative constants cs;,c3; satisfy CQ,ivfnax + 3,9 <
@i max and the reaction time r; satisfies r; > 7. Further, (vo(k),uo(k)) is feasible

with vo(k) > vmin for all k € Z..

It will be shown in Corollary 4.4.1 that under this assumption, the constraint set of a

general p-horizon model predictive control model has nonempty interior.

4.4 Model Predictive Control for CAV Platooning

We consider the model predictive control (MPC) approach for CAV platooning, and
we use the same formulation given in Section 3.3. Precisely, the objective function is
exactly the same as (3.4) and the constraints under the nonlinear vehicle dynamics (4.1)
are similar to (3.5), and (3.6) but assume that the acceleration/deceleration bounds a; max,
and a; min, the vehicle length L; and the reaction time r; are different for different vehicles
i, fori =1,...,n. In particular, we assume that A.2 holds true; see Section 3.3 for details.

More discussions on the class of weight matrices specified in A.2 can be found in
Section 3.3. We show below that under the assumption A.3, the constraint set of the
p-horizon MPC model has nonempty interior at each k for an arbitrary MPC horizon

p € N.

Corollary 4.4.1. Suppose the assumption A.3 holds. Then for any p € N, the constraint

set of the p-horizon MPC' optimization problem (3.4) has nonempty interior at each k.
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Proof. The proof is similar to [64, Corollary 3.1]. Fix an arbitrary k € Z;. Since
vo(k) > Umin, by Proposition 4.3.2; there exists a vector denoted by u(k) in the inte-
rior of the set W((x;(k), vi(k))i—g, uo(k)). Let z;(k + 1) and v;(k) be generated by u(k)
(and (z4(k),vi(k)), uo(k)). Since vo(k + 1) > Umin, we deduce via Proposition 4.3.2
again that there exists a vector denoted by u(k + 1) in the interior of the constraint set
W((x;i(k+1),v;(k+ 1))y, uo(k + 1)). Continuing this process in p-steps, we derive the

existence of an interior point in the constraint set of the p-horizon MPC model (3.4). O

4.4.1 Constrained Optimization Model under the Nonlinear Vehicle Dynam-
ics

In this subsection, we discuss the constrained optimization model (3.4) arising
from the MPC at each time k under the nonlinear vehicle dynamics (4.1) with the pos-
itive parameters ca; and c3;. For notational simplicity, define the parameter vectors
Pq = (c21,---,c20) € R} and pf 1= (c31,...,¢3,) € R, where the subscripts d and f
denote the drag and friction respectively. Further, ¢ := (¢4, ¢) € R2". For notational
convenience, we set ca 9 = 39 = 0; this is because up(k) is the actual acceleration of the
leading vehicle instead of its control.

Consider the constrained MPC optimization model (3.4) at an arbitrary but fixed
time k € Zy. Let u(k) := (ui(k),...,uy(k)) € R with u;(k) = (uw;i(k),...,ui(k+p—

1)) € RP. Recall that for eachi=1,...,nand j=0,...,p— 1,

a;(k+ j,ui(k), ..., ui(k + 7)) = wi(k+7) — covi(k+7) — c3,9,
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where we note that v;(k + j) depends on w;(k),...,u;(k+ j — 1) for 7 > 1. Specifically,

for p > 1,

ai(k,ui(k)) = ui(k) — c2,07 (k) — c3.49,

az(kz + 1,ul(k),ul(k: + 1)) = Ul(k? + 1) — 6271' [Uz(k‘) + Tai(k:,ui(k:))f — c3,i97

ai(k+p—1u(k),...,ui(k+p—1)) =ui(k+p—1) —ca; [vz(k:)

p—2 9
+7‘Zai(k+s,ui(k),...,ui(k—l—s))} — 3,19
s=0

By slightly abusing the notation, we may denote each a;(k + j,u;(k), ..., u;(k + 7)) by
az(k +.77u2(k))

Define for each ¢ =1,...,nand j=0,1,...,p—1,
bz(k + 7, ui_l(k), u,(k)) = ai_l(k + 7, ui_l(k)) — ai(k + 7, ui(k:)),

where ag(k+7,up(k)) := ug(k) for all j = 0,1,...,p—1 due to ug(k) := up(k)-1. It follows

from the nonlinear vehicle dynamics (4.1) that for each i =1,...,nand j =1,...,p,

7j—1 .
alk+35) = zlk)+jrak) +72) 2(‘7_25)_11%(1{; +os,wi (k) wi(k)), (4.5)
s=0

Jj—1

Zk+35) = 2k)+7Y bi(k+s,ui1(k),ui(k)). (4.6)
s=0

For a fixed k € Z,, define for each i = 1,...,n,
a;(u;(k)) := (ai(k,ui(k)), el ai(k: +p—1ui(k),...,ui(k+p— 1)))
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In what follow, we often omit &k in u;(k) when k is fixed. Further, define the function a :
R™ — R™ as a(u) := (ai(uy),...,a,(u,)). Note that if o = (¢4, ;) = (¢, ¢34)f-) =
0, then a(u) = u for all u € R™. We introduce more notation. Define the following

matrices:

Q= diag(Qw,l, Qw,,,) eRPP g7l diag( St ..., 87 ) € RPXTP,
—_———

p—copies

Furthermore, let E € R"™*" be the permutation matrix given by (3.9). E = I,, when

p=1, and
u(k) up
u(k+1) uy
=F = Fu.
U(k +p— 1) Uy

Using these matrices, it is easy to verify that the following term in the objective function

J in (3.4) satisfies

u(k) u(k)

st : Q. | 71 : =u' ETSTQ,ST'F u.

=U

ulk+p—1) u(k+p—1)

where ¥ € R™*" ig symmetric PD when A.2 holds. Therefore, the objective function J

in the MPC model (3.4) becomes

Ju) = J(u(k),...,u(k+p-—1))

P 2
{Z 2k +8)Qus2(k+5)+ (2 (k+8)TQu o2 (k+5)| + 7-?uT\II u
s=1

N
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7_2
[T (b4 8)Qu szl ) + (20 +5)7Qu (k4 )] + TaT ()T au)

s=1

N

7_2

+a (uT\Ilu — aT(u)\I/a(u)>.

In light of the expressions for z(k + j) and 2'(k + j) given by (4.5)-(4.6), it follows from

the similar argument in [64, Section 3.1] that the objective function

= 1.r T ﬁ T T
J(u) 52 (wWa(u) +c a(u) +~v+ 5 (u Yu-—a (u)\I'a(u)),

where W € R™*™ ¢ ¢ R™, and v € R. In fact, W = ETS TS E for a symmetric PSD
matrix © whose blocks are diagonal; see [64, Section 3.1] for the closed-form expression
of W. In particular, under the assumption A.3, W is a positive definite (PD) matrix

that only depends on Q. s, Q. s and Qus, s =1,...,p [64, Lemma 3.1]. In addition, the

T n

linear term in J(u) can be written as ¢’ a(u) = > ", c%ai(ui), where cz, is the subvector
of ¢ corresponding to a;(u;). By [64, Lemma 3.2], the subvector ¢z, depends only on
zi(k), z{(k), ziy1(k), i (k)'s for i = 1,...,n — 1, ¢z, depends only on z,(k), 2;,(k), and
only ¢z, depends on ug(k). These properties are important for developing fully distributed
schemes later on.

To characterize the constraints, let the matrix S, € RP*P be defined in the same

way as in (3.3) with n replaced by p, and (Spu;)p := 0. Recall that for each i =1,...,n

and j=1,...,p,

j—1
vi(k+7) = vi(k) + TZai(k + s,u(k)) = vi(k) + T(Sp ai(ui))j.
s=0
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Further, z;_1(k 4+ j) — zi(k + j) = zi(k + j) + A depends only on u;(k) and u;_1(k) as
shown in (4.5). Hence, we see that for each i = 1,...,n and each j = 1,...,p, the safety

distance constraint is given by:

(vi(k + ) — Umin)?

(Hi(wi-1(k),wi(k))) ;= Litrivi(k+5)— —[wi—1(k+j)—zi(k+j)] < 0.

Note that H;(-) depends only on u; (k) although it is written in the above form for nota-
tional convenience. Combining the above results, the MPC model (3.4) is formulated as

the following optimization problem:

minimize  J(u) := 2aT(u)(W — 720)a(u) + cTa(u) + v + 5 ul Py,
subject to u; € X, Umin < vi(k) + T(Sp ai(ui))s < Vmax, (4.7)

(Hi(wi-1,1;))s <0, Vi=1,...,n, Vs=1,...,p,

where &; := {u; € RP|a; minl < u; < @imaxl} for each i = 1,...,n. It can be shown via
the expressions of W and ¥ given in [64, Section 3.1] that W — 72¥ is PSD. When p = 1,
(4.7) is clearly a convex optimization problem. When p > 1, since all but the first entry
functions of a;(-) are nonconvex in u; for each 14, it is easy to verify that the objective
function J is nonconvex, and the velocity and safety distance constraints are nonconvex.
Hence, when p > 1, (4.7) yields a nonconvex optimization problem. Since J is continuous,
each X; is compact, and the other constraints are defined by continuous functions, the op-
timization problem in (4.7) has a (possibly non-unique) solution. Moreover, the objective
function J is densely coupled, and the safety distance constraint function (Hi(ui_l, ui))j
not only depends on u; but also on u;_ of the (i —1)-th vehicle, and thus is locally coupled

with its neighboring vehicles. This coupling structure, together with the nonconvexity of
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the optimization problem (4.7), leads to many challenges in developing fully distributed

schemes.

4.5 Fully Distributed Algorithms for Coupled Nonconvex MPC Opti-

mization Problem

In this section, we develop fully distributed algorithms for solving the underlying
coupled, nonconvex optimization problem (4.7) at each time k € Z,.. To achieve this goal,
several new techniques are exploited: the formulation of locally coupled (albeit nonconvex)

optimization, sequential convex programming, and operator splitting methods.

4.5.1 Formulation of MPC Optimization Problem as Locally Coupled Opti-

mization

Since the safety distance constraint of each vehicle ¢ is coupled with its neighboring
vehicle (i — 1) whereas the acceleration and velocity constraints are decoupled, the con-
straints of the MPC optimization problem (4.7) are locally coupled [26]. Motivated by
distributed computation for locally coupled conver optimization [26], [64], we observe that
(4.7) can be formulated as a locally coupled nonconver optimization problem. see Section
1.2.1 for details.

The framework of a locally coupled optimization problem requires that both its
objective function and constraints are expressed in a locally coupled manner satisfying
the communication network topology constraint. However, the objective function in the
underlying MPC optimization problem (4.7) is densely coupled. As indicated in Subsection
3.4.1 for convex optimization, this difficulty can be overcome by using certain matrix

decomposition techniques. Specifically, it is shown in Proposition 3.4.1 that under the
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assumption A.2, the PSD or PD matrix W € R™*" in (4.7) can be decomposed as

wW=>", WS, where all W* € R">X"P are PSD and satisfy the locally coupled conditions.

Since @, is diagonal and PD, it follows from the similar argument in [64, Lemma

4.1] that the PD matrix ¥ € R™*"P can be decomposed in the similarly way. Specifically,

there exist matrices U such that U = > \Tfs, where U%’s satisfy the abovementioned

conditions with W* (resp. ﬁ/\s) replaced by Us (resp. \/I}S) By setting v = 0 in (4.7)

without losing generality, the objective function J(u) in (4.7) can be decomposed as

J(u) =

n—1

1=2

where the functions J;’s on the right hand side are given by

Jl(ul, 112) =

Ji(wi—1, 05, 0541) =

Jn(unfl’ un) =

Ji(ug,ug) + Z Ji(wi—1, w5, 0541) + Jn(Up—1,uy),

2 up
T 1
— |, T T
u2
a;—1(u—1)
5 (aii(wic1) a; (W) aj(uig) T a;(u;)
ai—l—l(ui—i-l)
u;—1 u;—1
T 7 Tt :
+czial-(ui)+§ u; Ul oy |Vi=2,...,n—1,
Wil Wit1

n 2n
ag—l(unfl) ag(un)] <W —TY

N

an(uy,)
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In view of the assumption A.1, the above decomposition of J satisfies the communication
network topology constraint. Note that Wi — 29 may not be PSD or PD although

W — 720 is PSD.

Remark 4.5.1. Another decomposition of J is as follows. Note that V := W — 72V is
PSD, and it can be written as V = ETS™T®S™!E for a symmetric PSD matrix ® whose
blocks are all diagonal. Therefore, the similar decomposition can be made to V whose
corresponding Vi is PSD. In view of the objective function J in (4.7), we can decompose

J in a similar way by replacing Wi — 720 in the above decomposition by Vi,

In what follows, we use the above decomposition to formulate a locally coupled
optimization problem by introducing copies of local variables. We consider the cyclic like
network topology through this subsection, although the proposed formulation and schemes
can be easily extended to other network topologies satisfying the assumption A.1. In this
case, N1 = {2}, N, ={n—1},and V; = {i — 1,i+ 1} for i = 2,...,n — 1. Hence, each J;
in the decomposition of J can be written as J;(u;, (u;)jen;)-

Recall that for each i =1,...,n, &; := {u; € RP|a;minl < 1; < a;jmax1}. Further,

define

Vi = {w; € R |vpin <vi(k) +7(Spai(w)), < vmax, Ys=1,...,p}, (4.9)

Z; = { (ui_l,ui) € RP x RP ‘ (Hi(ui_l,ui))s <0, Vs=1,... ,p} . (4.10)
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As indicated before, Z; depends only on u; although it is written in the above form for
notational convenience. Let dg denote the indicator function of a closed set S. Define, for

eachi=1,...,n,

~

Ji(wi, (u)jen;) = Ji(w, (0))jen;) + 0x,(wi) + 0y, (w;) + 0z, (wi—1, ;).

For each i = 1,...,n, define u; := (ui, (uz‘,j)jex\fi)7 where the new variables u; ; represent
the predicted values of u; of vehicle j in the neighbor N of vehicle ¢, and let u :=

(tiy,...,U,) € RV, Define the consensus subspace
A = {ﬁGRN‘um’:uj, V(Z,j) 65}

Then the underlying optimization problem (4.7) can be equivalently written as the follow-

ing locally coupled optimization problem:
n ~
min Z Ji(u;), subjectto ue€ A (4.11)
u
i=1

In the above formulation, the functions ji’s are decoupled, and the consensus constraint

A gives rise to the only coupling in this formulation.
4.5.2 Sequential Convex Programming and Operator Splitting Method based
Fully Distributed Algorithms for the MPC Optimization Problem

When the MPC horizon p = 1, the underlying MPC optimization problem (4.7)
or (4.11) is a convex quadratically constrained quadratic program (QCQP), for which the

fully distributed schemes developed in [64] can be applied. We consider p > 1 from now on.
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In this case, the underlying MPC optimization problem (4.7) or (4.11) yields a non-convex
minimization problem whose objective function and constraints are non-convex, whereas
the coefficients c; > 0 and c3; > 0 defining the nonlinearities are small. Therefore, it is
expected that an optimal solution under the nonlinear vehicle dynamics is “close” to that
under the linear vehicle dynamics. The latter solution, which can be obtained using fully
distributed schemes [64], may be used as an initial guess for a distributed scheme for the
nonlinear vehicle dynamics. We formally discuss this observation as follows.

The general theory of perturbed optimization can be found in the monograph [7];
we consider a special case here. Let f : R" x R? — R and ¢g; : R” x R? — R with
i=1,...,m be all continuous functions. Let 2 C R” be a compact set, and ©® C R? be a
set of parameter vectors that contain the zero vector. Fix a parameter vector § € ©, and

define the parameter dependent constraint set

Wy = {xeR”‘gi(w,H) <0, Vz’zl,...,m}.

We assume that for each parameter vector § € O, the set {2 N Wy is nonempty. Since
gi(+,0) is continuous for a given 6, QN is a nonempty compact set such that for a fixed
f € ©, the minimization problem

Py : i 0
9 merg%%f(x, )

has a nonempty closed solution set denoted by Sy.
For each = € QN W), define the index set Z(z) := {i | ¢i(x,0) = 0} C {1,...,m},
which corresponds to the index set of active inequality constraints. We introduce the

following assumption on Q N Wj.
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A .4 For any z° € QNW, whose corresponding Z(x°) is nonempty, there exists a sequence
(w') in QN W, such that: (i) for each ¢, g;(w’,0) < 0 for all i = 1,...,m; and (ii)

(w') converges to z°.

The following lemma presents a sufficient condition related to the Slater’s condition

for A.4 to hold.

Lemma 4.5.1. Suppose each g;(-,0) is a convex function, Q N Wy is a convexr compact
set, and there exists z € QN Wy such that g;(2,0) < 0 for alli =1,...,m. Then A.4

holds.

Proof. Let z € QN W)y be such that g¢;(z,0) < 0 for each i = 1,...,m, and consider
x € QN Wy whose index set Z(z) is nonempty. Therefore, for any A € (0,1], gi(z +
Mz —2),0) = gi(Az 4+ (1 = Nz,0) < Agi(2,0) + (1 — N)gi(z,0) < Agi(2,0) < 0 for each

i =1,...,m. Therefore, A.4 holds. ]

Proposition 4.5.1. Suppose Py has the unique minimizer ., i.e., So = {x«}. Then
under the abovementioned assumptions (including A.4), for any € > 0, there exists n > 0

such that for all 0 € © with ||0|| <1, sup,eg, |2 — 2| <e.

Proof. Suppose not. Then there exist £9 > 0 and a sequence (6%) in © with ||#*|| — 0 such
that for each k, there exist z¥ € Syr with ||2¥ — .|| > €o. Since 2* belongs to the compact
set Q, (z¥) has a convergent subsequence whose limit z* € € satisfies ||z* — x| > .
Without loss of generality, we may assume that this subsequences is (z¥) itself. Since
gi(2F,0F) < 0 for all i = 1,...,m, it follows from the continuity of each g;(-,-) that
9i(z%,0) < 0. Hence, z* € QN W,. Consider a fixed but arbitrary = € N W,. Hence,
either Z(z) is empty or Z(z) is nonempty. For the former case, we deduce via the continuity

of gi(x, ) that g;(z,0%) < 0,i =1,...,m for all large k. Hence, x € QN W) for all large k.
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This shows that f(x,0F) > f(z*,0F) for all large k, and therefore f(x,0) > f(2*,0). For
the latter case, it follows from the assumption A.4 on 2NW), that there exists a sequence
(w*) in QN Wy which converge to 2 such that g;(w’ 0) <0 forall fand alli=1,...,m .
By the continuity of g;’s and the fact that (#¥) — 0, we see that for £ = 1, there exists an
index s1 such that g;(w!, %) < 0foralli = 1,...,m. Then for £ = 2, there exists an index
s with sy > s1 such that g;(w?,6%2) < 0 for all i = 1,...,m. Continuing this process, we
obtain a strictly increasing index sequence (s;) such that for each ¢, g;(w’, #¢) < 0 for all
i=1,...,m. Hence, each w’ € QN Wjys, such that f(w’,6%) > f(2%¢, 6%). Since (%) is a
subsequence of (#%) and (2°¢) is a subsequence of (z¥), we have that 6% — 0 and 2% — 2*.
This leads to f(x,0) > f(z*,0). Consequently, f(z,0) > f(z*,0) for all z € QNW). This
implies that z* is a minimizer of Py. Since x, is the unique minimizer of Py, we must have

z* = x,, yielding a contradiction to ||z* — x.|| > &o. O

We apply this proposition to the optimization problem (4.7). Recall that the pa-
rameter vector ¢ = (pg, @) = (c2,i,¢3)i=; € R2". To emphasize the dependence of the
objective function J on ¢, we write it as J(u, ) by abusing the notation. Further, the
constraints in (4.7) can be written as X N Y N Z, where X = A} x --- x &), is a con-
vex and compact set, and Y N Z = {u|gi(u,) < 0,7 =1,...,m} for some real-valued
functions g;, which also depend on ¢. It is shown in [64] that when ¢ = 0, J(u,0) is a
strongly convex quadratic function, and each g¢;(u,0) is an affine or a convex quadratic
function. Hence, when ¢ = 0, (4.7) becomes a convex optimization problem which attains
a unique optimal solution u, . Further, when r; > 7 for all ¢ and vo(k) > vpmin, this convex
optimization problem has non-empty interior [64, Corollary 3.1] such that A.4 holds by
Lemma 4.5.1. Therefore, letting S, denote the solution set of (4.7) corresponding to the

parameter vector ¢, we obtain the following corollary from Proposition 4.5.1.
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Corollary 4.5.1. Consider the optimization problem (4.7) with the parameter vector ¢ €
Ri” at time k. Suppose r; > 7 for all i and vo(k) > vmin. Then for any e > 0, there exists

n > 0 such that for all ¢ € R2™ with ||p|| < n, SUPyes,, |u— W0

< E.

To solve the coupled non-convex optimization problem (4.7) with ¢ # 0, we exploit
the sequential convex programming (SCP) method [45]. To be self-contained, we provide
a brief description of the SCP method for an important special case as follows. Consider
the nonlinear program

(P : mIiRn f(x) subjectto zeP, gi(z)—ri(z)<0, Vi=1,...,¢ (4.12)
TzeR™

where P C R” is a closed convex set, f and each g; are C' (but not necessarily convex)
functions, and each r; is a convex C'-function. We assume that V f and Vg; are Lipschitz
on P, i.e. there exist constants Ly > 0 and Ly, > 0 such that [|[Vf(z) — Vf(2')]2 <
Li|lz —2'||2 and ||Vgi(xz) — Vgi(a)||2 < Lg,||Jx —2'||2 for all z,2’ € P andi=1,...,¢. Let
Z be a feasible point of (P'), i.e., T € P’ and ¢;(Z) — r;(Z) <0, i =1,...,£. Consider an

approximation of the constraint set of (P’) at Z:

C(@, {Vgi(@) Y1, {Vri(@)}iz)

= {Z eP ‘ gz(f) + vgi(f)T(z — f) + L2gl ”Z . EH% . [T‘Z(./f) + VTi(f)T(Z . EC\)] <0,

z’:1,...,e}.

It is shown in [45, Lemma 3.3] that C(Z, {Vg;(Z)}._,, {Vri(2)}_,) is a nonempty closed

convex set. The following lemma provides a simple sufficient condition for the Slater’s con-
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dition to hold for the approximated constraint set; this condition is useful for convergence

analysis of the SCP scheme.

Lemma 4.5.2. Given a feasible point T of (P'), suppose C(Z, {Vg:(Z)}i_, {Vri(T)}i_,) is
not singleton. Then the Slater’s condition holds for C(Z,{Vgi(Z)}_,, {Vri(Z)}_)), i.e.,

there exists Z € P such that g;(2)+Vg;(2)T (2—7)+ L2gi 1Z2=2)3—[r:(@)+Vr(@)T (z-7)] <

OVi=1,...,L

Proof. Clearly, 7 € C(@ {Vg(@) My, {Vr(@)},). Since C(F, {Vas(@ Yy, {Vri(@}o)
is not singleton, there exists x' € C(Z, {Vgi(Z)}i_y, {Vri(2)},_,) and o' # 7. Let Z(2) :=
{i]9i(Z) — ri(Z) = 0} denote the index set of active constraints at T of (P). Thus 2/ € P
and [Vg;(7)— Vri(@))7 (¢! = 2)+ 22 ||/ = Z||3 < 0 for all i € T(%). Since 22 ||/ —F||3 > 0 for
all i € Z(%), we have [Vg;(Z) — Vr;i(2)]T (2’ — %) < 0 for all i € Z(Z). Let d := 2’ — 7. Since
P is a closed convex set, d € Tp(x) [61, Lemma 3.13], where Tp(Z) denotes the tangent
cone of P at . This shows that the (generalized) MFCQ holds. It thus follows from [45,

Proposition 3.5] that the Slater’s condition holds for C(7, {Vg:(Z)}i_;, {Vri(Z)}f_,). O

The SCP scheme solves (P’) in (4.12) as follows [45]: consider an approximation of
the objective function f for a given feasible point Z: f(2;2) = f(Z) + [Vf(@)]T(z — &) +
%Hz — 7||2. Clearly, fis a strongly convex function in z. At each step, the SCP scheme
solves the convex optimization problem at z* using the convex approximation f(, z*) over
the approximating convex constraint set C(x*, {Vg;(z*)}_,, {Vri(2¥)}2_,) to generate a
unique optimal solution z**1. It then updates the gradients V f, Vg;, and Vr; using 2**1,

and formulates another convex optimization problem and solves it again. It is shown in

[45, Theorem 3.4] that any accumulation point of the sequence (z¥) generated by the SCP

175



scheme is a KKT point of (P’), provided that the accumulation point x* satisfies the
Slater’s condition for C(x*, {Vg;(z*)}i_y, {Vri(z*) o).

We now apply the SCP scheme to develop a fully distributed scheme for the non-
convex MPC optimization problem (4.7). Consider the locally coupled formulation (4.11)
of the MPC optimization problem (4.7). Recall that u; := (ui, (Ui,j)jeM), and u :=
(Ui,...,0,). For each i = 1,... n, it follows from the velocity constraint ); in (4.9) and
the safety distance constraint Z; in (4.10) that there are real-vauled smooth functions
gi,s and convex quadratic functions r; ¢ for s = 1,...,3p such that u; € ); N Z; if and
only if g; s(U;) —75,5(W;) <0 for s =1,...,3p; specific choices of g; s and r; s are given in
Sections 4.5.3 and 4.7.2. In view of the real-valued objective function J(u) = > ; J;(u;),

the problem (4.11) becomes

min Zn: Jz(ﬁz),
i=1

subject to u € A, u; € X;, gis(0;) —ris(0;) <0, Vi=1,...,n, s=1,...,3p.

Recall that X = X} x --- x X, is a convex compact set. Since X is compact and A is the
consensus subspace, it is easy to show that there are positive Lipschitz constants L j, and

Ly, , for the gradients of .J; and g; s on AN X, i.e., for all u, WveAdna,

IV J5(1;) — VJ; (W)]]2

IN

Ly [t —aifl2,  Vi=1,....n,

1V 9,5 (i) — Vi s (@) |2

IN

Ly, . - It; — glf2, Vi=1,...,n, s=1,...,3p.

To develop a SCP based fully distributed scheme, we introduce more notation.

Given any u = (u;);i; € & and any vectors dj,, dg,,, and d,,, for i = 1,...,n and
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s = 1,...,3p, consider the following function as a convex approximation of the original
nonconvex objective function .J, where y = (y1,...,y,) € RY with each y; being a suitable

subvector of y:

n

~ n ~ ~ ~ Ly, ~
Pl 8 oY) o= 3 (i) + () (4 — ) + = s — &l13).
i=1

and the following sets as convex approximations of the original nonconvex constraint sets

YynNnZz:

C(ﬁ,{dgi,s,dm’s,i: 1,...,n,s= 1,...,3p})

N ~ Ly, ~
= {ye X gus(@) +df, (i — ) + =52y — W3

—[Ti75<ﬁi)+d£‘5(yi—ﬁi)] SO, 1= 1,...,TL, s = 1,...,3p },

Clearly, f is a strongly convex quadratic function in y and decoupled in y;’s, and the
convex set C(ﬁ, {dg, vdr,yi=1,...,n,s=1,... ,p}) is the Cartesian product of C;’s for

i=1,...,n, where each

‘ ‘ L.
f 3 5 A~ ~ 7,8 ~
Ci(Qi, {dg, Y21 {dr, J21) = {yz € X | gis(W) +dj, (yi — i) + g2 lys — Till3

—[ris(@) +dl (i —®)] <0, s=1,... ,3p}.

Using the above notation, the iterative scheme of the SCP method is: for a feasible

initial guess G°,

@ = argmin {f(y @ AVIEDNL) [y € A, and
Yy

y € C(T", {Vgis(@), Vrig(@), i =1,...,m, s = 1,.. .,3p})}.(4.13)
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By virtue of Corollary 4.5.1, the initial G° can be chosen as a solution to the problem
(4.7) or (4.11) whose objective function is J with ¢ = 0 and the approximate constraints
are polyhedral or quadratically constrained convex sets; see Section 4.5.3 for details. An
efficient fully distributed scheme has been developed in [64] to compute such 6’. Tt is
shown in [45, Theorem 4.3] that if G is feasible, then G" is feasible for all k and the
constraint set in each step k is a nonempty closed convex set [45, Lemma 3.3].

The convex minimization problem (4.13) at each step k can be solved via opera-
tor splitting method based fully distributed schemes. Fix 6* = (@¥)”_, and the related
gradients evaluated at G". We write the objective function f(y; G, {dy,}7_,) as f(y) and
the constraint sets C; (ﬁf, (Vgis(@), Vro(@f), s =1,..., 3p}) as C;’s for notational sim-
plicity. Clearly, ﬁf € C; for each i. If C; is singleton for some i, i.e., C; = {ﬁiC }, then we

k

7

have 6™ = G

such that the optimization problem can be reduced to a simpler problem.
When C; is non-singleton, it follows from Lemma 4.5.2 that the Slater’s condition holds
for that C;. Let F(y) := f(y; 0", {VJ;(WF)}7,) +8C(y) +d.A(y). By [60, Corollary 23.8.1],
OF(y) ={Vf(y)} + Ne(y) + Na(y). As a result, several operator splitting method based
fully distributed algorithms [15], [26] can be applied to solve the convex optimization
problem (4.13).

Motivated by [64], we consider the (generalized) Douglas-Rachford splitting method
based distributed scheme. Specifically, define for each i = 1,...,n, fi(y) := Ji(@) +

~ ~ Lj. ~ -~ . . .
di(uf)(yi—ui)-i-%“yi—uf”%, and f;(y) := fi(y;)+06C;(y;). Hence, the objective function

f(y) =" fi(y:). For any constant 0 < o < 1 and p > 0, the Douglas-Rachford splitting
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method based scheme is given by

wttl = HA(zt), A = 2t 4 2a- |Prox 2wttt — zt) - wtﬂ}, VteZy,

pﬁ+~~+pfn(

(4.14)

where Prox; denotes the proximal operator of a proper lower semicontinuous convex
function h, and II4 denotes the Euclidean projection onto A. Since A is the consen-

sus subspace, it is shown that [26, Section IV] that for any u := (ui,...,u,) where

_ 1 ~ ~ .
u; = u;; = ij‘(uj + kgj\:{ Ukj), V(Z,j) eé. (415)
J

Furthermore, since ﬁ’s are decoupled, a distributed version of the above algorithm is given

by:

witt =z i=1,...,n; (4.16a)

7 (2

zf“ = 2l +2a- [Proxpﬁ (2wf+1 — zf) — wf“}, i=1,...,n. (4.16b)

Note that the proximal operator in the second equation of (4.14) is given by

Prox + Quwitt—zt) = arg min,, ¢, fi(yi)—i—%p lyi— (2wl —21) |13, where C; is the intersection

of the polyhedral set X; and a quadratically constrained convex set. Since f; is a convex
1t

z

quadratic function, Prox - (2w; #

of ) can be formulated as a second-order cone program
K3

or QCQP and solved by SeDuMi [75]. See Algorithm 10 for its pseudo-code.
Since X is a compact set, the numerical sequence (ﬁk) generated by Algorithm 10

always has an accumulation point denoted by u*. It follows from [45, Theorem 3.4] that
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Algorithm 10 Sequential Convex Programming and Douglas-Rachford Splitting Method
based Fully Distributed Algorithm for p > 2

1: Choose constants 0 < a < 1 and p >0
2: Solve the problem (4.11) with ¢ = 0 via a fully distributed scheme and obtain a

lin

solution u
lin

3 Initialize k¥ = 0, and set an initial point 0° = U

4: while the stopping criteria is not met do

5. Compute V.J;(0F), Vgi (W), Vris(GF), and set 20 = 4% and t = 0.
6: repeat

7 fori=1,...,ndo

8: Compute z! using equation (4.15), and let wf“ 7z
9: end for

10: fort=1,...,ndo

11: zf“ — Zf + 2ac - {Proxpﬁ (2wf+1 — zf) - wf“]

12: end for

13: t—t+1

14:  until an accumulation point is achieved
15:  Set T = w! and k + k+1
16: end while

17: return U* = 0"

under very mild conditions, U* is feasible and is a KKT point of the nonconvex program
(4.7). Our numerical experiences show that (") converges to G* which is a local minimizer
of (4.7). This coincides with the observation made in Corollary 4.5.1 when cy; and c3;

are small.

4.5.3 Approximation of the Objective Function and Constraint Functions

When p > 1, the underlying MPC optimization problem (4.7) and its locally cou-
pled formulation (4.11) give rise to non-convex optimization problems with complicated
objective functions and constraints, especially the velocity and safety distance constraints
for a relatively large p, due to highly sophisticated closed-form expressions for a;(u;)’s.
To facilitate computation, particularly for real-time computation, we derive a simplified
model to approximate the objective function and constraint functions below. We start

with the constraints for u = (uy,...,u,) first, where we omit k since it is fixed.
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The exact closed-form expressions for a;(u;)’s are given in the recursive manner at
the beginning of Section 4.4.1. These expressions are highly sophisticated especially for
large j’s because of the nonlinear relation in aerodynamic drag. Since the coefficients ¢z ;’s
and c3;’s are small, we only consider the terms in a;(u;) that are linearly in ¢ ;’s and ¢3;’s
while ignoring the terms involving higher orders of ¢o;’s and c3;’s. Such an approximation
is accurate enough for transportation applications and facilitates numerical computation.
Toward this goal, recall that the matrix S, € RP*P is defined in the same was as in
(3.3) with n replaced by p, and (Spu;)o := 0. We then have, for each i = 1,...,n and
s=1,...,p,

2
(aa(w), ~ (W), = ez [oslh) + 7(Spw), ] = eaag.

where (ai(ui))s denotes the s-entry of a;(u;) that corresponds to a;(k+s—1,u;(k), ..., u;(k+

s—1)), and (ui)S denotes the s-entry of u; that corresponds to w;(k + s —1). Therefore,

a;(w;) =~ u; —ca {vf(kz)l + 2T1)i(k:)§pui + 72 (gpui) ) (§pui)} —c3,i91, (4.17)
_ 0 0

where 5, := Sy, € RP*Pand o denotes the Hadamard product of two vectors
I,_1 0

in RP. Slightly abusing notation, we let a;(u;) represent its approximation given on the

right-hand side of (4.17). It is easy to derive the Jacobian of a;(u;) as

Ja;(w;) = I, — 2¢2,;70i(k)S) — 2¢2,;7°diag(Spu;) Sy, (4.18)
where for a vector v = (v1,...,v,) € RP, diag(v) denotes the p x p diagonal matrix
whose diagonal entries are given by v1,...,v,. Here we use the fact that the Jacobian of

(Azx) o (Az) is given by J(Az) o (Az) = 2diag(Ax)A for a matrix A.
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Approximate speed constraint. Using the approximated a;(-), we have, for each

i=1,....nand j=1,...,p,

vik + ) = vi(k) + 730 (ai(w)), ~ vi(k) +7 ((Spuoj v esig — e2i 70 [vilk) + r(spui)s}z) :

(4.19)
It should be noted that the resulting approximation of v;(k + j) remains a nonlinear and
nonconvex function in u;(k),...,u;(k + j — 1) or u;. The approximated speed constraint

for u; is given by

j—1
Y= {ui € RP ’ Umin < vi(k) + T((Spui)j —J €359 — C2; Z [’Uz(k‘) + T(Spui)s] 2) < Umax,
s=0
j=1,...p }
For j =1,...,p, define the function
j—1
. 2
qij(u;) == vi(k) + T((Spui)j —j-esig—cai )y [vik) + T(Spwi) ] ) (4.20)
s=0
A straightforward calculation shows that the gradient of ¢; ; is given by
T

Vg j(w) =7 ((Sp)j,. —27c9; Y [vi(k) + 7(Spui) ] (Sp)s->

s=0

Approximate safety distance constraint. For eachi=1,...,nand j=1,...,p, the

safety distance constraint is given by

('Uz(k + ]) - Umin)2
2aﬂi,min

(Hi(ui_l,ui))j = LZ' + 7 Ul(k'f—]) - - [xi—l(k; +]) - xl(k+])] < 0.
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To derive an approximation of (Hi(ui_l, ui))j, recall that the expression for z;(k + j) =
xi—1(k+j) — zi(k + j) is given by (4.5), where for each s =0,1,...,5 — 1, it follows from

(4.19) that

bi(k + s,ui—1,u;) = (aj—1(w—1) — ai(uz’))s_H
= [ui_l(k + S) — 627i_17jl-271(k + S) — 637,'_19] — [u,(k + 8) — ngivg(k + S) — 037ig]

~ [uz;l(/{: + ) —ui(k+ 8)] - <C2,i1 [Uifl(k) + T(Spuifl)s} = €2, [Ul(k) + T(Spui)s] 2)

- (03,1‘71 - C3,i)g-

Further, by using the approximation of v;(k + j) given in (4.19), we obtain

j—1
(Hi(ui_l’ Ui))j ~ Latr {vi(k) + T((SP“i)j —J 0349 — C2 Z [vz’(k) + T(Spw)sfﬂ
s=0
- 2a@.71min [Ui(k') — Umin + T((Spui)j — 349
Jj—1 2
— a3 [+ 7 (Sm) )| - { si(k) + A+ jrE(k) (4.21)

s=0

7j—1 i s)
+ 72 ;) 2(]2)1 [uiq(k‘ +s) —ui(k+s)— (02,2;1 [Uifl(k)

+ T(Spui—1>s]2 — cg,i[vi(k) + T(Sp“i)s]2) — (e3-1— 0371')9} }

By slightly abusing the notation, we let (Hi(ul-,l, ui))j denote its approximation given
above. Clearly, this approximating function is smooth but nonconvex. Further, when
® = (papy) = (c2i,¢34)i=; = 0, each (Hi(ui,l,ui))j reduces to a convex quadratic

function in (u;—1,u;). To compute the gradient of (Hl-(ui_l, ui))j, let the vector p and
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the matrix R, be given by

oo 1 0 0 0
1
3 1 0 0
2
p = € RP, R, = : : .. 1| eRPXP
2p—-3 2p—5 ... 1 0
_p_
2p—-1 2p—-3 ... 3 1

It is noted that foreachi=1,...,nand 5 =1,...,p,

2

i1 (k+J) —zi(k +j) = zi(k +j) = zi(k) + A+ % [Rp(ai,l(ui,l) - az‘(“i))]j

Hence, using the gradient of ¢; ; and the Jacobian of a; given by (4.18), the gradients of

(Hi(ui,l, ui))j with respect to u; and u;_; (for i > 2) are respectively given by

Vu, (Hi(ui—hui))j =i Vgij(u;)

1 , !
b [Ui(k> — Umin + T<(Spui)j —J €349 — C2 Z [vi (k) + T(Spui)s]2> - Vi ;(u;)
7, min =0
72 T
+ 5 [(Rp)j-Jaz‘(ui)] ,
and for i > 2,
2 T
Vu,_, (Hi(ui—laui))j = —% |:(Rp)j. Jai—l(ui—l)] .

Approximate objective function. Consider the decomposition of the (central) objec-
tive function given by local objective functions J;’s in (4.8). The approximate objective

function J; can be easily obtained by substituting (4.17) into (4.8). In what follows, we
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compute the gradient of J;. It follows from Ji(ui,uz) := 3 [a{(ul) aQT(ug)] (Wl —

’7'2(1\’1) +c£a1(u1)+ %

ao (ug) un

ai(u) 5 [

—~ ~ al(ul)
Wl _ 7_2\:[}1)

aQ(UQ)

Vu, Ji(ug, ug) = [(Jal(ul))T 0] (

T 2 Tl h
+ (Jai(w)) ez, +7° |1, 0| ¥ ,

u?
7| (Tl 231 ay () 2 S
Vu,Ji(u,u2) = | (Jaz(ug)) (W —7°v ) +7700 1, hg
aQ(UQ) U
The similar result holds for V.J,,(u,-1,u,) and VJ;(u;—1,u;,u;41) for i =2,....n— 1.

Under the assumption A.2, the convex QCQP is feasible for all small ||| > 0. This
implies that the nonconvex program (4.11) with approximate constraints is feasible for all

small ||¢]|.

4.6 Control Design and Stability Analysis of Closed Loop Dynamics

In this section, we discuss the choice of the weight matrices Q. s, Q. s and Qu s
to achieve the desired closed loop performance, including stability and traffic transient
dynamics. It should be noted that all the proofs in this section are omitted and can
be found in the online version of our own manuscript [63, Section 6]. We present the

statements in this thesis for completeness.
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For the similar reasons given in [22, Section 5], we focus on the constraint free
case. Recall that ¢ = (¢4, ;) € R, where @, := (c21,...,¢2n) € R} and ¢, :=
(c3,1,---,¢c30) € RY. Further, co9 = c30 = 0 as indicated before.

When ¢ = 0, the nonlinear vehicle dynamics reduces to the linear vehicle dynamics
given by (3.1), for which the closed loop stability of the MPC based platooning control
with a general horizon p has been analyzed in [Section 3.5]. Throughout the rest of this
section, we assume that for a given p, the weight matrices Q. s, Q. s and Qs satisfying

the assumption A.3 are chosen such that Ac is Schur stable.

4.6.1 Reformulation of the Closed Loop Dynamics as a Tracking System

Consider the nonlinear vehicle dynamics (4.1). It follows from the definitions of

2(k), 2/ (k) and w(k) that for i =1,...,n,

zilk+1) = zi(k)+7z(k)

7_2

2 (wik) = o107 1 (k) — c20f (k)] = [egim1 = ca.)g ) (4.220)

zi(k+1) = z(k)+ T(wz‘(k) = [ezi-1071 (k) = co,07 (k)] — [e3im1 — Cs,i]g) (4.22b)

For given (vo(k),uo(k)), k € Z4, the equilibrium of the above discrete-time system

is (ze,2.) = (0,0) such that v (k) = vo(k) for all i = 1,...,n. Hence, the corresponding

we,i(k) = [0271'_1 — Cg,i]vg(k) + [0371‘_1 — 6371‘]9, Vi=1,...,n.
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Let we(k) := (we1(k),...,wen(k))T. By shifting w(k) from the time-varying w,(k), we

)

define w(k) := w(k) — we(k). Hence, this yields the following equations: for i = 1,...,n,

7_2
sk +1) = (k) +72(0) + 5 (8k) + 7)), 2k +1) = k) +7(@(k) +7i(k) )

where for each i = 1,...,n,

ri(k) = wei(k) — [e2i—1v7_1 (k) — c2,07 (k)] — [e3,i-1 — ¢339

= c2,i—1 (v (k) — v} 1 (K)) — ca,i(vg (k) — v} (k)).

In light of v(k) = —S,2'(k) + vo(k) - 1, we have v3(k) — vZ(k) = (Sn2'(k))i - [2v0(k) —
(Sp2'(k));] for each i. We thus define the vector-valued smooth function h : R" x R — R™
as h(2',v0) = (h1(2,v0),. .., hn(2',v0))T, where hy(2',v0) = ¢2,1(Sn2")1[(Snz')1 — 200],

and for i =2,...,n,
hi(2',v0) := €2,i-1(Sn?")iz1[200 — (Sn2")iz1] — €2,i(Sn2")i[2v0 — (Sn2')i].

Clearly, h(0,v9) = 0 for any vg. Further, we decompose h as the sum of the following two

functions:

—C21

. C2,1 — €22 ~
h(z',v0) = vo - | 2 Sp | -2+ R(z), (4.23)

Cn—-1—Cn

N~

=D(pq)
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where the vector-valued function k := (h1, ..., hy)T : R® — R" is given by:

hi(z’) = 0271‘[(5712/)1']2 — 0272'_1[(5712/)1‘_1]2, Vi= 1, .

coyn.

or equivalently

C2,1

S o [(8n2") 0 (Su2')] = S diag(a) [(S%') © (Sn)]

:ﬁ(ﬂad)

—C2n—-1 C2n

(4.24)
Note that the elements of D and D are linear in ¢, such that D(p,) = D(py) =0

when ¢,; = 0. Using this notation, the nonlinear vehicle dynamics (4.1) is described by

the following discrete-time system:

_ o R CORIEORAE))
Z(k+1) 0 In| [#(k) Tl
I, I, oI, z(k)
— + wvo(k) - [0 D(cpd)]
0 I, 1, ' (k)
Thlo oo
¥ (@(k) + R (k)
71,

By slightly abusing notation, we also write the function h as Ep ,(') to emphasize its

dependence on ¢,. Noting that h is linear in p, for any fixed 2/, we see that Eo(z’) =0

for any given 2’ € R™.
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Define the following matrices:

A= , B:= , AA(p,):=B [0 D(Sod)] , A(k) = A+ (k) - AA(py).
0o I, 71,

(4.25)
As before, we often write A(k) as A(vo(k), p,) to stress its dependence on vy(k) and .
Let z := (z,2') € R™ x R™. We obtain the following non-autonomous nonlinear dynamical
system:

z(k+1)

Ak)z(k) + B(@*(k) +E¢d(z’(k))), VkeZ,, (4.26)

where w, (k) is an optimal solution to the unconstrained MPC optimization problem (4.7)
which implicitly depends on z(k), vo(k) and ug(k). For any fixed ¢, the closed loop system
given by (4.26) yields a non-autonomous nonlinear dynamical system, since h is nonlinear
in 2" and vg(k) is time varying. In what follows, we further discuss the non-autonomous

system (4.26) for different MPC horizon p.

Case (i): p = 1. In this case, the closed-form expression of w,(k) is derived below.
Letting w(k) = w(k) — uo(k) - €1 = w(k) + d(k), where d(k) := we(k) — uo(k) - €1, the

unconstrained MPC becomes

min J(@(k)) = %{zT(k F1)Quz(k+ 1) + (2 (k + 1) Qo (k + 1)

+ 2@ (k) + d(k)]) T Qulw(k) + d(k>]T}

2

subject to z(k + 1) = z(k) + 72/ (k) + 5 [@W(k) + h(Z'(k), vo(k))], and 2'(k + 1) = 2'(k) +

T[@(k) + h(Z/(k‘),’UO(/C))], where Q) 1= Q. 1, Q. = Qz/,la and Qu := Qu,1. Hence,

4 2 3
VI@) = (GQ:+7Qu +7Qu)B(k) + TQuz(k) + (5 Qs +7Qx )7 (k)
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4
+(TZQ2 n TZQZ/>h(z’(k), vo(k)) + T2Qud(k).

Define the matrix
-1
(4.27)

o 2
W .= |:T fz +Qz’ +Qw:|

Using this matrix, we obtain the closed form expression for the optimal solution w, (k) as

W [%Z(k) + (ch + Q:’)z’(kz) + (T:Q Q) (2 (), 0 (k) + Qui (k).

Substituting w, (k) into (4.26), using the following matrix Ac derived in [22, Section 5]

(which agrees with the closed loop dynamics matrix in (3.21) when p = 1)

I, — %WQz Tl — W(?Qz + %Qz’) (4 28)

Ac =
WQ.  I,-— W(%Qz + sz)

2

and in view of h(2',vg) = voD(p,)z" + ﬁgo ,(2), the closed loop dynamics is characterized

by:

2(k+1) = Aca(k) +B{ = W(T-Q: + Qu ) A= (k). vo(k)

—WQud(k) + h(z'(k), vo(k))}

<Ac + (k) - Afl(god))z(k) — BWQud(k) + Bhy, (2 (k)),

where the matrices A4 and B are given by

—~ 7—2 - 9
B = B[In - W(ZQZ +Qz/)], AA(p,) == B {0 D(%)} . (4.29)
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By using d(k) = we(k) — ug(k) - e1, the closed loop dynamics for p = 1 becomes:
2(k+1) = (AC +up(k) - AA(%)) 2(k)+ B (uo(k:)d - Wwae(k)) + Bhy, (2 (), (4.30)

where d = WQwel that agrees with what is given in (3.23) for p = 1, and we(k) depends
on vo(k) and ¢. Further, there exists a positive constant 3¢ such that ||we(k)| < 7 - ||¢]|

for any vo(k) € [Vmin, Vmax]-

Case (ii): p > 1. In this case, recall that for any fixed k € Z,, uo(k + s) = ug(k)
for all s = 1,...,p — 1 in the MPC model. Hence, vo(k + s) = vo(k) + Tsug(k) for all
s =1,...,p— 1. Define A\(k—i—s) = A+ vy(k+s) AA(py) for all s =0,1,...,p— 1.
Given A\(k‘ + s) with s = 0,...,p — 1, define the state transition matrix as the following

matrix product for any s,s" € {0,...,p} with s < ¢/,

o(k+skts) =1  Oylk+s kt+s):=Ak+s —1)x-xAk+s), Vs >s

Based upon the above notation, we obtain, for any fixed k € Z, and s =1,...,p,
z(k+s) = @A(kz + s,k)z(k)
s—1
+3 @4k + s, k+i+ 1B [@(k + i)+ B (2 (k +14)) | (4.31)
i=0
s—1
= D(k+s.k)z(k)+ Y P3(k+s.k+i+1)Bak+i) (4.32)
i=0
s—1 _
+> @ gk + s,k +i+ 1)Bhy, (' (k +1)).
i=0

In light of (4.24) and (4.31), the following lemma can be established via an induction

argument on s and straightforward calculations; its proof is omitted.
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Lemma 4.6.1. Fiz an arbitrary k € Z.. For each s = 1,...,p, hy (2 (k+5)) is a vector-
valued function whose each entry is a multivariate polynomial in (2'(k), uo(k),vo(k), w(k),

o w(k+s—1)) and ¢ .

Further, in view of ug(k + s) = up(k) for any s > 0 and a fixed k € Z,, we have for

each s=0,...,p—1,

w(k+s) =w(k+s)—up(k+s)er = W(k+s)+we(k+s) —uo(k)er = w(k+s)+d(k+s),

where d(k + s) := we(k + s) — ug(k)e;. Here we recall that for each s =0,...,p — 1,

we i (k +5) = [cai1 — cavd(k +8) + [c3i-1 — c3.4]9, Vi=1,...,n,

where vg(k + s) = vo(k) + sTug(k). Note that w.(k) depends on ¢ linearly. Consider

the unconstrained MPC model. Define the following augmented matrices and vector: for

Qu,1 d(k)

Qw,p d(k’ + p—= 1)

For any fixed k € Z, the objective function in the MPC model is written as

p
J@®), ... Bk+p—1)) = %(ZZ(HS)TQZ,SZ(HS))

s=1

=W(k)
72 =1 ro d
+ 5 Wk + d(k)]"Q,[W(k) + d(k)].
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Substituting the expression for z(k+s) given by (4.31) into the objective function J,
we obtain the objective function written as J(w) for a fixed k. It follows from the previous
development and Lemma 4.6.1 that J is a polynomial function in (W, z(k), vo(k), uo(k), ).

Moreover, the Hessian of the objective function J with respect to w is given by

= H(W,2(k), vo(k), uo(k), ©).

17]

~ 9J*(w)

HIJ(w) = | s—="
When £ is fixed, we write this Hessian as }AI(W, z, g, Up, ®) to emphasize its dependence on
these variables. Clearly, H is an analytic, thus smooth, function, and for any (w, z, vo, ug),
I/-\I(G\v, z, v, Uo, P)|p=0 = H, where H is the constant PD matrix given by (3.22). Moreover,
when ¢ = 0, the objective function J reduces to the one for the linear vehicle dynamics

whose corresponding optimal solution is given in Section 3.5 as
\/i/*(z, Vo, UQ, ()0)‘4,0:0 = _H_l (G *Z— Ug - g)

However, unlike Case (i) where p = 1, the closed form expression of a critical point or
a local minimizer w, is unavailable for p > 1, and some implicit function theorems are
needed. Instead of applying the classical local implicit function theorem, we consider
results on non-local (or global) implicit functions to express w, in term of z, vy, up and ¢,

since the variables z, vg, ug can be non-local.

Proposition 4.6.1. [63, Proposition 6.1] Let Uz be a bounded set in R*™, Uy be a bounded
set containing [ag min, @0,max), and Vo be a bounded set containing [Vmin, Umax]. Let Ug be
a bounded set in R™ containing all W, (z,vo,uo,0) for all z € Uz, vo € Vo, and ug € Up.

Then for any constant N with0 < X < Amin(H), there exists a positive constant j1q1 > 0 such
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that ﬁ({fv,z,vo,uo,cp) s PD and )\min(ﬁ(ﬁ\v,z,vo,uo,go)) > A for all (W, z,vp,up,p) €

Uz X Uz x Vo x Uy X Boo (0, p11), where Boo (0, 1) := {@ | [|lloc < 1}

To obtain an implicit form of w.(k) in terms of z(k),vo(k), uo(k) from the MPC
optimization problem for small ||¢||, we shall exploit the following global implicit function

theorems [27], [62].

Theorem 4.6.1. [27, Theorem 2] Consider the sets U C R™ and V C R™, where U is
connected (U and V are not necessarily open). Let f : U x V' — R™ be a C"-function
with v > 1, where U’ C R™ and V' C R™ are open sets containing U and V respectively.

Further, suppose the following hold:
(i) For some x, € U, there exists exactly one y. € V such that f(z«,y«) = 0;
(ii) For any (z,y) € G} = {(z,y) €U’ x V' : f(2,y) = 0}, Dyf(z,y) is invertible;

(iti) For any sequence ((zk,yr)) € Gf = {(z,y) €U XV : f(z,y) = 0} with (z)) — x4,

there exists a subsequence (yi) of (yr) such that (yg) converges to a point in V.
Then there exists a unique C"-function g : U — V such that f(x,g(z)) =0,V € U.

An easily verified condition in replace of condition (iii) in the above theorem is given
by the following theorem; its proof resembles that of [27, Theorem 5], which exploits the

covering map argument.

Theorem 4.6.2. [63, Theorem 6.2]] Let U C R™ be a connected set, and ¥V C R™ be a
closed set. Let f :U' x V' — R™ be a C"-function with r > 1, where !’ C R™ and V' C R™

are open sets containing U and V respectively. Suppose the following hold:

(i) For some x, € U, there exists exactly one y, € V such that f(x., y.) =0;
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(it) For any (z,y) € G} = {(z,y) €U’ x V' : f(x,y) = 0}, Dyf(z,y) is invertible;

(iii) There is a positive constant p such that ||[(Dyf(z,y)) 7| - | Duf(z,v)|| < p for all

(z,y) € G}
Then there exists a unique C" function g : U — V such that f(z,g(x)) =0,Vax € U.

Using the above theorem, we establish a result on global implication function for

w. as follows.

Proposition 4.6.2. [63, Proposition 6.2] Let Uy be a bounded open convex set in R?",
let Uy be a bounded open convex set containing [aomin, Go,max], and let Vo be a bounded
open convex set containing [Vmin, Vmax|- Let U be a compact set in R™ containing all
W (2, v0,u0,0) for all z € Uz, vy € Vo, and ug € Uy. Then there exist a positive constant
p2 > 0 and a unique smooth function h : Uz x Vo X Uy X Boo(0, u2) — Uy such that

w. = h(z, vg, ug, @) for all (z,vo,ug, ) € Uz X Vo X Uy X Boo (0, pi2).

The above proposition implies that the unconstrained nonconvex optimization prob-
lem minJ(w) has a unique local minimizer W, on Ug for any fixed (z,vo,up,p) €

Uz X Vo X Uy X Boo (0, pi2). Hence, for any (z(k), vo(k), uo(k), ¢) € Uz x Vo x Uy at each k,

. (k) = h(z(k), vo(k), o (k). @), @(k)z[fn 0 ... o] h(z(k). vo(k), wo(k). ).

Moreover, note that h(z,vg, ug,0) = —H™! (G - Z— uog) for any fixed (z,vo, ug) € Uz X

V x Uy. Define
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Since Uz x Vo X Uy X Boo(0, p2) is an open convex set, it follows from the Mean-value

Theorem that for any fixed (z, vo, ug, ) € Uz X Vo X Uy X Boo (0, pi2),
~ 1 ~
Ah(z, v, ug, p) = / Dyh(z,v0,uo,tp)dt - ¢
0

Therefore, there exists a positive constant s such that ||Af1(z,vo,u0,<p)H < ||l for
all (Z, V0, UQ, QD) € Uz X Vo X Uy X BOO(O, ;LQ).

Substituting the above results to the closed loop dynamics (4.26), we obtain

2(k+1) = A(k)z(k)+B(@*(k)+%%(z’(k)))
- <A+vo k) AA( wd)) (k:)+B[— [In 0 - 0] H_I(G'Z(’f)—uo(’f)g)}
+B(AR(z, 00, u0, ) + g, (2 (K))

- [ (A + BK) +uo(k) - AA(god)} 2(k) + B(uo(k:) -d + Ah(z, v, ug, @) + h%(z’(k))),
Ac

where the constant matrix K and the constant vector d are given by (3.23), and Ac is the
closed loop dynamics matrix for the linear vehicle dynamics given by (3.21). This leads

to the closed loop dynamics for p > 1:

2k +1) = (Ac +vo(k) - AA(py) )2(k) + B|uo(k)d + Ab(z(k), vo(k), uo(k), @)] + Bl (='(k))

(4.33)
for all (z,vg, ug, Y) € Uz X Vo x Uy X Boo(0, 112), where Uz is a bounded open convex set
in R?", Uy is a bounded open convex set containing (@0, mins @0, max), and Vy is a bounded

open convex set containing [Vimin, Umax|-
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4.6.2 Local Input-to-state Stability of the Closed Loop System

We give a brief overview of (local) input-to-state stability first. Consider the discrete-

time system on R™:

e(k+1) = f(alk),u(k), k), YkeZ,, (4.34)

where f : R” x R™ x Z, — R", and f(-,-, k) is continuous for any fixed k € Z,. Let
u := (u(0),u(1),...) be a sequence of vectors in R™ that represents an input function on
Z.. We assume that f(0,0,k) = 0 for all £ € Z; such that z. = 0 is an equilibrium of
the system (4.34) under the O-input, i.e., u = 0. We let ||ul|so := sup{||u(k)| : k € Z,}.
Hence, for any u € ¢}, ||ul|xxc < oco. For a given initial condition £ € R™ and an input
function u, let x(k, £, u) denote the trajectory of the system (4.34).

We introduce the notions of K class of functions [35, pp. 135]. A continuous function
a: Ry — Ry is a K-function if it is strictly increasing on [0,00) and «a(0) = 0. It is a
Koo-function if it is a K-function and a(t) — oo as t — oo. It is a positive definite function
if a(t) > 0 for all ¢ > 0 and «a(0) = 0. A function §: Ry x Ry — Ry is a KL-function if
(i) for any fixed t > 0, the function §(-,t) is a K-function; and (ii) for any fixed s > 0, the

function (s, -) is decreasing and ((s,t) — 0 as t — oo.

Definition 4.6.1. The time-varying discrete-time system (4.34) is locally input-to-state
stable (ISS) if there exist a KL-function §: Ry x Ry — Ry, a K-function v : Ry — Ry,
and two positive constants 6,6, such that for all £ with [[{|| < 0, and u € (2 with

|lullco < By, the following holds:

lz(k, &)l < BUIENF) +v(ulle), YV E € Zy.
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The above definition follows from [35, Definition 5.2] for continuous-time systems
and [32, Definition 3.1] for global ISS of discrete-time systems. Also see [25], [65], [74] for
details. In what follows, we extend the Lyapunov approach for global ISS in [32, Lemma
3.5] and [30] to local input-to-state stability (ISS) for the time-varying system (4.34); see

[31, Lemma 2.3] for a similar local version of the ISS.

Theorem 4.6.3. Consider the time-varying discrete-time system (4.34) defined by f :
R™ x R™ x Z — R™. Suppose there exists a local ISS-Lyapunov function V : R™ X Z, —
Ry for the system (4.34), namely, there exist two sets D, := {x € R"|||z|]| < r} and
Dy = {u € R™|||lu|]| < ry} for some positive constants r and r,, where r, can be 400,

such that the following hold:

(i) There exist two Koo-functions aq and ag such that ai(t) < as(t),Yt > 0 and

ar(|lz|]) < V(x, k) < ao(||x||) for all x € Dy and all k € Z4;

(ii) There ezist a Koo-function ag and a K-function o such that V(f(z,u,k),k+ 1) —

V(z, k) < —as(||z||) + o(||u]|) for all x € Dy and u € Dy, and all k € Z.

Then there exist positive constants 6, > 0 and 6, > 0 such that the following hold:

(i) For any & with ||§]| < 0, and u = (u(k))rez, € L3 with ||ulle < 0y, x(k, &, u) € D,

forallk € Z4;

(i) The system (4.34) is locally input-to-state stable in terms of the positive constants

0, and 0, given in Definition 4.6.1.

Since the closed loop dynamics for p = 1 given by (4.30) and that for p > 1 given
by (4.33) share the similar structure except that the latter holds on a restricted set, we

provide the following result for local input-to-state stability under the assumption that
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the closed loop dynamic matrix Ac under the linear vehicle dynamics given in (3.21) is

Schur stable.

Theorem 4.6.4. [63, Theorem 6.4] Fix p € N. Suppose the weight matrices Q.s, Q. s
and Qu.s satisfying A.1 are such that Ac given in (3.21) is Schur stable. Then there exist
positive constants p and v such that for all ¢ with @l < w1, any vo(k) € [Vmin, Vmax)
and any ug(k) with lug(k)| < v for all k € Zy, the closed loop dynamics given by (4.30)

or (4.33) is locally input-to-state stable.

4.7 Numerical Results

4.7.1 Numerical Experiment Setup and Weight Matrix Design

Numerical tests are carried out to evaluate the performance of the proposed fully
distributed schemes and the platooning control for a possibly heterogeneous CAV platoon.
We consider a platoon of an uncontrolled leading vehicle labeled by the index 0 and ten
CAVs, i.e., n = 10. The sample time 7 = 1s, and the speed limits vyax = 27.78m/s and
Umin = 10m/s. Since the physical parameters of CAV platoons as well as algorithm and
control design depend heavily on vehicle types, we consider the following three types of
CAV platoons: (i) a homogeneous small-size CAV platoon; (ii) a heterogeneous medium-
size CAV platoon; and (iii) a homogeneous large-size CAV platoon. Identical minimal
(resp. maximal) values of nonlinear dynamics coefficients ¢y ;’s and ¢3;’s are chosen for
the homogeneous small-size (resp. large-size) CAV platoon, whereas inhomogeneous values
of ca;’s and c3;’s are chosen for the heterogeneous medius-size CAV platoon. Other
parameters for the CAVs and their constraints, i.e., the vehicle length L;(m), the reaction

time 7;(s), the acceleration and deceleration limits a; max(m/ 5?) and @i min(M/ s?), and the
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desired spacing A(m), are chosen accordingly. See Tables 4.1- 4.2 for the values of these

parameters [22], [97].

Table 4.1: Physical parameters for homogeneous small-size and large-size CAV platoons

L; T Qi min | @i max Cg7i(><10_4) Cg7i(><10_2) A(m)
Small-size | 5 | 1.0 -8 14 2.5 0.6 50
Large-size | 10 | 1.25 | —6.8 1.4 4.5 1.5 65

The initial state of each CAV platoon is z(0) = 2/(0) = 0 and v;(0) = 25m/s for all
1=20,1,...,n. The cyclic-like graph is considered for the vehicle communication network,
i.e., the bidirectional edges of the graph are (1,2),(2,3),...,(n—1,n) € £. Following the
discussions in [64, Section 6], we choose the MPC horizon p as 1 < p < 5.

We present the choices of weight matrices for each of the abovementioned three CAV

platoons. Define

a = (38.85,40.2,41.55,42.90, 44.25,45.60, 46.95, 48.30,49.65,51.00) € R',
B = (130.61,136.21,141.82,147.42,153.03, 158.64, 164.24,169.85, 175.46, 181.06) € R'C,
¢ = (62,74,90,92,106, 194,298,402, 454,480) € R,

Table 4.2: Physical parameters for a heterogeneous medium-size CAV platoon with A =
60m

Li(m) 7 7 7 7 7 7 7 7 7 7

ri(s) 121 | 1.155 | 0.99 | 1.045 | 1.21 | 1.155 | 0.99 | 1.045 | 1.155 | 1.045
@i min(m/s?) | —=8.14 | —=7.77 | —6.66 | —7.03 | —8.14 | —7.77 | —6.66 | —7.03 | —7.77 | —7.03
Gimax(m/s?) | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 1.4
co4(x107%) | 3.85 | 3.675 | 3.15 | 3.325 | 3.85 | 3.675 | 3.15 | 3.325 | 3.675 | 3.325
c34(x1072) | 1.155 | 1.103 | 0.945 | 0.998 | 1.155 | 1.103 | 0.945 | 0.998 | 1.103 | 0.998
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For all the three CAV platoons, a! = 6a, B! = B, and ¢! = 0.55 when p = 1.

e Homogeneous small-size and heterogenous medium-size CAV platoons: for p > 2,

al=9a-1),8'=8-1,¢" =05 —1), and

0.1368  _ 0.044 ~ 0.0013 .
a® = 1) xa, (%= oD xB, (&= 1) x¢, s$=2,...,min(p,3).

e Homogeneous large-size CAV platoon: for p > 2, a' = 6(a — 1), B! = 8 — 1,

¢t =0.5(¢ —1), and

s 00684  _ s 0.044 ~ s 0.0013 ~ .
a :(8_1)4><a, I6} :(5—1)4X'B’ ¢ :(5—1)4XC’ s=2,...,min(p,3).
And for all the above CAV platoons: for p = 4,5,
0.0228 0.044 ~ 0.0026  ~
$ = a, B° = S = =4,...,p.

The above vectors o, 3%,¢* define the weight matrices Q. s, Q. s, Qu,s for s =
1,...,5, which further yield the closed loop dynamics matrix Ac; see the discussions
below (3.23). It is shown that when these weights are used, A¢ is Schur stable for each
p=1,...,5 and each CAV platoon.

We use the same three scenarios described in the linear vehicle dynamics Section

3.6.1. In scenario 3, we use @; max = 1.8m/s2 for each vehicle.

4.7.2 Performance of the Proposed Fully Distributed Scheme

Asindicated in Section 4.5.2, when p = 1, the underlying MPC optimization problem

(4.11) is a convex QCQP, for which the generalized Douglas-Rachford splitting method
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based fully distributed algorithm developed in [64] is used. In what follows, we focus on
p> 1.

When p > 1, the underlying MPC optimization problem (4.11) is nonconvex, and
the sequential convex programming and Douglas-Rachford splitting method based fully
distributed scheme is applied (cf. Algorithm 10). To apply this algorithm, we discuss the
choices of the smooth functions g; ; and the convex function r; ¢ for the (approximated)
nonconvex constraint sets ); and Z;, where ¢ = 1,...,n. In view of the definition of )
given before (4.20), we see that }V; = {u; | vmin — ¢ij(Wi) < 0, ¢ (W) — Vmax < 0, j =
1,...,p}, where g; j(-) is given by (4.20). Define g; s(u;) := Vmin—¢;,j(1;), and r; s(u;) := 0
for s =1,...,p; gis(w;) := 0, and r; s(u;) == —¢; j(W;) + Umax for s =p+1,...,2p. Then
Vi = {uilgis(w) —ris(w;) <0, s =1,...,2p}. Similarly, let g; (u;—1,u;) be the right
hand side of (4.21), and rg’s(u,;_l,ui) = 0. Then Z; = {u; ]gg’s(ﬁ,;) — rg’s(ﬁ,;) <0, s =
1,...,p}. The gradient of these functions are given in Section 4.5.3. Furthermore, the
Lipschitz constants Lj,’s and Ly, ’s are given by v, || H J;(1;)||2 and 0.9(|H g; s(U;)||2, where
v, = 0.8 for p = 2,3 and v, = 0.9 for p = 4,5 respectively, and H f denotes the Hessian
of a real-valued smooth function f. The reasons for each Hessian scaled by these factors
are twofold: (i) the 2-norm of Hessian is conservative; and (ii) the scaled Hessian leads to

faster convergence.

Initial guess warm-up. To achieve real-time computation of the proposed distributed
scheme (i.e., Algorithm 10), we exploit the initial guess warm-up technique for both the
linear stage (cf. Line 2) and the inner loop of the SCP-DR stage (cf. Lines 6-14). For
the former stage, see [64, Section 6.2] for its warm-up scheme. We discuss a warm-up
scheme for the latter stage. Recall that the inner loop solves the following convex opti-

mization problem: miny_(, e > iy fi(yi) +0Ci(y;), where for each i = 1,...,n, fi(y;) :=
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Table 4.3: Error tolerances for outer and inner loops at different MPC horizon p’s

Outer loop | 2.5 x 1072 | 6.5 x 1073 | 7.5 x 1073 | 1.0 x 1072 | 1.25 x 1072
Inner loop NA 4.0%x1073 | 5.0x 1073 | 7.5 x 1073 | 1.0 x 1072

J; (@) + d?]—;(ﬁf)(yz — ;) + % ly; — GF||2, and C; is the intersection of the box-constraint
set X; corresponding to the control constraint and a quadratically constrained convex
set corresponding to the (approximated) velocity and safety distance constraints; see Sec-
tion 4.5.2 for details. Since the (approximated) velocity and safety distance constraints are
often inactive, we replace C; by A&; in a warm-up scheme. Further, the generalized Douglas-
Rachford scheme given by (4.16) is used to solve miny_(,. e > iy fi(yi) + 0X;(y;) in a
fully distributed manner by replacing C; by X;. Since f; and the box constraint set &; are
fully decoupled, solving the proximal operator based optimization problem in this scheme
boils down to solving finitely many decoupled univariate optimization problems of the
form: minge. g at’> + bt + e, where t € R, and a,b,c,d,e € R are given constants with
a > 0. Such a univariate optimization problem has a simple closed-form solution, which
considerably reduces computation load of the Douglas-Rachford scheme. Numerical tests
show that the proposed warm-up scheme significantly improves computation time and

solution quality.

Performance of distributed schemes. We implement the proposed fully distributed
algorithms via MATLAB on a computer with 4-cores processor: Intel(R) Core(TM) i7-
8550U CPU @ 1.80GHz and RAM: 16.0GB. These distributed algorithm are tested
for the three types CAV platoons, namely homogeneous small-size and large-size CAV

platoons and a heterogeneous medium-size CAV platoon, on Scenarios 1-3 for different
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MPC horizon p’s. The proposed initial guess warm-up schemes are used with the error
tolerance give by 10~7 for all the cases. Moreover, we choose a = 0.9 and p = 0.1 for
the proximal operator based Douglas-Rachford scheme in all of these algorithms. Further,
the stopping criteria are characterized by the minimum of absolute and relative errors of
two neighboring iterates for p = 2, 3, whereas for p = 4,5, these criteria are characterized
by absolute errors of two neighboring iterate. The list of error tolerances for the outer
and inner loop (for all the three types of CAV platoons) at p’s is shown in Table 4.3.
Note that there is no inner loop when p = 1, since the underlying MPC optimization
problem is a convex QCQP and solved via the fully distributed scheme given in [64]. A
summary of mean and variance of computation time per CAV for different CAV platoons
with different p’s on the three scenarios is displayed in Tables 4.4- 4.6. Moreover, to
evaluate the numerical accuracy of the proposed schemes for p = 1, we compute the
relative error between the numerical solution from the distributed schemes and that from
a high precision centralized scheme when the latter solution, treated as a true solution, is
nonzero; see Tables 4.7. Note that for p > 2, a true solution is hard to compute even in

a centralized manner.

Table 4.4: Scenario 1: computation time per CAV (sec)

MPC horizon Small-size Medium-size Large-size

Mean Variance Mean Variance Mean Variance
0.0952 | 3.43x107* | 0.1333 | 1.44x10~* | 0.1087 |2.32x 10~*
0.1616 | 1.6 x 1072 | 0.2795 4.5 %1073 0.2759 | 1.6 x 1073
0.1721 | 1.40 x 1073 | 0.2673 | 4.11 x 1073 | 0.2667 | 2.35x 103
0.1665 | 6.33 x 107* | 0.2535 | 2.02 x 1072 | 0.3038 0.1440
0.2243 0.2340 0.3056 0.4440 0.3296 0.4240
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Table 4.5: Scenario 2: computation time per CAV (sec)

MPC horizon Small-size Medium-size Large-size
Mean Variance Mean Variance Mean Variance
p=1 0.1098 | 7.33 x107* | 0.1421 | 255 x107% | 0.1204 | 7.54 x 1074
p=2 0.1771 | 1.2x 1073 | 0.2857 | 6.7x107% | 0.2814 | 3.3x 1073
p=3 0.1939 | 4.83x107*| 02804 | 2.78 x107% | 0.2734 | 1.62 x 1073
p=4 0.2241 | 9.58 x 1073 | 0.3165 | 5.93 x 1073 | 0.3681 0.0241
p=>5 0.2418 0.0113 0.3051 0.0109 0.3449 0.0150

Table 4.6: Scenario 3: computation time per CAV (sec)

MPC horizon Small-size Medium-size Large-size
Mean Variance Mean Variance Mean Variance
p=1 0.1109 1.2x1073 0.1408 4.09 x 1074 0.1125 | 8.38 x 1074
p=2 0.1559 | 2.3 x 1073 | 0.2528 6.3 x 1073 0.2503 | 4.8 x 1073
p=3 0.2257 0.1320 0.2398 | 4.91x107% | 0.2437 | 3.98 x 107°
p=4 0.2053 | 7.73 x 1073 | 0.2883 9.73 x 1073 0.3216 0.0132
p=>5 0.2256 0.0136 0.2882 0.0135 0.3250 0.0249

The numerical results show that for each p and each CAV platoon type, the mean

computation time is less than 0.369s and thus less than the reaction time r; or sample

time 7 with overall fairly small variances, for all the three scenarios. Indeed, the com-

putation time for p = 1 is the least and becomes larger for a higher p for most cases.

Further, the computation times vary for different CAV vehicle types. In particular, the

computation time for the small-size platoon is less than that of the medium-size and the

large-size platoons. This is because the nonlinear effects play an increasing role in the

latter types of platoons when cp; and c3; become larger. Additionally, the heterogeneous

dynamics in the middle-size platoon also require more computation. Besides, the numeri-
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Table 4.7: Relative numerical error for p =1

. Small-size Medium-size Large-size
Scenarios

Mean Variance Mean Variance Mean Variance

Se. 1 | 1.07x1073 | 1.44x 1077 | 5.66 x 107 | 1.24 x 107% | 529 x 104 | 5.14 x 10~8
Sc. 2 [ 9.11x107%|382x1076 | 1.11x 1072 | 7.54x 1076 | 438 x107* | 2.73 x 1078
Sc. 3 1.47 x 1072 | 3.51 x 1076 | 6.85 x 107* | 8.41 x 10~7 | 5.85 x 107* | 2.45 x 10~

Table 4.8: Maximum steady state error of spacing (m)

MPC horizon Scenarios 1-2 (among 10 vehicles) Scenario 3 (among 9 vehicles)
Small-size | Medium-size | Large-size | Small-size | Medium-size | Large-size
p=1 0.0571 0.0941 0.1138 0 0.0431 0
p=2 0.1107 0.1507 0.2738 0.1003 0.1277 0.2199
p=3 0.1122 0.1530 0.2793 0.1051 0.1369 0.2374
p=4 0.1321 0.1687 0.2831 0.1142 0.1363 0.2106
p=>5 0.1438 0.1880 0.3052 0.1438 0.1538 0.2342

cal accuracy is satisfactory for p = 1 as shown in Table 4.7. Hence, we conclude that the
proposed distributed schemes are suitable for real-time computation of a heterogenous or

homogeneous CAV platoon with satisfactory numerical precision.

4.7.3 Performance of CAV Platooning Control

We evaluate the closed-loop performance of the proposed CAV platooning control
with different MPC horizon p’s for different CAV platoons on the three scenarios men-
tioned before. For each CAV platoon and scenario, we consider the spacing between two
neighboring vehicles (i.e., Si—1(k) = z;—1(k) — xi(k) = zi(k) + A), the vehicle speed

v;(k), and the control input w;(k), i =1,...,n for p=1,2,3,4,5.
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Steady state error. When (c2;, ¢3;) # 0 and ug(k) = 0 and vo(k) = vp oo > 0 for all large
k, it is observed from the numerical tests that when the closed-loop dynamics of the CAV
platoon reaches its steady state (zss, 25,) € R"xR™, i.e., (2(k), 2’ (k)) becomes the constant
vector (zss, 2L¢) for all large k, zss is nonzero. Physically, the nonzero steady state is due to
nonlinear vehicle dynamics and the PD-like control structure of the MPC control scheme.
To illustrate this phenomenon, consider the closed-loop dynamics in (4.30) for p = 1. (It is
noted that only for p = 1, we have a closed-form expression for the closed-loop dynamics.)
Since (zi(k), zj(k)) is constant for all large £ when a CAV platoon reaches its steady state, it
follows from (4.22) that w; (k) — [c2,i—1v2 (k) —c2,iv? (k)] —[c3.i—1—c3,i]g = O for all large k.
It is easy to see from (4.22) that 2., = 0. Let zs5 := (255, 245) = (2s5,0). In view of ug(k) =
0 for all large k, we deduce via (4.30) that zss = (AC + vo,ooAfl(cpd))zss — BWwae’oo,
where we o is defined in the way of w.(k) by setting vo(k) = vp,c0. Since zgs = (255, 0),
we see that (I — Ac)zss = —BWwaem. By the expression for Ac given in (4.28), we
obtain %B/WQZZSS = —BWwae,oo. Since BW has full column rank and Q,,Q are
diagonal PD, we further have %szss = —QuWe,00 OF equivalently zgs = —2Q;1wa€7oo.
Since We,00o 7# 0, we conclude that z, # 0. Note that we o depends on c3;,-1 — c2; and

c3,i—1 — ¢3,; and Vg o With c29 = c30 = 0. Hence, if a CAV platoon is homogeneous, then

G Ci)’

We, 00, and thus zg, is a multiple of e;. Moreover, in light of Q;le = diag(a—l, Ce

it is observed that |(zss);| will be smaller for a large a; and a small ;. This observation
agrees with numerical results. In addition, when p > 2, similar observations are made
although the closed form expression of zss is hard to obtain. The maximum steady state
error of spacing, i.e., ||zss||o, is displayed in Table 4.8 for different CAV platoons, different
p’s, and the three scenarios. Note that in Scenario 3, we consider the steady state errors

for S;—1,%=2,3,...,9 since Sp 1 does not reach its steady state in this scenario.
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We present the closed-loop performance only for p = 1 and p = 5 for each type

of CAV platoons in each scenario because of the length limit; see Figures 4.1-4.9. The

closed-loop performance in each scenario is commented as follows:

(i)

(i)

Scenario 1. Figures 4.1, 4.2, and 4.3 show the MPC control performance of the
homogenous small-size CAV platoon, the heterogeneous medium-size CAV platoon,
and the homogenous large-size CAV platoon in Scenario 1, respectively. It can be
seen that the spacing between the leading vehicle and the first CAV, i.e., Sp 1, in all
the CAV platoons has small deviations (less than 0.5m) from the desired spacing A
when the leading vehicle takes instantaneous acceleration or deceleration. Further,
when p = 1, the spacings between the other CAVs in the two homogeneous CAV
platoons remain the desired constant A, and there are small deviations from the
desired spacing A for the other CAVs in the heterogeneous CAV platoon or the two
homogeneous CAV platoons when p = 5. In all the cases, the convergence to the
steady states is fast (within 15 secs) and the steady state errors in spacing are nonzero
but are small; see Table 4.8. In fact, the maximum steady state errors increase as
p becomes larger; compared with the desired spacing A = 50m, 60m or 65m, the
largest relative error % < 0.47% for all the three types of CAV platoons. Lastly,
the time history of speed and control input demonstrates satisfactory performance.
In particular, it is observed that all the CAVs show the same speed change and almost
identical control, implying that the CAV platoon performs a nearly coordinated

motion under the proposed platooning control.

Scenario 2. Figures 4.4, 4.5, and 4.6 display the MPC control performance of the
homogenous small-size, the heterogeneous medium-size, and the homogenous large-

size CAV platoons in Scenario 2, respectively, where the leading vehicle undertakes
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(iii)

periodic acceleration/deceleration. In all the cases, Sp; demonstrates the largest
fluctuations whose maximum magnitude of deviations is 0.25m when A = 50m,
0.3m when A = 60m, and 0.5m when A = 65m. Besides, all the CAV platoons
demonstrates nearly coordinated motions. For example, when p = 1, the spacings
Si—1,4 for i = 2,...,10 remain the desired constant for the two homogeneous CAV
platoons, and they have small deviations from the desired spacing for the heteroge-
neous CAV platoon and p = 5 of the two homogeneous CAV platoons. Moreover,
the fluctuations of Sp1 and other S;;11’s quickly converge to their steady states
within 15s when the leading vehicle stops its periodical acceleration. The steady
state errors in spacing are as same as those in Scenario 1. The time history of speed

and control input shows nearly identical behaviors for all the CAVs in each case.

Scenario 3. Figures 4.7, 4.8, and 4.9 show the control performance of the homogenous
small-size, the heterogeneous medium-size, and the homogenous large-size CAV pla-
toons in Scenario 3, respectively, where the leading vehicle undergoes various traffic
oscillations through the time window of 45s. It is observed that Sp; demonstrates
the largest spacing variations with the maximum magnitude less than or equal to
0.25m when A = 50m, 0.3m when A = 60m, and 0.46m when A = 65m; the other
spacings Si—1,, ¢ = 2,...,10 either are the desired constant or demonstrate nearly
constant deviations with maximum magnitude less than 0.14m, in spite of the oscil-
lation of Sp 1. Further, the spacings S;_1,, ¢ = 2,...,10 almost reach steady states
between 5s and 25s and after £ = 35. The maximum steady state errors of these
spacings are shown in Table 4.8. It is seen that the maximum steady state error

often appears at S12. Compared with the desired spacing A = 50m, 60m or 65m,
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the largest relative error % < 0.37% for all the three types of CAV platoons in

Scenario 3. Finally, all the CAV platoons demonstrates nearly coordinated motions.

Consequently, the proposed platooning control effectively mitigates traffic oscilla-
tions of the spacing and vehicle speed of the CAV platoons of different types with small
or almost negligible steady state errors. In fact, it achieves nearly consensus motions of

the entire CAV platoons even under some perturbations.

4.8 Summary

This chapter develops a nonconvex, fully distributed optimization based MPC scheme
for CAV platooning control of a heterogeneous CAV platoon under the nonlinear vehicle
dynamics. Different from the existing research on the linear vehicle dynamics, various
new techniques are exploited to address several major challenges induced by the nonlinear
vehicle dynamics, including distributed algorithm development for the coupled nonconvex
MPC optimization problem, and stability analysis of time-varying nonlinear closed-loop
dynamics. For the former, we apply locally coupled optimization and sequential con-
vex programming for distributed algorithm development. For the latter, global implicit
function theorems and Lyapunov theory for input-to-state stability, among many other
techniques, are invoked for closed loop stability analysis. Extensive numerical tests are
conducted to illustrate the effectiveness of the proposed fully distributed schemes and
CAV platooning control for homogeneous and heterogeneous CAV platoons in different

scenarios.
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Figure 4.1: Scenario 1 for the homogeneous small-size CAV platoon: platooning control
with p =1 (left column) and p = 5 (right column).
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Figure 4.2: Scenario 1 for the heterogeneous medium-size CAV platoon: platooning control
with p =1 (left column) and p = 5 (right column).

212



65.6

65.4 ; o ‘
M //\‘
|| |
65.2 A ] 65.4 n ]
S [ [—so1 | R [ 801 |
= .l | | — 812 Tl | - ‘ -~ s12
= \‘; S23 =02 \‘57“}“' S23 ||
£ | ——s34 £ ?,u’—“—“‘ﬂ‘ | s34 |
3648/ I el - - TS45
@ || S56 2 856
I —— 567 \‘ —s67
64.6f | —S78 | 648} “ —S78 |
——S89 | ——889
8910 ! S910
64.4 : : : 64.6 : : :
0 50 100 150 200 0 50 100 150 200
Time (s) Time (s)
(a) Time history of spacing changes. (b) Time history of spacing changes.
26 T T T 26 i : T
| ’ | .
24 ¢ ' | = 24| ' | =1
[ | —i=2 [ ‘: —i=2
- | | =8 | | =3
12 2]
2227 4 | —i=4 1 222¢ 4 | —i=4 |
% | ; =5 % ! \f =5
g , ,1 i=6 3 : : i=6
gaor : :\ —i=7 | &2 ' ; —i=7 |]
| , —i-8 , | —i=8
18} i | = 18} '! : =9 ]
| | i=10 , | i=10
| | |
L
16 : : : 16 : : :
0 50 100 150 200 0 50 100 150 200
Time (s) Time (s)
(¢) Time history of vehicle speed. (d) Time history of vehicle speed.
15 ; — : 15 ‘ ~ ‘
—~ [ _ r
@ 1) L 1 e 1) L ]
E H £ ||
S 05 \- —i=1 S 0.5 | —i=1 |
(e} i % o e
s ' ; | —i=2 ® t r“ | —i=2
s o ~ =3 | & of \ i=3 ||
S . — 3 \ -
Q.05 ‘ —i=5 | 2-05¢ ‘\ =5 |
S . i=6 S ~ i=6
g ' —i=7 i E 4 | —i=7 ]
Q | —i=8 Q | —i=8
&-15] 2. =9 | 2157 "@ —i=9 |
i=10 i=10
2 . . . 2 L . .
0 50 100 150 200 0 50 100 150 200
Time (s) Time (s)

(e) Time history of control input.

(f) Time history of control input

Figure 4.3: Scenario 1 for the homogeneous large-size CAV platoon: platooning control
with p =1 (left column) and p = 5 (right column).

213



50.25

50.2f
50.15 —S01 |-
= —S812
E 5ot s23 |
(o))
£ ——S34
% 50.05 [f 845
» —S56
50— —S67
V —S78
49.95 —589 |
S910
49.9 : : :
0 50 100 150 200
Time (s)
(a) Time history of spacing changes.
27
“W...W =)
H' i i
_ Aete =3
2 = HH i =
£ M M s
3 |||| i
2 | —i=6
5255 —i=7 |
\ =8
.| —i=9
S i=10
245 : : :
0 50 100 150 200
Time (s)
(c) Time history of vehicle speed.
15
“«
R |
, THHINH
£ ] ,
5 | o
£ os | o=
o VYOI i=3 |]
8 | i
3 ~ i=4
Q | =5
2 Ll | ]
S ‘ =6
g ‘ —i=7
9 ML .
205/ UL i=8 |
< | o
i=10
R . .
0 50 100 150 200
Time (s)

(e) Time history of control input.

50.3
50.25
50.2 —S01 |
E ——s12
=5015f | 23 |
(o))
5 —834
& 50.1 545 |
@ AREIRERRLN 56
50.05 o7 |
R VNNIINIIN ———— 878 -
% ' i —889 ]
$910
49.95 ‘ ‘ ‘
0 50 100 150 200
Time (s)

(b) Time history of spacing changes.

) “‘HHW‘W
265 "”!NH """!p =
[CARARA AR e
2 2 HHHHW H! e
£ =5
3 \h ’INII’ i
g2 \hhh"" hhh el
I -
““““““ —i=9
21 i=10
245 : : :
0 50 100 150 200
Time (s)
(d) Time history of vehicle speed.
15 ‘
G |
E 1F I
5 | i
g 05! | o=
3 | =3
g T i
e OJ ! —i=5 |]
§ | 6
g h =7
©-05f | —i=8 |
<‘(’ ' —i=9
““““““ i=10
o 50 100 150 200
Time (s)

(f) Time history of control input

Figure 4.4: Scenario 2 for the homogeneous small-size CAV platoon: platooning control
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Figure 4.5: Scenario 2 for the heterogeneous medium-size CAV platoon: platooning control
with p =1 (left column) and p = 5 (right column).
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Figure 4.6: Scenario 2 for the homogeneous large-size CAV platoon: platooning control
with p =1 (left column) and p =5 (right column).
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(e) Time history of control input.

—S01
—812
S23
—S34
— 845
S56
——867
—|—S78
—889
S910
59.9 3 : : :
0 10 20 30 40
Time (s)
(b) Time history of spacing changes.
27 i : . T
o6 N
—i=1
;;25’ —i=2 |]
£ i=3
T 24—\ =4 |
E i
Posl | =6 |/
’; —i=7
oot ", ~~~~ | —i=8 i
L —i=9
i=10
21 : : : :
0 10 20 30 40 50
Time (s)
ime history of vehicle speed.
(d) Time history of vehicle speed
2 ; ; ; ;
<15+ 1
E
c 17 ]
Re]
© 0.5¢ g
< -
[0} |
$ Of/A\f\i | ]
o |}
gos || |
< \|
o A It q
@ I
g |
g5t |
2 . . . .
0 10 20 30 40 50
Time (s)

50

(f) Time history of control input

with p =1 (left column) and p = 5 (right column).

218




S Y o
[Te) 0 Yol e} <
© [{e) © O ©
(w) b
, ,
e o - o
n 0 Yol <t
© o © o
w)

50

40

0

3

20

10

50

40

30

20

10

)

Time (s
b) Time history of spacing changes.

Time (s)

(

(a) Time history of spacing changes.

2
3
4
i=5
7
8
9

=10

27

26

n/_Aw\Ev

[a\} [aY)
paadg

27

26

“sw)

L L
™ [\
N

=
o N
paads

50

40

30

20

0

50

40

30

20

0

1

Time (s)

Time (s)

) Time history of vehicle speed.

il

(

(c¢) Time history of vehicle speed.

1.5¢

—

o
o
(;5/w) uoeI8|28Q/UONEBISIBIOY

o

Time (s)

Time (s)

Time history of control input

(f)

Time history of control input.

)

(e

Figure 4.9: Scenario 3 for the homogeneous large-size CAV platoon: platooning control

with p =1 (left column) and p = 5 (right column).

219



CHAPTER V

Conclusions

In this thesis, we have studied two topics in fully distributed optimization algorithms
i.e., (i) column partition based distributed algorithm for coupled convex sparse optimiza-
tion problems, and (ii) fully distributed optimization based CAV platooning control under
linear and nonlinear vehicle dynamics. In this chapter, we summarize the results that we

have established in these two areas, and discuss several future research directions.

5.1 Column Partition based Distributed Algorithm for Coupled Convex

Sparse Optimization Problems

In Chapter II, using duality theory, exact regularization techniques and solution
properties we developed a two-stage column partition based fully distributed schemes
to solve a class of densely coupled convex sparse optimization problems, including BP,
LASSO, BPDN and their extensions. These schemes are dual based and are applicable
when the underlying matrix is column partitioned. The overall convergence of the two-
stage distributed schemes is established in Section 2.7. The numerical results given in

Section 2.8 indicate that the proposed two-stage distributed schemes are effective when
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compared to the existing C-ADMM and PDC-ADMM schemes to solve standard lasso and
polyhedral constrained lasso respectively. The proposed schemes and techniques shed light
on the development of column partition based distributed schemes for a broader class of
densely coupled problems, which will be future research topics. The distributed algorithm
development in this thesis relies on first-order techniques, a further investigation on the

usage of second-order Newton like distributed schemes will be a future research area.

5.2 Fully Distributed Optimization based CAV Platooning Control

In Chapter III, we developed fully distributed optimization based MPC schemes
for CAV platooning control under the linear vehicle dynamics. Such schemes do not re-
quire centralized data processing or computation and are thus applicable to a wide range
of vehicle communication networks. Major developments in this chapter include a new
formulation of the MPC model, a decomposition method for a strongly convex quadratic
objective function, formulation the underlying optimization problem as locally coupled op-
timization and Douglas-Rachford method based distributed schemes to implement them in
real time. Control design and stability analysis of the closed loop dynamics is carried out
for the new formulation of the MPC model. Further in Chapter IV, we extend these fully
distributed CAV platooning control to nonlinear dynamics scenario where the underlying
optimization problem in nonconvex. SCP based schemes are developed to solve these non-
convex problems. Extensive numerical tests are conducted to illustrate the effectiveness of
the proposed fully distributed schemes and CAV platooning control for homogeneous and
heterogeneous CAV platoons in different scenarios. The development of fully distributed
algorithms for nonconvex minimization problem, shed light on large scale isoperimetric

graph partitioning problem [14] which will be a future research topic. Further, Newton
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type distributed schemes do not consider constraints other than the consensus constraint.
A key challenge for developing such distributed schemes for the transportation application

is to effectively handle locally coupled constraints which will be a future research area.
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