APPROVAL SHEET

Title of Dissertation: Efficient multigrid methods for optimal control of partial
differential equations

Name of Candidate: Mona Hajghassem
Doctor of Philosophy, 2017

~ A
Dissertation and Abstract Approved: &/Q}/LA’

Andrei Draganescu
Associate Professor
Department of Mathematics and Statistics

Date Approved: April 28, 2017




ABSTRACT

Title of dissertation: Efficient multigrid methods for optimal control of
partial differential equations

Mona S Hajghassem, Doctor of Philosophy, 2017

Dissertation directed by: Dr. Andrei Draganescu
Department of Mathematics and Statistics



Efficient multigrid methods for optimal control of partial differential
equations

by

Mona Hajghassem

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, Baltimore County in partial fulfilment
of the requirements for the degree of
Doctor of Philosophy
2017

Advisory Committee:

Dr. Andrei Draganescu, Chair/Advisor
Dr. Harbir Antil

Dr. Animikh Biswas

Dr Florian Potra

Dr. Bedftich Sousedik



(© Copyright by
Mona Hajghassem

2017






Acknowledgments

First of all, I would like to thank the department of Mathematics and Statistics
at UMBC. I would like to thank my advisor Dr. Andrei Draganescu for supervis-
ing my dissertation and the guidance throughout this work. I appreciate all his
contributions of time, ideas, and funding.

I would like to thank all the committee members for their insightful comments.
Especial thanks to Dr. Harbir Antil for suggesting the boundary control problem
and his collaboration.

Last, I would like to acknowledge my husband for his care and support.

ii



Table of Contents

0.1 Introduction . . . . . . . . . . ... v
0.2 General formulation and description of main contribution . . . . . . . vi
List of Abbreviations v

1 Multigrid preconditioning for space-time distributed

optimal control of parabolic equations 1

1.1 Introduction and literature review . . . . . . . . . .. .. ... .... 1

1.2 Problem description . . . . . . . ... ..o 3

1.2.1  The control-to-state map and reduced problem . . . . . . . .. 4
1.2.2  The discrete control-to-state map and the discrete reduced

problem . . .. ... 11

1.3 Estimates . . . . . . . . . .. 17

1.3.1 The two-grid preconditioner . . . . . . . .. . ... ... ... 20

1.4 Numerical results . . . . . . . .. ... ... .. 25

1.4.1 Space-time projection . . . . . . . .. ... ... 25

1.4.2 Space projection . . . . . . ... ... 27

1.5 Future work . . . . . . ... 29

2 Multigrid  methods  for  Dirichlet = boundary  control  of

elliptic equations 30
2.1 Imtroduction . . . . . . . . . ... 30
2.2 Problem description. . . . . . ... ... o 32
2.2.1 The Dirichlet problem and its discretization . . . .. . .. .. 32
2.2.2  Computation of adjoints . . . . . . . ... ... ... ... 39
2.3 The two-grid preconditioner . . . . . . . . .. ... ... L. 44
2.3.1 Error estimates . . . . . . .. ... ... .. ... ... 46
2.3.2 Projection estimates and stability . . . . . ... ... ... .. 50
2.3.3 The two-grid preconditioner . . . . . . . .. ... ... 54
2.4 Numerical results . . . . . . . . ... 56

il



3 Multigrid methods for Neumann boundary control of

elliptic equations 58
3.1 Introduction . . . . . . . ... .. 58
3.2 Problem description . . . . . . ... ..o 60
3.2.1 The Neumann problem and its discretization . . . . . . . . .. 60

3.2.2  Computation of adjoints . . . . . .. ... ... ... ... 66

3.2.3 Two-grid preconditioner for the discrete Hessian . . . . . . . . 68

3.2.4 FError estimates . . . . . ... ... L 70

3.3 The two-grid preconditioner . . . . . . . . ... ... ... ... ... 73
3.4 Numerical results . . . . . .. . ... 75
Bibliography 7

v



0.1 Introduction

This thesis is focused on efficient methods for solving optimal control problems
constrained by partial differential equations (PDEs). Research in this area started
with the work of Lions in the 1960s [1]. Several research studies have been devoted
to this subject in recent years [2-5]. One important application of PDE-constrained
optimization problems is parameter identification. Many quantitative phenomena
in various fields such as engineering, physics, and biological science can be modeled
using PDEs. All involved parameters are assumed to be known when running simu-
lation based on a PDE model. However, identifying accurate quantitative values for
all parameters is challenging, and this may lead to erroneous predictions. One way of
obtaining better estimates for the parameters is by formulating a PDE-constrained
optimization problem, in which the parameters to be identified are the optimization
variables, and the cost functional measures the discrepancy between the measure-
ments and predictions. Other applications of PDE-constrained optimization include
medical applications (optical tomography, radiation therapy) [6,7], economical (rate,
pricing) [8-10], and engineering (shape optimization, optimal design of cooling pro-
cess, minimize harmful byproducts of chemical reactions) [11].

In spite of the remarkable developments in the high performance, parallel
computing technologies, which allow us to conduct numerical computations at un-
precedented resolutions, solving large-scale PDE-constrained optimization problems
still requires significant advances in algorithmic development. For example, the im-
plementation of the four-dimensional variational data assimilation (4D-Var) requires
solving a time dependent PDE with thousands of time steps to obtain the value of
the cost functional. Due to significant computer processing requirements for solving
such problem, and given existing and emerging computing capabilities, development
of novel efficient large-scale optimization algorithms is still necessary [12,13].

The multigrid paradigm is that by using multiple discretizations of the same
problem (for example, multiple grids/meshes or polynomial degrees) one can speed
up the numerical solution process to the point where it becomes optimal in a certain
sense. Multigrid originated in solving linear systems representing discretizations
of elliptic equations, and since then has been extended to many classes of PDEs,
including the Stokes and Navier-Stokes equations. Multigrid methods for PDEs
are different from the multigrid methods for the problems of interest. Multigrid
methods have been used for PDE-constrained optimization problems beginning with
the work of Hackbusch [14,15]. The methods proposed in this project are related
to those developed by Rieder [16], Hanke and Vogel [17], Akcelik et al. [18], Biros
and Dogan [19], and Draganescu and Dupont [20]. Related methods are found in
the works of King [21] and Kaltenbacher [22], both works being applicable to more
generic inverse problems, while [14,16,17] are for more specific integral equations,
and [18,19] are for PDE-constrained optimization problems. The results in this
thesis push the boundaries of the applicability of the multigrid strategy, by showing
that it can be applied efficiently to two classes of problems: distributed optimal
control of linear parabolic equations, and boundary control of elliptic equations.
Ultimately, it is shown that the algorithms developed and analyzed lead to a solution
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process whose computational cost, at high resolution, is a relatively small multiple
of the cost of solving the PDE itself.

0.2 General formulation and description of main contribution
Consider a general form of a PDE-constrained optimization problem

min J(y, u) (1)
subject to e(y,u) = 0, (2)
yEYade,uEUang,

where e(y,u) = 0 is a well-posed PDE in the sense that for each valid u there exists
a unique y = y(u) for which e(y,u) = 0, and y depends continuously on u. We
refer to y as the state and w as the control. If Y,; # Y, respectively U,y # U
we say that (1)-(2) has state constraints, respectively control constraints. The cost
functional is oftentimes quadratic and of tracking type and includes regularization.
An example of a cost functional is as follows:

1 B
Ty w) = 5y = valrxe) + Sluliz@), (3)

2

where 0 C R? is a bounded domain and 3 is the regularization parameter. PDEs
can be linear or nonlinear elliptic (Poisson, elasticity, Stokes) [23-25], parabolic
(heat equation) [26,27], fluid flows, magneto hydrodynamics (MHD) [28,29], etc.
The controls can be boundary values, initial values, or forcing terms (distributed).
Current research directions include existence, uniqueness, and regularity of optimal
controls, discretization and error estimation, and solvers. This thesis is concerned
with the latter.

The primary focus in solving PDE-constrained optimization problems is the
KKT system (named after the Karush-Kuhn-Tucker optimality conditions). This
can be a linear or a nonlinear, possibly non-smooth large-scale system of equations.
In the absence of inequality constraints, the KKT is a smooth nonlinear system. In
the particular case of linear-quadratic problems (PDE is linear, cost functional is
quadratic) the KKT is a linear system. The main technique for solving PDE con-
strained optimization problems is by solving the associated KKT systems. There
are two main directions in solving a KKT system numerically. One method is to dis-
cretize the PDE constraints, then solve the resulting discrete optimization problem
(first-discretize-then-optimize). The second method is to discretize the continu-
ous system representing the first order optimality conditions (the KKT system),
then discretize it appropriately (first-optimize-then-discretize). The first approach
is more attractive computationally than the second approach, since one is faced with
solving an actual finite dimensional optimization problem, while the second one is
more convenient for convergence analysis, but the system one has to solve may not
exactly represent the first order optimality conditions of a discrete optimization
problem. Regardless of whether the first or the second method is chosen, one has
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to solve numerically a sparse, potentially nonlinear and non-smooth system (the
discrete KKT system) whose linearization is an indefinite operator. Two further
approaches are common in both methods: (i) solve the linear KKT system using a
multigrid iteration or preconditioned MINRES; or (i7) eliminate the variables caus-
ing indefiniteness, and solve the resulting reduced system. The advantages of (i)
is that the system is sparse, but it is difficult to solve and precondition due to its
indefiniteness; this is the approach found in the work of Wathen and collaborators
(e.g., [30,31]), and of Borzi and collaborators. In the approach (ii), the matrix
of the system is usually dense, however, it is positive definite. Since for (i) each
matrix-vector multiplication usually involves solving the equivalent of two linearized
PDE solves, this approach is viable only if very good preconditioners are available.
The question of when each approach is more advantageous than the other remains
open. In this thesis we work with the reduced system. The thesis is centered around
devising preconditioners rooted in the multigrid approach developed in Draganescu
and Dupont [20] for an inverse problem.

This work is primarily concerned with linear-quadratic problems where the
cost-function is of tracking type. For the first problem discussed in Chapter 1, the
PDE constraint is a linear parabolic equation and the control is distributed, while
for the second problem discussed in Chapters 2 and 3, the PDE constraint is an
elliptic equation and the control is on the boundary. We impose no inequality con-
straints. Both problems are formulated in reduced form and lead to the problem of
solving large-scale linear systems. While these linear systems can be solved using
Krylov space methods, a critical aspect that needs to be addressed is precondition-
ing. Systems are never formed (this is the so-called matrix-free approach). Each
matrix-vector multiplication (Mat-vec) involves two PDE solves, making it very ex-
pensive. Therefore, we need highly-efficient preconditioners. Systems are similar in
character (they resemble an integral equation of the second kind) and similar to the
system arising in the distributed optimal control of elliptic equations. The design of
the preconditioners follows a recipe that proved to be successful in the distributed
elliptic case. However, for the first problem (distributed optimal control problem
constrained by a linear parabolic equation), standard space-time finite element dis-
cretizations (e.g., Crank-Nicolson discretization) lead to suboptimal results. For the
boundary control of elliptic equations we noticed numerically an important distinc-
tion between Dirichlet and Neumann boundary control. We observed optimal order
results for Neumann boundary control problem and suboptimal results for Dirichlet
boundary control problem. The main contribution of this thesis for the first problem
is to point out a discretization that leads to optimal order preconditioners, and for
the second problem is to provide analysis.
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Chapter 1: Multigrid preconditioning for space-time distributed

optimal control of parabolic equations

1.1 Introduction and literature review

In this chapter, we devise efficient methods for solving large-scale optimiza-
tion problems constrained by linear parabolic equations. There are real life problems
such as data assimilation for fluid flows with application to atmospheric and ocean
modeling which lead to a large-scale optimization problems constrained by time-
dependent PDEs. Hence, finding an efficient method for solving time-dependent
PDE constrained optimization problems help solve such real-life problems. A partic-
ular challenge specific to time-dependent PDE-constrained optimization problems is
related to the PDE solving technique itself; namely, when solving large-scale time-
dependent PDEs, at any stage we access a limited number of snap-shots in time
because of memory limitations. Since most time-stepping methods require the ac-
cess to a few past states when computing the next state, this is enough to solve the
time dependent PDEs numerically. However for large scale optimization problems
constrained by time dependent PDEs, accessing to the entire system may not be

possible at the same time. Hence, there may be advantages to treat such optimiza-



tion problems in reduced form, by eliminating states and Lagrange multipliers from
the KKT system. Gradients with respect to the remaining independent variables
(the controls) are computed by solving the adjoint equation, a task that is nontriv-
ial in itself due to the need to access the entire space-time state of the PDE during
the computation of the gradient. In particular, this task has given rise to an entire
set of algorithms revolving around checkpointing, where certain computations are
repeated to avoid expensive data accessing and storage. While secant methods such
as L-BFGS rely only on gradients for approximating the action of the Hessian or its
inverse, for large-scale problems they tend to converge too slowly, and this is mainly
due to the fact that the number of gradients needed for approximating the action
of the (very large) Hessian with sufficient accuracy would have to be too large. For
certain classes of problems including those arising from 4D-variational data assim-
ilation (4D-Var), other suboptimal approximations of the Hessian are used which
are only based on first-order information [12].

In this work we develop optimal order preconditioners, which, for the opti-
mization problems under scrutiny lead to a low number of linear iterations in the
solution process. In fact, given that the equations involved in the reduced system
are integral in character (the solution operator of the PDE, which is of integral type,
is explicitly involved in the reduced KKT system), the number of multigrid itera-
tions decrease with increasing resolution or with decreasing mesh size, unlike the
case of multigrid methods for differential equations, where the number of iterations
is expected to be bounded with respect to mesh size.

In this chapter we focus on the distributed control of linear parabolic equations,
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that is, the space-time control appears as a forcing term of parabolic equation.

It is notable that standard discretization of the parabolic equation does not
give rise to optimal order preconditioners. In fact, as numerical results show, we see
a drop in the approximation order by one half both for backward Euler and Crank-
Nicolson. However, if we use a non-standard discretization based on discontinous-
in-time-continuous-in-space finite elements as presented by Leykekhman and Vexler
in [32], it turns out that the preconditioner is also of optimal order. In addition
to recognizing the impact of the discretization on the design of preconditioners,
the main contribution of this work is the analysis certifying the optimality of the

preconditioner.

1.2 Problem description

Consider a convex polygonal or polyhedral open bounded set  C R?, d = 2, 3,

and Y, U be subspaces of
T
L*((0,7), L*(Q)) = {v(z,t) : @ x (0,T) — R;/ [o(:, )1 Z2)dt < oo},
0

with norm

=

T 2
ol 22000 — ( / ||v<-,t>||iz<mdt) ,
0



where 7' > 0 fixed. Let @ = Q2 x (0,7) and ¥ =T x (0,7"). The problem studied in

this chapter is:

1 p
min - J(y,u) =3 r,t) —ya(z,1 2d:vdt—|——/ u(z, t)Pdxdt 1.1
e (v, w) 2/Qly( ) = ya(,t)| 5 Q| ()] (1.1)

y—Ay = u in@Q

subject to : y = 0 onX (1.2)

y(x,0) = 0 in Q.

\

We call (1.1) a tracking-type cost functional. We refer to y as the state and u as the
control. A significant literature [33-38] is devoted to questions regarding existence,
uniqueness, and regularity of solutions to the optimal control problem (1.1)-(1.2), as
well as its discretization and error estimation. In this section we briefly discuss the
precise formulation of the optimization problem under consideration. We focus on
heat equation for the sake of clarity, however we expect the results to hold for more
general parabolic equations. Furthermore, we recall theoretical results on existence,

uniqueness, and regularity of optimal solutions as well as optimality conditions.

1.2.1 The control-to-state map and reduced problem

As stated above, in our attempt to extend ideas from distributed optimal
control of elliptic problems to develop multigrid preconditioners for the reduced

Hessian, the preliminary numerical results show a rather surprising behavior: when



using standard discretization such as Crank Nicolson or backward Euler, we observe
a degrading by precisely half and order of the expected optimality of the precon-
ditioners. Following [32] we then used a continuous-in-space-discontinuous-in-time
Galerkin discretization and we obtained the desired optimality.

To set up a weak formulation of the state equation, we introduce the following
notation: We denote V to be H}(Q) and V = H'(Q). For a time interval I = (0,T)

we introduce the state and control spaces

Y = {v|v € L*(I,V) and 0w € L*(I,V*)},

U= L*(I, L*(2)).

We use the following notations for the inner product and norms on L?({2):

() =)oy and |- =] - o

In this setting, a standard weak formulation of the state equation for a given control

u € U is: find a state y € Y satisfying

y(-,0) = 0.
For this formulation of the state equation, we recall the following result on existence
and regularity that appears as Theorem 3.1 in [39]:

Theorem 1.2.1 For fized control uw € U, there exists a continuous linear operator

5



S:U =Y such that y = Su solves (1.3) and the following stability estimates hold.

|Sul < Clul, (1.4)

[0 + 1Ay] < Clul, (1.5)

where the first inequality just expresses continuity, and the second expresses mazximal

parabolic reqularity.

The following theorem appears as Theorem. 3.16 in [2] proves the solvability of the

optimal control problem (1.1)-(1.2).

Theorem 1.2.2 For given y; € U and B > 0 the optimal control problem admits a

unique solution (u,y) € U x Y. The optimal control u possesses the reqularity

@ e L2(I, H*(Q)) N H'(I, L3(Q)).

Moreover, the optimal solution satisfies the KKT system associated with the opti-

mization problem (1.1)-(1.2)

y—Ay=u nQ —z—Az=y—ya inQ
y=0 onX z2=0 onX (1.6)
y(x,0) =0 in Q 2(z, T) =0 1in Q.

As stated at the beginning of this section, our approach relies on reduced

system rather than solving the KKT system (1.6). The existence result for the
6



state equation in Theorem 1.2.1 ensures the existence of a control-to-state mapping
u — y = Su given by (1.3). By means of this mapping we introduce the reduced

cost functional J : U — R :

A

J(u) := J(u, Su).

The reduced optimal control problem can then be equivalently reformulated as

min J(u). (1.7)

uelU

The first order necessary optimality condition for (1.7) reads

J'(@)(6u) = (V.J (@), 0u) =0, You € U. (1.8)

Due to the linear-quadratic structure of the optimal control problem this condition

is also sufficient for optimality. Since the reduced cost functional is

Ju) = 1Su— yal® + Shul?,
the Fréchet derivative of it can be expressed as
J'(u)(6u) = (Bu + S*(Su — y4), ou) (1.9)
where §* : U — U is the adjoint of S, that is
(S*u,v) = (u,Sv) Yu,v € U. (1.10)

7



Therefore, by (1.9),

VJ(u) = fu+ S*(Su — ya). (1.11)

Theorem 1.2.3 Forv € U, we have z = S*v if and only if z satisfies

—(¢,02) + (Vo,Vz) = (¢,v), Vo €V,
(1.12)

2(,T) = 0.

Proof. Let z be the solution of (1.12). Recall (1.3) that

(aty7 ¢)L2(Q) + (Vy, V¢)L2(Q) = (U7 ¢)L2(Q) Vo eV.

Replace ¢ in (1.12) with y in (1.3), then we obtain

—(y,atz)m(ﬂ)+(V?J7VZ)L2(Q) = (y,v)m(n)-

Since y(-,0) =0 and 2(-,7) =0,

T
8
T
= ( 8tya L2(Q2) + (y7 aIfz)LQ(Q)) dt

(Vy, V2)1200) — (¥, v)12(0) + (4, 2)12(0) — (Vy, V2)12(0) ) dlt

T

c\ﬁhh

(—(?Ja v)200) + (U, Z)L2(Q)) )

= —2)+ (u2),



hence

(Su,v) = (u,S* ).

|
We note that by defining Z(x,t) = z(z,T — t), where z satisfies (1.12), 2

satisfies

(¢vat2('vT - t)) + (V¢v Vg(,T - t)) = (¢7U<'>T - t))’ V¢ € ‘/7
(1.13)

2(-,0) = 0,

which is a parabolic equation with the right hand side ¢ with o(z,t) = v(-,T — t).

Therefore, by Theorem 1.2.1

[9:2] + |1 Az] < ¢, (1.14)

which is equivalent to

[0v2] + | Az] < Co]. (1.15)

The Hessian operator at v € U is given, in general, by the following equality

involving the second variation

(H(u)vy,v3) = J"(u)(vy,v2), Yoi, v, € UL



Since J is quadratic, we have
J"(u)(v1,v2) = (8*S + BI)vy,vs), Yoy, v, € U.
It follows that

H=38S+pI (1.16)

We note that the Hessian H is independent of v and is a symmetric positive definite

operator because

(Hv,v) = B(v,v) Yv € U.

The optimality condition (1.8) is equivalent, due to (1.11), to

i = (S*S + BI)u = S*y,, with § = ST. (1.17)

Hence, the reduced problem has a unique solution w given by

u=H"(S*ya). (1.18)

The challenge of this approach is to find efficient solution methods for solving the
linear systems representing discrete versions of (1.17). To solve the discrete opti-

mization problem we will introduce special discrete versions of S,5*, and H, and
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we will define and analyze two-grid preconditioners for the discrete version of H.

1.2.2 The discrete control-to-state map and the discrete reduced
problem

The discussion in this section follows closely [32]. For h € (0, ho|(ho > 0), let
T denote a quasi-uniform triangulation of © with mesh size h, i.e., T = {7} is a

partition of €2 into cells (triangles) 7 of diameter h, such that for h = max, h.,

hold. Let Vj, be the space of continuous piecewise linear functions with respect to
T, and Vj, = V, N HY(Q). We introduce the following notation: I = (0,7T), I, =
(tmfl,tm}, kpm =ty — tmo1, 0=ty <ty < - <ty_1<ty= T. To obtain the fully

discrete approximation we consider the space-time finite element space

Y = {yen : yunlr, € Viem =1,2,- -+, M}, (1.19)

U,S:i = {ukh : ukhhm € Vh,m = 1,2, .. ,M} (120)

. 0,1 0,1 . . : . .
More precisely, Y, '}, and U, consist of functions that are piecewise constant in time

with respect to the partition I, and continuous piecewise linear in {2 with respect

11



to T. We also define the following:

[ykh]m = yl—:h,m - yk’_h,m7

yl—ci_h m lim ykh<tm + 6)7
’ e—0F
Yehm = 61_1)%:_ Yih (tm — €).

We define the following bilinear form

M
B(yrn, dxn) = (Vyrn, Vorn) + Z [Ykh)m—1: Oy 1)L2(Q)- (1.21)
m=2

By rearranging the terms in (1.21), we obtain an equivalent (dual) expression of B:

M
B(ykha ¢kh) = (Vykh7 V(bkh) + Z ((y;h,m7 (bl;h,m) L2(Q) - (yljh,m—h ¢zh,m—1)Lz(Q)>
m=1

M
+ Z ((yl—l—h,m—lﬂ ¢2—h,m—1)L2(Q) - (yk_h,m—l’ ¢;€~_h,m—1)L2(Q)> + (yl—:h,ov ¢;:h,0) :

m=2

By adding like terms we obtain:

M-1
B(yrn, dxn) = (Vyrn, Vorn) — Z Yiehmo [Prn] )LQ(Q) + (Yenars ¢;§h,M)L2(Q) (1.22)
m=1

Following [32], the dG(0)cG(1) discretization of the state equation (1.2) for given

u € UIS:; has the form: Find a state y, = Sga(u) € Yko,}ll such that

B(Yrh: Srn) = (u, den) Yorn € Y, (1.23)

12



We note that the test space is the same as the solution space and the method reduces
to a modified backward Euler method [40]. It is noted that there exist a variety
of space-time finite element formulations for the discrete parabolic equation. For
example, in [27] a certain formulation based on continuous finite elements in space
and time gives rise to the standard Crank-Nicolson Galerkin method. To construct
the matrix equation corresponding to (1.23), we introduce the nodal basis {¢;} of

V}, associated to the NV}, interior nodes of 7 numbered in some fashion, hence

Np
. E m
y Im — y] ¢],
Jj=1

where the coefficient yj* are the nodal values of y|y,,. Let ¢; with j = N, +1,---, Ny,

be basis functions associated with the boundary nodes. Hence

Ny,
ulr,, =) u'e,
j=1

where the coefficients u}* are the nodal values of ul;,,. We denote y,, = (y*) to be
the vector of coefficients. We define N, x N, mass matrix M, stiffness matrix K,

and the N, x 1 vector b by

(M)ij = (&5, i) r2(0), (K)i = (Vo5, Vi) 12y, (b)i = (u, ¢5),

for 1 < 4,7 < Nu. We also define Nj, x N}, mass matrix M with coefficients (M)Zj =

(65, Di)r2(q), for 1 < i, 5 < N,,. Since yn, = vy, and ypm_1 = y,,_,, the discrete

13



equation for the dG(0)cG(1) approximation on I, is:

(M + kp K) iy = M1 + My, (1.24)

,,,,,

M+ kK 0 0o ... 0
—M M+]€2K 0o ... 0
A=
0 0 - M M+kyK

The above equation can be written as

Ay = Cu, (1.25)

where C' is a matrix that contains M as diagonal blocks.

The following theorem appears in [41].

Theorem 1.2.4 Let u € U,S:,IL, the discrete problem

B, Skn) = (Un, Srn) Vorn € Y, (1.26)

. . 0,1
has a unique solution yi, € Yk,h.

The existence result for the discrete problem in Theorem 1.2.4 ensures the
existence of a control-to-state mapping v — y = Sk, (u) defined in(1.23). By means

14



of this mapping we introduce the discrete reduced cost functional Jen 2 U, ,S ,i —R
Jen(w) = J (u, yen (w)).
Hence the optimal control problem can be reformulated as

HliIlO L jkh(ukh). (127)

ukhEUk:h

The following result appears as Remark 3.5 in [35], ensures the solvability of the

discrete optimal control problem (1.27).

Theorem 1.2.5 The discrete optimal control problem (1.27) admits for § > 0 a

unique solution uyy, € Uy,

The uniquely determined optimal solution of (1.27) is denoted by ug, € U ,?}L

The optimal control @y, € U, 18}11 fulfills the first order optimality condition
Ji () (0u) = (VJ (Tgn), 0u) = 0 You € U. (1.28)

Due to the linear-quadratic structure of the optimal control problem this condition

is also sufficient for optimality. Since the reduced discrete problem is

B

- 1
Jen(u) = 5[ Senu — yal? + §||u||2, (1.29)

15



the first derivative of it can be expressed as

T () () = (Bu + Sy (Spnu = ya), u), (1.30)

where &), is the adjoint of the discrete version of S that is

(Sppu,v) = (u, Skpv), Yu,v € U,Sﬁ’,t.

Therefore

ijh(u) = Bu + S};h(Skhu — yd)-

Theorem 1.2.6 The adjoint of Sy, is given by zg, = Sppv if and only if

B(éxn: zkn) = (Qrn, v) Voun € Yk(?’hl- (1.31)

Proof. Given v € U,Sﬁ, let ¢gp, in (1.31) be ygy from (1.23), then

B(ykm Zkh) = (Z/km U)-

From (1.23), B(Ykn, 2kn) = (4, 2en) and yrn = Spau, hence

(u, zgn) = (Skru, v) = (u, Sppv).

Remark that proof is so simple due to the fact that the test space for the discrete
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variational inequality (1.23) is same as the solution space. As in the continuous
case, the second variation of the reduced discrete cost functional defines the Hessian
operator

(Hkh(u)vl,vg) = jﬂ(U)(Ul,U2)7 VUhUQ € Ul?:ill‘
Since J is quadratic,

J" (W) (v1,v2) = ((SiuSin + BI)v1, v2), Yor,vs € Upy. (1.32)
It follows that

Hip, = SppSkn + L1 (1.33)

We note that the discrete Hessian operator is independent of v and is symmetric

positive definite because

(Hinu,u) = B(u,u). Yu € U/S,’/i

1.3 Estimates

We define a projection operator 7y, : C'(I, L*(Q2)) — Py(L*(Q2)), where Py(L?*(2))
is the space of functions that are piecewise constant in time and square integrable

in space by

my(x,t) = y(x,t,), Yo € L,z € (. (1.34)
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We also define P, : L*(Q) — V}, to be the orthogonal L2-projection, and R} to be
the Ritz projection, namely Ry, : Hj(2) — V4, and (-, )1, ,xq is the L? space-time
inner-products on the subinterval I, and €2. We introduce the discrete Laplace

operator Ay, : V,, — V), by
(—Ahvh, X)Lz(g) = (Vvh,VX)Lz(Q), VX € V.

The following result is extracted from Theorem 12 in [42].

Theorem 1.3.1 Let y be the solution to (1.2) with y € C(I; L*(Q?)) and yxy be the
dG(0)cG(1) solution. Then there exists a constant C' independent of k and h such

that

T .
ly = yrr| < Cln - (ly — 7yl + | Pry — vl + | Roy — yl) -

The following estimate appears as Corollary 4 in [42].

Corollary 1.3.2 If the solution y to (1.2) satisfiesy € H*(I; L*(Q))NLA*(I; H*(2)),

then there exists a constant C' independent of k and h such that

T
ly — vk < Cln E(/nyHHl(I;L?(Q)) + |yl L2 m20)- (1.35)

Proof. The following estimates hold for Ritz projection, projection 7, and
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projection P,

1Ry —yl < ah®lylregae) (1.36)
1Ty =yl < coklyla ez (1.37)
1Poy —yl < esh® |yl iz, (1.38)

where ¢y, ¢2, and c3 are independent of £ and h. The estimates for the Ritz projection
and the L? projection P, are the standard estimates and the estimate for 7, is taken
from [42]. From Theorem 1.3.1 and using (1.36), (1.37), and (1.38), the estimate

(1.35) can be obtained. |
By applying the Maximal parabolic regularity from Theorem 1.2.1 to Corollary

1.3.2 we obtain the following.

Corollary 1.3.3 Ifu € U, then the solutiony = Su to (1.2) satisfiesy € H'(I; L*(2))N

L*(I; H*(QY)), and there exists a constant C' independent of k and h such that
r 2
[y = yenll < C'ln o (k + 1) ul. (1.39)

We define 7y, : U — Ug’,i to be the L?-projection. The discrete solution
operator Sy is naturally from U,S:}lb to Y,g’hl. We extract its definition from U to U

by 3;1 = Sppom, - U — U. By Corollary 1.3.3 the following estimate holds for 3;1

I(S — Spn)ul < C(h2 + k)|ul. (1.40)
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A standard duality argument (see, e.g., [43]) implies,

(8 = Sen)"ul = (S = Sin)ull (1.41)

and by (1.40), we have

(8 = Sen) ul = (8™ = Siy 0 men)ul < Clk + h*)]ul. (1.42)

Therefore, the estimate that holds for the solution operator & (Corollary 1.3.3) and

its discrete counterpart Sy, also holds for the adjoint operators §* and Sj,.

1.3.1 The two-grid preconditioner

In this section we introduce and analyze the preconditioner for the operator
denoted

Hin = SinSkn + B1 U;S,’i — Yk(?}lly

where S}, is the adjoint of the discrete version of & introduced in the previous
section. In fact, the operator Hyy, introduced here is the Hessian of the reduced cost
functional in (1.29).

Note that moro, is the orthogonal projection onto Ug;i%, which is a coarser
(both in space and in time) version of U,S:,ll. When the L2- projector applies to a
function in U, we regard this operator as the extraction of its smooth component.

On the other hand (I — mogen) extracts the oscillatory component of a function.
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Since S, Sky, approximates the smoothing operator, we have

(BI + S, Skn) (I — oron) = B(I — Tokon).

Therefore we have

Hin = (moren + (I — moron) ) (SppSkn + BI) (magan + (I — Takan))

~  Tarn(SppSkn + BI) + B(I — Tagan).
Hence, we anticipate that the discrete Hessian Hyy, is well approximated by
M = Howonmoron + B(1 — Tokan)-
Note that the inverse of My, is computed as
M = Hopopmanon + B (1 — Taran).-

To evaluate the quality of the preconditioner we search for an estimate of the type

1 « 4 a
Ok +h*) _ (Hyguw) _ | C(K + 1)

L B - (MkhU, U) B

, Yu#0 (1.43)

where h is a mesh size, C' is independent of h, k, and may depend on Ink, k is the
time-step, ¢ is related to the time-discretization order, and an exponent a > 0 (is

related to the spatial discretization) is as large as possible. In general, o and ¢ are
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not expected to exceed the order of convergence of the discretization. Numerical
results suggests that & = 2 and 0 = 1, so the preconditioner is of optimal-order
since we applied dG(0)cG(1) discretization. The goal is to show that the generalized
eigenvalues of Hyy, and My, are in an interval of center 1 and radius C'(k + h?)/p.
Given that

(Henu, u) > Blul?,

it is sufficient to find a norm || - || on U, ,S,IL so that the symmetric (same norm on both

sides) estimate holds

IFa = Mun)ull < CUs+ B, Y € Uy

The rest of this section is devoted to showing that the above estimate holds with

I-0=1-1
The first result shows a symmetric approximation between of the continuous

reduced Hessian and the discrete operator Hy, in the | - |-norm.

Theorem 1.3.4 The following estimate holds:

| (monH = Hn) ul| < C(k + h2)|ul, Yu € Uy,

where mp, - U — U,S’; is the L* projection.
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Proof. We have

thH — Hkh == thS*S — S,:hSkh = ZTkh (S* - Sl:h) §+3Tkh52h (S — Skh)/

A B

For the term A we have

1.4

(1.42) (14)
|7kn (8* = Siy) Sul < C| (8" = Spy) Sul < C(k+ h?)|Sul < Ck + h?)ul.

To estimate the term B we use the stability of &, that is obtained by the approxi-

mation:

[Sinvl < 1(Sgn = Sl + [S7v]

(1.42) )
< Gk +h7)|o| + Cofv] < Co].
Therefore,

| 711 Spp (S — Skn) ul| < C|Sp (S — Skn) uf
< | (S — Skn) vl

Corollary 1.3.3

< Ok + h3)|u|.

Theorem 1.3.5 The following estimate holds:

|S*S(I — m)ul < C(h* + k)|ull, Yu € Uy, (1.44)
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Proof. Define J to be an interpolant operator such that g(z,t) = P (y(+,t)),

J(y) = 7y and for y = Su or y = S*u satisfies the following estimate

ly = Tyl < C(k + 1?)]ul. (1.45)

The above estimate is the result of (1.15) and Theorem 1.2.1. Therefore

(S*SUI — mpp)u,w) = (I — mpp)u, S*Su)
= ((I = mn)u, 8" Su— J (8" Su)) < C(k + ") |(I — mpn)ul |Sul

< C(k+h*)|ul.

By dividing both sides by |u| and taking the supremum, we arrive at the estimate.

Theorem 1.3.6 In the conditions of Theorems 1.3.4 and 1.3.5 the following holds:

| Hin — M| < C(k + h?)|ul. (1.46)

Proof. The difference between the two-grid preconditioner and the Hessian is:

Hin — Min = Hin + BL — (Haron + BI)Topan — B(I — Takan)
= Hin — HoronToron
= Hpn — H+H — Hropon + (H — Horon) Tokon
= (Hpn —H) + H(I — mapon) + (H — Hokon) Tor2n-
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We showed that

[(H = Hinyul < C(k+ h)|ul, Yu € U,

Similarly, we obtain

” (7‘[ - %zkzh)ﬂ'Qthu" S 01(2/{3 + (2h)2)"ﬂ'gk2hu” S OQ(k? + h2)||u|], Yu € U]S:i.

The second term bounded as in (1.44), therefore

| (Hin — Min)u| < C(k + h?)|ul.

1.4 Numerical results

In this section, we numerically show how well the preconditioner approximates
the Hessian. We consider two different projections. First, we define m to be the
space-time projection Togop, as in Section (1.3). Second, we experiment with a

space-only projection 7.

1.4.1 Space-time projection

We use the orthogonal projection and the two-grid preconditioner that we

defined in Section 1.3.1 to verify O(k + h?) numerically. We conduct numerical
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experiments in one space dimension, 2 = [0,1] with variable 7. We build the
matrices representing Hy, and My, and compute the joint spectrum. Finally, we
compute

dip, = max{|In A| : X € o(Hin, Min)}

We hope to verify numerically the validity of estimate (1.46). In order to do so we
consider

ho = 273 hy = 2 "hg, ko = 274, K, = 4"k,

The theoretical estimate predict

dk’nhn /dk’n+lhn+1 ~ 4

Conclusion: numerics are consistent with the theoretical results.
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8=1,T=1
n 0 1 2
di, n, 1.726 x 1072 | 5.629 x 10~* | 1.560 x 104
dknhn/danhn+1 3.0672 3.6083 —
6=1T=2
di, h, 2.887 x 1073 | 1.017 x 1073 | 3.009 x 10~*
dknhn/dkn+1hn+1 2.8380 3.3814 -
B=10"2T=1
di, n, 1.377 x 1071 | 4.322 x 1072 | 1.182 x 1072
olknhn/olknﬂhn+1 3.1866 3.6558 —
B=10"2T =2
di, h, 2.388 x 107 | 7.964 x 1072 | 2.304 x 1072
dknhn/danhn+1 2.9979 3.4573 -

1.4.2 Space projection

In this section, We define myop, : U — U,S,’th to project on the coarse finite

element space only. Hence the preconditioner is,

My = Hionmron + B(L — Tran)-
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The way to do this is to cut h in 1 and fix k = 274 and k& = 27° and hope to see

2
a decrease by a factor of 2. We begin with hy = 275 and h,, = 27"hy. From the
tables it is observed that the spectral distance between constructed preconditioner

and the Hessian is O(h?). We fix T' = 1 and consider two different values for the

regularization parameter $ and obtain the following results.

=102 k=27
n 0 1 2
dkp, 2.463 x 1073 | 1.624 x 107* | 1.541 x 10~*
Ak, /olk;hn+1 3.9968 3.9992 -
B=1k=2"1
dkn,, 4.379 x 1071 | 1.097 x 107! | 2.745 x 1072
dkhn/dkhnﬂ 3.9908 3.9977 -
B=1k=275
dip,, 0.112 x 107 | 0.028 x 10~* | 0.007 x 10~*
dich, | dih, 3.9977 3.9994 —
=102 k=27
dkp, 0.624 x 1073 | 0.156 x 1073 | 0.039 x 1073
dMLn/alkhn+1 3.9992 3.9998 —
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1.5 Future work

In this work, we presented the numerical analysis for a specific discretization
(dG(0)cG(1)) of the state equation, with no control or state constraints. Our analy-
sis can be extended in a number of directions. We would like to observe the behavior
of the two-grid preconditioner when we apply dG(1)cG(1) as a discretization of the
state equation. In the present work, we did not consider additional constraints on
the state y or the control u. We intend to consider control-constrained optimal
control problems constrained by parabolic PDEs. We also intend to study the more
challenging case of state constrained problems using Lavrentiev- and Moreau- Yosida

regularization.
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Chapter 2: Multigrid methods for Dirichlet boundary control of

elliptic equations

2.1 Introduction

In this work we design and analyze multigrid preconditioners for the elliptic

boundary control problem

minimize J(y,u) = %Hy — yd”%Z(Q) + g”u”%?(aﬂ)?

subject to: Ay =0, yloo =u, (y,u) € H'(Q) x L*00Q)

where Q C IR?, d = 2 is a bounded domain, and A is a second-order linear uniformly

elliptic operator in divergence form

Ay(e) = =" 0, (Z aij()d;y(x) + bi(fv)y(x)> +c(x)y(e) (2:2)

i=1 j=1

where a;;,b;, and ¢ are assumed to be sufficiently smooth functions. Since the con-
straint in (2.1) is a well-posed elliptic PDE, we define the solution u — y = Su

which allows us to replace y by Su in the cost functional, and obtain the reduced
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form of the problem

B

s 1
minimize J(u) := §||Su - yd“%Q(Q) + EHuH%z(@Q). (2.3)

Since (2.3) is quadratic, the Hessian of the reduced cost functional (called the re-

duced Hessian) is independent of u, and is given by
H=S8S+pl,

where S§* is the adjoint of the solution operator S (see next section for derivation).

Given that the solution of the elliptic boundary control problem is
Umin = Hil(‘s*yd%

the challenge is to find efficient solution methods for solving the linear systems

representing discrete version of

Solving a discrete version of (2.4) is very expensive due to the potentially very large
cost of applying the operators S and S*, each of them involving a PDE solve. The
discrete representations of S and S* are dense, therefore solving (2.4) has to rely on
matrix-free Krylov space solvers associated with efficient matrix-free precondition-

ers. We developed efficient two-grid preconditioners for the reduced Hessian, and we
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observed numerically for the above optimization problem with (a;; = 1,b; = 0,¢ = 0)
a degrading by at least one order of the expected optimality of the preconditioners.

Our goal is to analyze the behavior of the two-grid preconditioners in theory.

2.2 Problem description

We denote by Y = H2(Q), Yo = HXQ), U = L2(09). Furthermore (-,-)

denotes the L?(Q)-inner product, while (-, -) denotes the inner product in L?(992).

2.2.1 The Dirichlet problem and its discretization

We begin with constructing a solution operator S : Hz(9Q) — H(Q). The

PDE-constraint in (2.1) is given by the Dirichlet problem
Findy e H'(Q) st. Ay=0 inQ, ylog=1u, (2.5)

with u € H2(09) given. If we define a : H'(Q) x H*(Q) — IR to be the standard

bilinear form associated with A

(2]

then the weak solution y of (2.5) is found as

y:y0+5u7
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where £ : Hz(8Q) — H'(Q) is a bounded linear extension operator, and Syu = y, €

Vo satisfies the variational inequality

a(yo, ) = —a(Eu, ), Yo € Yy . (2.7)

We denote by S : Hz(9) — H'(Q) the solution operator of (2.5); hence

S=E+S,. (2.8)

Note that the definition of § is independent of the extension operator £. To extend

S from U to Y we consider the very weak formulation of elliptic equation (2.2),

—(y, A}) + (u,0,0) =0, Vo € Yy N H*(Q). (2.9)
For this formulation of the state equation, we recall the following result on existence
that is taken from [2]:

Theorem 2.2.1 There exists an operator S : U — Y such that y = Su solves (2.1).

We use the following a priori bound for the solution operator S that is extracted

from [44] Lemma 2.2.

Lemma 2.2.2 Suppose that Q C R? is a bounded convex polygonal domain with

boundary 0S2. For 0 < s < 1 the solution operator S is continuously defined from
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H3(0Q) — H**'/%(Q), and satisfies

|Sul

< clul

o @) H?(99)- (2.10)

The following theorem that is taken from [44] Lemma 2.4, proves the solvability

of the optimal control problem (2.1).

Lemma 2.2.3 The optimization problem (2.1) together with the very weak formu-

lation (2.9) of the state equation possesses a uniquely determined solution {y,u} €

Y xU.

The existence result for the state equation in Theorem (2.2.1) ensures the existence
of a control-to-state mapping y = Su defined through (2.8). By means of this

mapping we introduce the reduced cost functional J : U — R :
J(u) := J(u, Su).
The optimal control problem can then be equivalently reformulated as
minimize,ey J(u). (2.11)
The first order necessary optimality condition for (2.11) reads as

J'(@)(6u) = <vj(u), 5u> — 0, You e U. (2.12)
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Due to the quadratic structure of the optimal control problem this condition is also

sufficient for optimality. Since the reduced cost functional is
minimize j(u) = %HSU — yd”%Q(Q) + §”u||%2(aﬂ)a
the first derivative of it can be expressed as
J(u) () = (Bu+ S (Su — ya), du)
where §* is the adjoint of S, that is
(S*u,v) = (u, Sv) Yu,v € U.
Therefore
VJ(u) = Bu + S*(Su — yq). (2.13)
The second variation of the reduced cost functional defines the Hessian operator
(H(u)vy, vs) = J"(u) (v1,v5) , Yoy, vs € U,

since

J"(w) (v1,v9) = ((S*S + BI)v1,va) , Vi, v €U, (2.14)
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it follows that

H=38S+pI (2.15)

We note that the Hessian operator is symmetric positive definite because

(Hu,u) > 5 (u,u)

and is independent of u. The optimality condition (2.12) is equivalent, due to (2.13)

to

Hu = (S*S + BI)u = S yq. (2.16)

Hence the reduced problem has a unique solution given by

u=H Sy, y=Su. (2.17)

The challenge of this approach is to find efficient solution methods for solving the
linear systems representing discrete version of (2.16).

To discretize (2.16) we consider a quasi-uniform sequence of triangulations
(Th)nes of Q with J = {hg, hy,...}, where h is the mesh size of T, and Ty, is a
refinement of 7;,,_,. Let V), be the space of continuous piecewise linear functions on
Tn, and

Yor=A{ue€ Y : ulpg = 0}.
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For the discrete control problem we consider the (d — 1)-dimensional triangulations
(T,2)nes defined on 9Q by T2, and the spaces U of continuous piecewise linear
functions (with respect to T,2) on 9Q. Note that Uy, C U. Let &, : Uy, — Y be the

natural extension, that is, for each ¢ € U, we set

o(p) , for p vertex on OS2
(Enp)(p) =
0 , for p vertex in Int(Q2) .

For w € Uj,, the finite element solution of (3.5) is given by y, = yo s + Epu, where

So.ptt = Yo, € Yo, satisfies the variational inequality

a(Yon, ) = —a(Enu, ), Yo € Vo - (2.18)

If we denote by S, : U, — V) the discrete solution operator then

Sp=En+Son . (2.19)

The existence of a control-to-state mapping u — y = Spu defined (2.19),

allows us to introduce the discrete reduced cost functional jh U, — R

~

Jn(u) == J(u, Spu).

The discrete optimization problem can be reformulated as

minimize,,, ey, jh(uh). (2.20)
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The following result which is taken from [44], ensures the solvability of the discrete

optimal control problem.

Theorem 2.2.4 The discrete optimal control problem (2.20) admits for § > 0 a

unique solution u, € Uy,.

The optimal control u;, € U, fulfills the first order optimality condition
J(@)(0u) = (VJa(@n), u) = 0 Vou € Uy, (2.21)

Due to the quadratic structure of the optimal control problem this condition is also

sufficient for optimality. Since the reduced discrete cost functional is

N 1 15}
Jn(u) = §||Shu - yd”i%m + 5”“”%2(89)7

the first derivative of it can be expressed as
Th(u)(6u) = (Bu + S, (Spu = ya), u) (2.22)
where §; is the adjoint of S;. Therefore

VJn(u) = Bu+ S;(Spu — ya). (2.23)
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The second variation of the reduced discrete cost functional defines the Hessian

operator
(Hp(w)vr,vs) = J"(u) (v, v3) Yor,v5 € Up, (2.24)
since
T (w) (vi,va) = ((S;Sh + BI)v1,va) , Vi, va € Uy (2.25)
It follows that
Hy, =S, Sy + B1. (2.26)

We note that the discrete Hessian H}, is symmetric positive definite also with respect

to (-,-) and is independent of u.

2.2.2  Computation of adjoints

Given § € L?(Q), we define 2 € )y to be the weak solution of the variational

inequality

a’(907 Z) = (()07 g) ) V(p € yO . (227)
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We denote the solution operator of (2.27) by 8. Due to elliptic regularity z € H(S2),

therefore S € £(L3(), H*(Q) N Yp). Hence

d d
-9 (Z ai) @z) =7 ae. (2.28)
j=1

1,j=1

After multiplying in (2.28) with a test function ¢ € H'(Q) and applying Green’s

theorem to the first term we obtain

- <907NZ> + a(@? Z) = (907@/) ) (229>

where N : H%(Q)) — U is defined by

d

NZ = Z (CLZ']' 8¢z)|ag n;, (230)

ij=1

with 7 = (n;);j=1,..4 being the unit outer normal vector on 92 which is defined at

.....

all but finitely many points of 0f).
We are now computing the adjoint of the operator S, regarded as S : U — U.

We need u € H2(0Q),5 € L2(), and y € H'(Q) for this formulation

2.27

Swi) = @)= o +End) " alo,2) + (Eu, )

(2.7)

=" —a(€u,z)+ (Eu,7)

(2:29)

(u,—Nz) = <u,—(NO§)§]> .
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Since Hz2(99) is dense in L2(99), The above holds for u € L2(952). Therefore

S*=-NoS.

The following estimates hold for S*.

Lemma 2.2.5 The adjoint operator S* is defined from L*(Q) —

satisfies

IS | 1 < vl Yo € L*(Q),

H7 (092)

50l < elvly-g g Y0 € L.

H™ 3 (09)

(2.31)

H2(09), and

(2.32)

(2.33)

Proof. Since the adjoint operator 8* is naturally defined from L*(Q2) —

Hz(09), we have the first estimate (2.32). For the second estimate (2.33), we

have

. S*v, ¢
HS U"L?(aﬂ) = sup —( )
seut | Dl 200
S
_ sup 058 (v,S89¢)
seut | Pl 200

ol 01583

< sup

h peul |9] 2200
(2.10)(s=0)

g C”U"H*%(Q)

We extract from [45], the following estimate.
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Lemma 2.2.6 The following estimate holds for the adjoint operator S*.
S Ul,1-3 ey < vl ¥ € L2(). (234

Proof. We first consider the general case that the following inequality

H HH Yooy S Aylmo) < clula-10)

holds for the following problem
/Vy -V = (u,v) Yv € Y.
Q

We have the extension & : Hz(9Q) — H(Q) so that £(v) = v on the boundaries

and

£ @) < lvl3 0

We have

/Vy VE(v /ué’ dx+/
a0 0
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hence

dy
/ a—v| < ylar@lE@) @) + lula-—@l€@)|a1@
a0 oV

< (||yHH1(Q) + ”UHH—l(Q)) “UHH%(aQ)'

By dividing both sides by |v| 1 and taking the supremum, we get

H3 (69)
H HH bony S Wl + lula-1@)- (2.35)

For the adjoint solution operator, we have S*y = v, where v = ——]ag, and z is the

solution of (2.27). By (2.35), we have

1"l 53 oy < € (12l + Il—e) < elylirca

|
The adjoint of S, is computed somewhat similarly, the difference arising from
the fact that the discrete solution is not in H%(Q2). Given y € L*(Q), let 2, € Vou

satisfy

a(p,zn) = (0,Y), Ve € Vo - (2.36)
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For u € Uy, let y, = Spu. Then

(S d) = W d) = (on + Eis ) = alyon, 20) + (Enu, 7)

D (&, ) + (6w D) (u,n)

where we used the Riesz representation theorem to define g, as the only element in

U, for which

—a(Enu, 2n) + (Enu,y) = (u, gn) , w €U, .

Since g;, depends linearly on y, we have S;y = gs.

2.3  The two-grid preconditioner

In this section we discuss the analysis of the preconditioner for the Hessian
operator H;, defined in (2.26).

We now introduce the orthogonal projector mo, : U — Usy. Cf. [20]. When
the L2-projection applies to a discrete function it extracts the smooth part of it and
I — 7y, extracts the oscillatory part of the discrete function. The §*S is a smoothing

operator so (81 4+ S;Sk)(I — may) = (I — map). Therefore we have

Hh = (7T2h+ (I—ﬂ'gh))(S;:Sh +6[)<7T2h—|— (I—ﬂ'Qh)) ~ WQh(SZSh—FﬁI) +5(I—7T2h).

Hence the discrete Hessian is well approximated by

Mh = HQhﬂ'Qh + 6([ — 7T2h>. (237)
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Note that

M,;l == /Hg—hlﬂ'gh + 5_1(] — 7T2h). (238)

To evaluate the quality of the preconditioner we use the spectral distance introduced

in [20] defined as

Ch o (Hpu, w) <1+C’h

S M) 5

, Yu £ 0 (2.39)

where h is a mesh size, C' is independent of h, and an exponent o > 0 is as large
as possible. In general, « is not expected to exceed the order of convergence of
the discretization. Since in discretization of the PDE we used continuous piecewise
linear polynomials for control and state, we expect to see a maximal rate of a = 2
which would be the optimal order. Numerical results performed on a number of
examples suggest o € [1/2,1], so the preconditioner is of suboptimal-order. The
goal is to show that the generalized eigenvalues of H; and M, are in an interval of

center 1 and radius Ch®/f. Given that

(Hau, u) > Blul?,

it is sufficient to find a norm | - | on Uy, so that the symmetric (same norm on both

sides) estimate holds

|(Hn — Mp)u| < Chlu|, Yu € U,.
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However, the estimate resulting from our analysis appears to be less than the one

we observed numerically, namely

|(Hy — Mp)u| < Ch2|ul, Vu € Uy,

The rest of this chapter is devoted to showing that the above estimate holds with

[T =112 00

2.3.1 Error estimates

We extract from [44] the following estimate(s) where they appear as Lemma 3.3

parts (i) and (iv).

Lemma 2.3.1 Let A = —A and Q C R? be a convex domain, there exists a constant

C independent of h so that

”ShU”Hl(Q) < CHUHH%(aﬂ)’ Yu € U, , (240)
(8~ S el < Clulgy ey, Y€l (2.41)
|| (S - Sh) u||L2(Q) < Ch"u”H%(aQ)’ Yu e U, , (2.42)
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|| (8 - Sh) u||L2(Q) < Ch1/2||UHL2(aQ), Yu € Z/{h . (243)

The following estimate satisfies for the solution operator S.

Lemma 2.3.2 The solution operator S satisfies

|Suf 20 < CHU”H—%(aQ) YuelU. (2.44)
Proof. Let u e U,
|Sul? = (Su,Su) = (u,S*Su)
< elul 15"l
(2.32)
S dulyg o ISuliz@

By dividing both sides by |Su.2), we obtain

ISuliz < elul,y-3

|
The following estimate holds.
Lemma 2.3.3 There exists a constant C independent of h so that
| (S —Sn) u||H_%(Q) < Ch2|uf 20y, Yu €U, . (2.45)
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Proof. We have

y = Epu+ Yo, Yo = EpU + Yoou,

where yy and yp 5, satisfy

a(yo,v) = — (Epu,v), Yo € Yy,

a(Yon,v) = — (Epu,v), Yv € Yo

We obtain that

Y—Yn = Yo — Yo,n = €n

and

alen,v) =0, Yv € You.

For a given ¢ € U, let Z € )y
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We now estimate Heh||H_%(Q)

_ (€h7 ¢)
||eh||H—%(Q) - sup
_ sup alep, 2) sup alep, 2 — Zp)

bEH? (Q) ”¢||H%(Q) bEH? (Q) ||¢||H%(Q)

Clen| |2 — 2nlmio

<
~X
191,43 @)
(2.41) |9] 220
< Ch”uHH%(amW
H3(Q)
1
< Ch2|ul 200

where for the last inequality, we used the inverse estimate [46].

|
Lemma 2.3.4 There exists a constant ¢ independent of h such that
* * l
8" = Syl < chlylua Vy € Y (2.48)
Proof. Let y € ),
(8" = Sp)y, U>L2(aQ) = (y.(S— Sh)u)LQ(Q)
< Nl l(S = Sw)ul 2 (2.49)
(2.43)

1
< |yl Chz vl 200,

by dividing both sides by [u[z2(a0) and taking the supremum over u € U, we get

the estimate.
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2.3.2 Projection estimates and stability

We define the L? projection 7, that denotes either wj : U — U, or ] :

L2(Q) — ))h.

Lemma 2.3.5 There exists a constant C' independent of h so that

Imnzle < Clzle, k=—1,0,1 (2.50)

[(F =mn)z[ 2 < Chlzlo, (2.51)

I =mn)zle < Ch2|2]s, (2.52)

where | - |y is either | - |mq) or |- |mi@ay, | - -1 is either | - |g-1@) or | - [a-100)

and | - o is either | - | 2@ or | - |r2(00)-

Proof. For k = 0, it is trivial. We prove for k = 1,—1. Let J), be either
TV HY Q) = Vyor T U — Uy, and Ty, be either Z) - V), — L*(Q) or I - Uy, — U.

For k = 1, we have,

Imnzly < N(mn = Tn)zlh + [Tzl
< NIn(mn = Dzl + [ Tnzl
< b7 (mn = Dzlo + Colzl

< Csh7'hz| + Cslz| = C)z|h.
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For k = —1, we have,

TRZ, U
e = s 2
vEH] ”UHI
= sup )
0 ol
< clAadmel
AN
vl
250)(k=1) |z _1|v|:
< OW = |z]-1,

where H} denotes either My or H*(9€2). For (2.51), we have,

I —mp)z,v

([ =m)zln = sup U ==0)
R

g BT =)
T

Nl =Tl
ol

2ol

[oly

N

N

C = Chlzo. (2.53)

The last estimate (2.52) can be obtained by interpolating between the following two

estimates

[ —m)zlo < ChJzly,

I(T=mn)zlo < Clz]o-
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Consider the embeddings

l';iiuh—)b{,

Zz : yh — L2<Q),

and the orthogonal projections

U = Uy,

) L) = V.

Then

and

We introduce new discrete operators;

—  yom

D2

(2.54)



where 7;, is the embedding U;, — U. Hence

(Sn)* = (i) S*(m})"
= m, 8"y

— Y C*, Y
= w8ty

Lemma 2.3.6 There exists a constant C' independent of h such that

* * 1
|(mhS™ — Sh)yum(am < Chz H?J||L2(Q) Vyel.

Proof. Let y € Y,

[(mhS* = Spyleoey = |7 (S = Sp)ylre0)

(2.50) Lemma 2.3.4

* * l
< (S = SHylzen) < Ch2 |yl

Theorem 2.3.7 There exists a constant ¢ independent of h so that

1
”S;S}LU - WzS*Su”LQ(aQ) < ch? ||UHL2(BQ) Yu € Z/Ih.
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Proof. Let u € Uy,

|SiShu — 7S Sulzony < (ST — )Suulizom + 7S (S — Swul iz

. . )
< ch?|Spul 20y + c[|S™(S — Sh)ul 2 (@)

1
< chz HUHLQ(GQ) + C|| (8 — Sh)uHLz(ag)
(2.43) . N
< ch? |uf r200) + ch?[u|z2(a0)
1
< C’h5||u||L2(aQ)

|
2.3.3 The two-grid preconditioner
In this section we estimate the quality of the two-grid preconditioner
My, = BT = 7%,) + Honrl, (2.58)

This type of preconditioner was introduced in [20], and it is expected to be efficient

if the operator S;&), is of integral type.

Theorem 2.3.8 There exists a constant C' independent of h so that

” (Hh - ./\/lh)U”LQ(@Q) < Ch%”u”L2(3Q)7 Yu € Z/[h . (259)
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Proof. A simple verification shows that
Hy — My, = S;85n — 85, Sanmsy),
Hence, for u € U, we have

[(Hn = Mp)ulrze0) < [(SpSh — S S)ul r2(o0)
+|| (W;LLS*S — WghS*Sﬂ'gh)U,”LQ(aQ)

—|—|| (WghS*S — S;hSQh)ﬂ'ghuHLz(ag) . (260)

From Theorem 2.3.7, the first and last terms on the righd-hand side of (2.60) are
bound from above by Chz |u] r2(90) for some appropriate constant. It remains to

evaluate the middle term.

[(}S°S — mS" Sy ulizony < IEh(T — m)S"Sulizoo + (15,8 ST — i ul 2oy

(2.50)
< CII = 75,)8*Sul 1200) + C|S*S(I — w3 )uf £2(00)

(2.52) Lo .
< RS Sul o)+ CIST = 75 )ul e

(2.32),(2.44)

1
< ChQ ||SU||L2(Q) + C”(I — 7T2h)u”H_%(m)

1
g C’h2||u“L2(3Q).
Hence

1
[(Hp — Mu)ulizo0) < ch?|u]2o0).
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2.4  Numerical results

We show numerically, how well the preconditioner approximate the Hessian.
The following tables show the joint spectral analysis of the preconditioner and the
Hessian. The spectral distance is a measure of spectral equivalence between two
operators.

We build the matrices representing H;, and Mj and compute the joint spec-

trum. Finally, we compute

dp, = max{|In | : A € o(Hp, Mp)}.

In order to do so we consider

ho =273, h, = 2 "hy.

We consider two different values for the regularization parameter g and obtain the

following results.
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n 0 1 2 3 4 5
dy, 0.0466 | 0.0238 | 0.012 | 0.00603 | 0.00302 | 0.00151
loga(dh, /dn,,,) | 0.9694 | 0.97104 | 0.98669 | 0.99375 | 0.99866 |
B =102
dy, 171 | 122 | 079 | 047 | 0264 | 0.141
loga(dy, /dy,.) | 049 | 062 | 074 | 084 | 0091 -

From the tables it is observed that the spectral distance between constructed

o7

preconditioner and the Hessian is O(h), which is one less than optimal.




Chapter 3: Multigrid methods for Neumann boundary control of

elliptic equations

3.1 Introduction

In this work we design and analyze multigrid preconditioners for the elliptic

boundary control problem

minimize J(y,u) = %HZ/ — yd”%Z(Q) + §HUH2L2(39)’

subject to: Ay =0, % =u, (y,u) e HY(Q) x L*(09),

where Q C IR?, d = 2 is a bounded convex domain, y; denotes the desired state, y is

9y _

the state which is associated with the control u by the state equation Ay = 0, 5% =

and A is a second-order linear uniformly elliptic operator in divergence form

d

Ay(x) = — Z 0; ( aij(x)0y(x) + bi(w)y(w)> +c(x)y(e) (3.2)

j=

where a;j, b;, and c are assumed to be sufficiently smooth functions. Since the con-
straint in (3.1) is a well-posed elliptic partial differentail equation, we can introduce

the control-to-state operator S : u — y. Thus, we can obtain the reduced formula-
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tion of the problem which is given by

e . 7 1 2 B 2
minimize ./ (w) = 518w = yalz2i0) + 5 lulz2(o0)- (3.3)

Since (3.3) is quadratic, the Hessian of the reduced cost functional (called the re-

duced Hessian) is independent of u, and is given
H =85S+ pI,

where S§* is the adjoint of the solution operator §. Given that the solution of the

elliptic boundary control problem is
Umin = Hil(‘s*yd%

the challenge is to find efficient solution methods for solving the linear systems

representing discrete version of

As mentioned in previous sections, solving a discrete version of (3.4) is very expen-
sive due to the potentially very large cost of applying the operator & and S*, each of
them involving a PDE solve. Solving (3.4) has to rely on matrix-free Krylov space
solvers associated with efficient matrix-free preconditioners since the discrete repre-

sentations of S and S* are dense. We developed efficient two-grid preconditioners
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for the reduced Hessian, and we observed numerically for the above optimization
problem with (a;; = d;;,b; = 0,¢ = 1) an optimal order behavior of the precon-
ditioners. Our goal is to confirm the behavior of the two-grid preconditioners in

theory.

3.2 Problem description

We denote by Y = H'(Q), U = L*(99). Furthermore (-, -) denotes the L*()-

inner product, while (-,-) denotes the inner product in L*(992).

3.2.1 The Neumann problem and its discretization

The PDE-constraint in (3.1) is given by the Neumann problem

Findye) st. Ay=0 in Q, 3y = Y (3.5)

with v € U given and [ a;; = 6;;,0; = 0,¢ = 1.]. Well-posedness for the Neumann
problem requires that ¢ > 0 a.e. in Q. If we define a : ) x )Y — IR to be the

standard bilinear form associated with A
d
aly, p) = Z/azj 05y Oip + Z/ biy Oip + / cyp (3.6)
ij 7 =1/ @
then the weak solution y € Y of (3.5) is

a(y, p) = (w,Rp), Vo €Y. (3.7)
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where R : H'(Q) — Hz2(dQ) representing the restriction operator. We denote by
S : U — Y the solution operator of (3.7). The following theorem that is taken

from [47] confirms the existence of the solution operator S.

Theorem 3.2.1 The continuous state equation has a unique weak solution y €
HY(Q) for w € U. Furthermore, there exists a positive constant ¢ independent of u

such that

|yl @) < clulz2a0)-

The next theorem that is taken from [47] shows the solvability of the optimal control

problem.

Theorem 3.2.2 For a given yq € U, and 3 > 0 the optimal control problem admits

a unique solution (u,y) € (U, ).

The existence result for the state equation in theorem (3.2.1) ensures the
existence of a control-to-state mapping u — y = Su. By means of this mapping we

introduce the reduced cost functional .J : U — R:
J(u) = J(u,Su).

The optimal control problem can then be equivalently reformulated as

minimize, ey J(u). (3.8)
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The first order necessary optimality condition for (3.8) reads as

J(@)(6u) = <Vj(ﬂ), 5u> — 0, Vou e U. (3.9)

Due to the quadratic structure of the optimal control problem this condition is also

sufficient for optimality. Since the reduced cost functional is
minimize, <y, j(u) = %HSU - yd”%%ﬂ) + g”u"%%aﬂ)v
the first derivative of it can be expressed as
J(w)(0u) = (Bu+ S*(Su — ya), du) (3.10)
where §* is the adjoint of S, that is
(S*u,v) = (u,Sv) Y u,v € U.
Therefore
VJ(u) = Bu + S*(Su — ya). (3.11)
The second variation of the reduced cost functional defines the Hessian operator
(H(w)vy, va) = J"(u) (v1,va), Yo1,05 €U,
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since

~

J" (1) (v, v9) = ((§*S + BI)v1,v2) , Yy, v9 €U,

it follows that

H=38S+pI (3.12)

We remark that the Hessian operator is symmetric positive definite because

(Hu,u) > 5 (u,u)

and is independent of u. The optimality condition (3.9) is equivalent, due to (3.11)

to

Hu = (88 + 1) u = S*ya. (3.13)

Therefore the reduced problem has a unique solution given by

u=H"(Sy), J=Su. (3.14)

The challenge of our approach is to find efficient solution methods for solving the

linear systems representing discrete version of (3.13).
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To discretize (3.7) we consider a quasi-uniform sequence of triangulations
(Th)nes of  with J = {hg,hi,...}, where h is the mesh size of T, and Ty, is
a refinement of 7y, . Let ), be the space of continuous piecewise linear functions
on Ty. For the discrete control problem we consider the (d — 1)-dimensional triangu-
lations (7,2)nes defined on 9Q by 7,2, and the spaces Uj, of discontinuous piecewise
linear functions (with respect to 7,2) on 9. Note that U, C U. For u € Uy, the
finite element solution of (3.5) is given by u — V), = Spu, with y, € V), satisfies the

variational inequality

&<yh> 90> = <U, R90> 3 VSO € yh . (315)

We denote by S, : Uy, — V), the discrete solution operator. The following theorem

is taken from [47].

Theorem 3.2.3 The discrete state equation has a unique solution y, € Y, for

u € Uy,. Furthermore, the estimate

Iyl 1) < elufz2a0)

holds with a positive constant ¢ independent of .

The discrete state equation possesses a unique solution in )}, for every u € U,,.
Therefore, we can introduce the linear and continuous discrete control-to-state op-

erator Sy, : U, — YV, which maps a control u € Uy, to y, € V. The discrete reduced
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cost functional Jj, : U, — R is now given by
o 1 ﬁ
Jh(u) = §||Shu - yd”%2(ﬂ) + §”u||LQ(aQ).

The following two theorems appear in [47].

Theorem 3.2.4 The functional Jy, : Uy, — R is Frechet differentiable. Its derivative

at uw € Uy, in the direction du € Uy, is given by
Jr(w)du = (S (Spu — ya) + Bu, du) ,

where §; denotes the adjoint operator of Sp,.

Theorem 3.2.5 The discrete optimal control problem
minimizey ey, Ju (1)

has a unique solution w € Uy. Let y = Spu be the discrete state, associated with u.

Then the variational inequality
<S;: (Shﬂ — yd) + fu, 5u> =0 Vouecl, (316)

15 satisfied.
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In general, the second variation of the reduced cost functional defines the Hessian

operator
(Hn(u)vr, va) = Jf (u) (v1,v2) , V1,05 € Up, (3.17)
since
T (1) (v1,v2) = ((SiSh + BI)v1,va) Vor, vy € Up, (3.18)
it follows that
Hy, =S, Sy + B1. (3.19)

3.2.2 Computation of adjoints

Given y € L?*(2), we define z € Y to be the weak solution of the variational

inequality

a(p,z) = (e, y), Yoel. (3.20)

which represents the weak formulation of the elliptic Neumann-boundary value prob-

lem

d d d
~ 0z

ij=1 j=1
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If we denote by z = Sy the solution operator of (3.20), then

(Su.d) = w3) "2 aly.2) E (wRe) = (u. (R-&)7) -
Therefore the adjoint S* of S, regarded as operator in L(U), is
S=R-S. (3.22)
Given y € L*(Q), let z;, € ), satisfy

a(p,zn) = (0,7), Yo € Y, (3.23)

and denote by z, = Sy, the solution operator of (3.23). Then

(3.15

(3.23) )
(Shu,y) = (Yn,y) =" alyn,2n) = <U’th>L2(GQ):<u7(R'827h>@L2(8Q)'

Hence

Spy=TR-Sop.
The following estimate that is taken from [48], holds for S*.

Lemma 3.2.6 The adjoint operator S8* is defined from L*(Q) — H2(99) and sat-

1sfies

|S*v| ) < c|v] 2@ Vo € L*(Q). (3.24)

3
HZ (09
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Proof. The operator Sy takes L2-functions to H?-functions and the restriction

operator takes H?-functions to H 3-functions. |

3.2.3 Two-grid preconditioner for the discrete Hessian

In this section, we use the techniques developed in [20] to construct a two-grid
preconditioner for the discrete Hessian Hj, defined in (3.19). The two-grid precondi-
tioner can be extended to multigrid. Let myy, : U — Uy, be the L2-projection. When
the L2- projection applies to a discrete function it extracts the smooth part of it
and (I — mp,) extracts the oscillatory part of the discrete function. The S;S), is a

smoothing operator so (81 + S;Sp)(I — map) = S(I — map). Therefore we have

Hp = (mon + (I — m21))(SpSh + BI)(map + (I — map)) & mon(SpSh + BI) + B(I — map).

Hence the discrete Hessian H,;, is well approximated by

M, = Hypmon + B — map),

and the inverse of it is computed as

M;l = H;lﬂ'gh + ﬂ_l(] - 7T2h).
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To evaluate the quality of the preconditioner we use the spectral distance introduced

in [20] defined as

<Hhuau>
1-Ch* < —=<<1+Ch, VY 0 3.25
Muwa) ST Ve ? (3.25)

where h is a mesh size, C' is independent of h, and an exponent o > 0 is as large
as possible. In general, « is not expected to exceed the order of convergence of
the discretization. Since in discretization of the PDE we used discontinuous piece-
wise linear polynomials for control, we expect to see a = 2 which is the optimal
order. Numerical results suggests that a = 2, so the preconditioner appears to be
of optimal-order. To confirm the numerical results we need to find a norm | - | on

U, such that the symmetric (same norm on both sides) estimate holds

[(My, — Hp)u| < CR*|u|, Yu € Uy,. (3.26)

However, the estimate resulting from our analysis appears to be less than half of

the one we observed numerically, namely

(M, — Hp)u| < Ch2|ul, Vu € Uy, (3.27)

The rest of this chapter is devoted to showing that the above estimate holds with

[0 =1 Tzz200)-
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3.2.4 Error estimates

We extract from [47] the following estimate(s).

Theorem 3.2.7 There exists a constant C' independent of h so that

I(S = Sn)ulrzo) < Ch2ul 2oy, Vu € U . (3.28)

1 (S = Si) ul iy < Ch?|ul290), Yu €U . (3.29)

We extract from [49] the following theorem.

Theorem 3.2.8 There exists a constant C' independent of h so that

1S5 2] L 00) < Cl2] 2@, (3.30)

IRy| = 0) < ClS2,0YLo=(0)- (3.31)

The following estimate holds.

Lemma 3.2.9 The following estimate holds for S

|Sulr2@) < clul (3.32)

H 3 (00)"
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Proof. Let u e U

HSUH%%Q) = (Su,Su)
=  (u,8"Su)
< Tl 0 1SSl 4,
(3.24)
< ”UHH77 8Q)HSUHL2(Q

By dividing both sides by [Su|r2(s0) and taking the supremum, we obtain (3.32).

Theorem 3.2.10 There exists a constant C' independent of h such that

(8™ = Siylzom) < Ch2|ylrzo) Yy € V. (3.33)

Proof. Let y € ),

(S =S8y, o) = (Y, (S—8n)o)
< Nyl @l(S — Sn)olrz@)

(3.28) 3
< Ch2lylrz )l 9lizo0)-

By dividing both sides by |¢|.29q) and taking the supremum we get,

* * 5
(8™ = Sp)ylrzo0) < Ch2|ylr2 @)
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Theorem 3.2.11 There exists a constant C' independent of h such that

1S5(S = Sn)ul r200) < Ch? |l 2 00) Y € U, (3.34)

Proof. Let u € Uy,

ISH(S = Sn)ulr20) < C(S = Sp)ul 2o

(3.28) 3
S Ch2||u||L2(39).

|
Theorem 3.2.12 There exists ¢ independent of h so that
* * 3
HShShu ) SUHLQ(BQ) < ch? ”uHLz(aQ) Yu € Uy, (335)
Proof. Let u € Uy,
|ShShu — §*Su 200y < [(S™ = Sp)SulL200) + [Sh(S — Sn)ulL2(90)
(3.33),(3.34) 5 5
< Ch§ ||u||L2(8Q) + ChE ”U”Lz(ag)
3
< ch? ||u||L2(aQ).
|

72



3.3 The two-grid preconditioner

The Hessian

H, & SS, + BI (3.36)

would have been introduced in an earlier section as well as the L2-projector 7, :

U — Uy. In this section we estimate the quality of the two-grid preconditioner

My, & BT = 7an) + Honon . (3.37)

This type of preconditioner was introduced in [20], and it is expected to be efficient

if the operator S; &), is of integral type.

Theorem 3.3.1 There exists a constant C' independent of h so that

[(Hp — Mi)ul200) < Ch?|ul 200y, Yu € Uy . (3.38)

Proof. A simple verification shows that

Hyp — My, = 85,5 — S5, onmop

= (58, —8'S)+S'S(I —man) + (S8*S — S5,Son) T
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We showed that

[(SiSh — S*S)ulL2(00) < Ch2[ul 2(a0).

Similarly, we obtain

* * 3 3
[(S*S — S31,San)mantt| 2(a0) < Ch2 |monu|r200) < Ch? |ufL250)-

Hence, for u € U, we have

[(Hn = Mp)ulrze0) < [(SpSh — S*S)ulr2a0)
"—HS*S(I - 7T2h)u||L2(8Q)

—|—H (S*S - S;hSQh)ﬂ'ghu"Lz(ag) . (339)

The first and last terms on the righd-hand side of (3.39) are bound from above
by Chz|ul r2(s0) for some appropriate constant. It remains to evaluate the middle

term.

|S*SU — man)ulr200) < OIS — man)ul 2

(3.32)

< ONT = manulyg

3
< Ch2 ||U||L2(39)
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Hence we obtain

3
1Hn — M| r20) < ch?|u|r200)-

3.4 Numerical results

For large-scale problems, since the Hessian is dense, we do not form it. We
can compute matrix vector products at a cost equivalent to approximately two PDE
solves. We show numerically, how well the preconditioner approximate the Hessian.
The following tables show the joint spectral analysis of the preconditioner and the
Hessian. The spectral distance is a measure of spectral equivalence between two
operators. We build the matrices representing H; and M, and compute the joint

spectrum. Finally, we compute

dp, = max{|In | : A € o(Hp, Mp)}.

In order to do so we consider

ho =273, h, = 2 "hy.

From the tables it is observed that the spectral distance between constructed pre-
conditioner and the Hessian is O(h?), which is optimal. As the resolution increases
dp, decreases. We consider two different values for the regularization parameter

and obtain the following results.
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dp

n

log?(dhn/dhn+1)

1.59e-03

1.9766

4.03-e04

1.9819

1.01e-04

1.9960

2.53e-05

1.9992

6.32e-06

1.9999

1.58e-06

B =102

dp,

n

5.38e-02

2.0206

1.33e-02

2.0065

3.30e-03

2.0025

8.25e-04

2.0010

2.06e-04

2.0005

5.15e-05
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