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Abstract: A new moving Kirchhoff-Love plate element is developed in this work to accurately 

and efficiently calculate the dynamic response of vehicle-pavement interaction. Since the 

vehicle can only affect a small region nearby, the wide pavement is reduced to a small reduced 

plate area around the vehicle. The vehicle loads moving along an arbitrary trajectory is 

considered, and the arbitrary Lagrangian-Eulerian method is used here for coordinate 

conversion. The reduced plate area is spatially discretized using the current moving plate 

element, where its governing equations are derived using Lagrange’s equations. The moving 

plate element is validated by different plate subjected to moving load cases, where the 

influences of different factors on reduced plate area length of the RBM model are also 

investigated. Then a vehicle-pavement interaction case with constant and variable speed is 

analyzed here. The calculation results from the moving plate element are in good agreement 

with those from the modal superposition method (MSM), and the calculation time with the 

moving plate element is only one third of that using the MSM. It is also found that the moving 

load velocity and ground damping have great influences on reduced plate area length of the 

RBM. The moving plate element is accurate and more efficient than the MSM in calculating 

the dynamic response of the vehicle-pavement interaction. 

 

Keywords: Moving Kirchhoff-Love plate element, arbitrary Lagrangian-Eulerian method, 

arbitrary moving load trajectory, vehicle-pavement interaction. 

    

1. Introduction 

 The vehicle-pavement interaction plays an important role both in vehicle engineering [1] 
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and road engineering [2]. With the increasing of road traffic and vehicle loads, the road damage 

caused by the vehicle-pavement interaction occurs more frequently, which has caused the poor 

condition of the road and the decreasing of its serviceability [3]. The poor condition of the road 

also obviously influences the ride comfort of passengers and running safety of vehicles [4]. The 

road damage has greatly increased the cost of maintenance on the road. For example, the US 

Federal Highway Administration (FHWA) spent 182 billion dollars on improvement and 

maintenance of the federal highway in 2008 [4]. To prevent the road damage and decrease the 

cost of maintenance of the road, the vehicle-pavement interaction should be carefully studied 

nowadays.  

 Many scholars have investigated the vehicle-pavement interaction problems from different 

aspects, including the dynamic characteristics of the rigid pavements [5], pavement life cycle 

assessment (LCA) [6], predicting tire contact stresses [7], etc.. When analyzing these problems, 

different methods are applied in the modeling of the vehicle-pavement interaction. Since the 

analytical method can only be used in those simple problems with no complex vehicle-

pavement interaction forces included [8], the numerical method is mainly applied here, which 

mainly includes the modal superposition method (MSM) and finite element method (FEM). 

The MSM has been applied by many researchers to study the dynamic responses of the vehicle-

pavement interaction in an engineering environment. Li et al. [9] developed a nonlinear 

vehicle–pavement interaction model to study the nonlinear dynamic responses of the pavement 

and vehicle in the vehicle–road interaction, where the MSM is used to model the pavement. 

Ding et al. [4] investigated the influence of different factors on dynamic responses of the 

vehicle-pavement interaction in two-dimensional. In their model, the pavement is considered 
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as Timoshenko beam and modeled through the MSM. The FEM is more widely used in 

modeling pavement structure in vehicle-pavement interaction cases. Behnke et al. [10] 

developed a vehicle-pavement model to predict the long-term dynamic responses of the 

pavement structure under different temperature, where the FEM is used and the time 

homogenization technique is combined with arbitrary Lagrangian Eulerian (ALE) method for 

modeling. Shi and Cai [11] modeled the three-dimensional (3D) vehicle–pavement interaction 

to study the influence of road surface conditions, vehicle parameters, and driving speed on the 

dynamic responses of the pavement. In their study, the pavement and foundation were modeled 

using the FEM. Qian et al. [12] investigated the random dynamic responses of the pavement in 

vehicle-pavement interaction, where the pavement is modeled as a layered finite element model 

established in commercial software ABAQUS.  

 It can be found from these published papers that vehicle-pavement interaction with limited 

pavement area have been comprehensively studied using the FEM and MSM. However, when 

studying those long-term related vehicle-pavement interaction problems like the formation 

mechanism of rutting and heavy truck tread wear, the vehicle moving on the pavement in the 

long term should be considered and modeled to analyze the long-term dynamic behavior of the 

pavement and vehicle. Therefore, the pavement used in the modeling needs to be of large scale, 

which results in a huge number of elements in the FEM model and modes in the MSM model. 

As a result, the calculation speed of the dynamic response of the vehicle-pavement interaction 

will obviously decrease. To solve these problems, the moving coordinate system [13] is 

developed at first, and then the moving element method (MEM) [14] based on the moving 

coordinate system are applied in these problems. In these two methods, the plate structure is 
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reduced to a small region around the moving vehicle with most of the beam vibrations included 

and the length of this region is assumed to be long enough to eliminate reflections at the 

boundaries. Since only a small region instead of the whole plate need to be modeled, the number 

of degrees of freedom (DOFs) of the vehicle-pavement interaction system is greatly reduced 

and its calculation efficiency is significantly increased. Many researchers have used these two 

methods in solving different vehicle-pavement interaction problems [15-17]. However, the 

moving coordinate system and MEM only considers the vehicle moving along a straight 

trajectory with constant speed, and some paper even simplifies the pavement into beam 

structure under this situation [17]. This has limit their application in complex vehicle-pavement 

interaction problems and other related plate structure subjected to moving loads cases, where 

the loads may moving along a non-straight trajectory.  

 A new Kirchhoff–Love theory-based four-nodes moving plate element (MPE) is developed 

here to calculate in an efficient and accurate way the dynamic response of vehicle-pavement 

interaction with an arbitrary trajectory. The reduced plate area around the moving load 

mentioned above is further included in a control volume [18] attached to the moving load, and 

the vibration of the plate dissipates at the boundaries of the control volume. After the 

formulation of the moving control volume, a relative coordinate system is considered attached 

to the moving control volume, and the MPE is formulated in this relative coordinate system. 

Because the material of the plate is at rest in the global coordinated system and moves in the 

relative coordinate system, the MPE is not a physical element like a traditional plate element. 

The relative motion between the plate material point and the MPE is first considered here and 

formulated based on the ALE formulation. The ALE formulation is used here to translate the 
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system of the MPE into the global coordinated system, and the Lagrange equation is applied to 

obtain the final dynamic equations of the MPE. Because only the small reduced plate area needs 

to be modeled, the efficiency of the MPE is remarkably increased compared to the traditional 

FEM and MSM in calculating the dynamic responses of a vehicle-pavement interaction. 

Moreover, because the ALE formulation is employed, the MPE can calculate the dynamic 

responses of the pavement under vehicle loads moving along an arbitrary trajectory and varying 

speed in a long term. In summary, compared to the existing plate element, the MPE is a valuable 

tool in the investigation of problems of vehicle-pavement interaction with arbitrary trajectories 

and taking into account the velocity. The MPE is very suitable for the analysis of the long-term 

dynamic behavior of vehicle–pavement interaction, and it can also be used in studying more 

general plate structure subjected to moving load problems. 

To verify the accuracy of the MPE, a thin plate resting on Winkler foundation and subjected 

to a constant concentrate load moving along different trajectories is considered at first. The 

dynamic responses of the plate are calculated using the MPE and compared with those from the 

commercial software ANSYS and semi-analytical solution [19]. To further investigate the 

characteristics of the MPE, the influence of different factors on reduced plate area length of the 

RBM model is investigated here. The MPE is then used to solve the dynamic responses of the 

vehicle-pavement interaction with constant and variable vehicle moving speed. The 

corresponding results are also compared with those from the traditional model developed in 

Ref. [9], where the MSM is used in modeling. The calculation results show that the MPE is 

accurate and efficient in solving long-term vehicle-pavement interaction problems.  

 The remainder of this paper is organized as follows. The new MPE is developed in Section 
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2, and its basic numerical results are presented in Section 3. The applicability of the MPE to 

the dynamic analysis of vehicle–pavement interaction is further verified in Section 4, and its 

efficiency is illustrated in Section 5. Some meaningful conclusions are provided in Section 6.   

 

2. Theoretical formulation of the moving plate element 

2.1 Basic theory     

  A rectangular MPE with four nodes is considered in the reduced plate area around the 

moving load, as shown in Fig. 1. The nodes 1I , 2I , 3I , and 4I  are located on the middle 

surface of the MPE. Because the thickness of the plate structure is much smaller than its length 

and width (ratio smaller than 0.1) in many structures such as slabs and pavements, the 

Kirchhoff–Love theory is used here. Therefore, each node of the MPE has three degrees of 

freedom, which are the vertical translation Iw   and the rotations of the plate cross-section 

around the x and y axes, xI  and yI . Considering an arbitrary plate material point P on the 

plate, based on the ALE formulation [20], the relationship between the coordinates of the plate 

material points x and y in the reference coordinate o-xyz attached to the moving control volume 

and X and Y in the global coordinate system O-XYZ is as follows: 

  xx X d t  ,  yy Y d t    (1) 

where  xd t  and  yd t  are the distances between points o and O in the x and y directions, 

respectively. Differentiating Eq. (1) with time t yields   

  xx V t  ,  yy V t    (2) 

where  xV t  and  yV t  are the velocity functions of the moving load along the x and y 

directions, respectively.   
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 The velocity vector of the arbitrary point P is further derived here based on the theory of 

3D MBE and Kirchhoff-Love theory, which is 

 

     

   
 

, , , , , , , , , , ,

, , , ,d d
, , , ,

d d

T

P P

T

u x y z t v x y z t w x y z t

w x y t w x y t
z z w x y t

t x t y

    

     
      

      

v r

  (3) 

where u , v , and w  are the displacements of point P along the x, y, and z axes, respectively. 

2.2 Kinematic and strain energy of the moving plate element 

 Based on Eq. (3), the kinematic energy of the MPE can be expressed as 

 

 

   

 

2 2 2 2 2

2 2 2 2

3 2 2 2

1 1

2 2

1 1

2 2

1 1

24 2

T

P P x y

x y

x y
S S

T d z w z w w d

z w w d w d

h w w dxdy h w dxdy

 

 

 

 

 

     

   

  

 

 

 

v v

  (4) 

where xw   and yw   denote the partial derivative of a variable with respect to x, h is the 

thickness of the MPE, S indicates the middle surface, and   indicates the volume of the plate 

element. Similarly, the strain energy of the MPE can be expressed as 

 
1

2

TU dxdy


  κ Dκ   (5) 

where 
T

x y xy     κ  is the generalized strain vector of the plate, D  is the elasticity 

matrix, and 

 

2

2x

w

x



 


, 

2

2y

w

y



 


, 

2

2xy

w

x y



 

 
 (6) 

 0

1 0

1 0

1
0 0

2

D







 
 
 

  
 
 
 

D   (7) 

In Eq. (7), 0D  is the plate rigidity, and   is the Poisson’s ratio.  
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2.3 Governing equations of the moving plate element 

 The governing equations of the MPE are derived as follows. Based on the finite element 

theory, the vertical displacement w  can be expressed as  

 w  Nq   (8) 

where N  is the standard shape function vector of the 4 nodes thin plate element, as shown in 

Ref. [5], and q  is the generalized coordinate vector of the MPE. The expression of q  is 

  1 2 3 4, , ,
T

q q q q q   (9) 

where 

 , , , 1, 2,3, 4i i
i i

w w
w i

y x

  
   

  
q   (10) 

in which iw  is the vertical displacement of node i. Note that N  is the function of x and y in 

o-xyz. Considering Eq. (8) in Eq. (4), one has 

 ,x x y yw w
x y

 
   
 

N N
q N q q N q   (11) 

and 

     x x y yw V t V t   N N q Nq，     x x xx y xy xw V t V t   N N q N q  (12) 

     y x yx y yy yw V t V t   N N q N q   (13) 

Substituting Eqs. (12) and (13) in Eq. (4) yields 

 

 

     

     

     

3 2 2

2

2

2

2

3

1 1

24 2

1

24

1

2

x xx y xy x

x yx y yy y

x x

x y
S

y

S

y

S

S

V t V t

V t V t

V t

T h w w dxdy h w

V t

dxdy

h dxdy

h dxdy

 





  

  



  

 





  

 
 



 





N N q N q

N N q N q

N N q Nq

  (14) 

Considering Lagrange’s equation, one can have 
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 0 flow

d T T

dt

  
     

  
Mq Cq K q Q

q q
  (15) 

where 
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N N N N N N

  (18) 

where  xa t   and  ya t   are the accelerations of the moving load along the x and y 

directions, respectively. In Eq. (18), there is 

 xx x
xxx

x x x x x x

        
      

        

N N N
N   (19) 

and other similar terms can be derived through the same process. As mentioned before, because 

there is also a relative motion between the plate material and control volume, based on the 

familiar derivation progress shown in Ref. [16], the additional generalized force vector flowQ  

also occurs here, which is 

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Journal of Vibration and Acoustics. Received August 20, 2021;
Accepted manuscript posted December 27, 2021. doi:10.1115/1.4053474
Copyright © 2022 by ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/vibrationacoustics/article-pdf/doi/10.1115/1.4053474/6819437/vib-21-1308.pdf by U

niversity O
f M

aryland-Baltim
ore C

ty user on 07 February 2022



VIB-21-1308  Yang   11 

 

 
   

   

 
   

   

 
   

   

3

0

0 0

3

0

0

3

0

0

1

12

1

12

1

12

a

flow x
a

x

a

x
a

x b

T T

y y yy y y

T T

y y

T T

y y yy y y

T T

y y

T T

x x xx x x

T T

x x

b

y

V t

V t dy

V t

V t dy

V t

V t d

h dy
V t

h

h dy
V t

h

h dx
V t

h x

















 

 

 

 

 



 
 

  
 
 

 
 

 




 
 















N N q N N q

N N q N Nq

N N q N N q

N N q N Nq

N N q N N q

N N q N N

Q

q

 
   

   

0

3

0

0

1

12

T T

x x xx x x

T

b

y

b

y
b

a

T

x x
y

V t

V t dx

h dx
V t

h









 
 
 
 
 

 
 

  
 



 












N N q N N q

N N q N Nq

  (20) 

where a and b are the length and width of the plate element, respectively. The detailed derivation 

can be found in Ref. [18]. Note that this additional generalized force vector flowQ  is close to 

zero. 

Similarly, considering Eq. (8) into Eq. (5), one can obtain 

 x xx  N q , y yy  N q , 2xy xy   N q  (21) 

and 

 , , 2
T

xx yy xy S
      κ N N N q N q   (22) 

Substituting Eq. (21) into Eq. (5) yields  

 
1

2

T T

S SU dxdy


  q N DN q   (23) 

Based on the Lagrange’s equation, there is 

 
T

S S

U
dxdy






  N DN q
q

  (24) 

Consider an arbitrary external force F applied on the MPE at a point whose coordinate 

vector is  , ,
T

F F Fx y z . The displacement vector of the load acting point can be expressed as 
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r

N N N q R q

  (25) 

where  , ,F Fw x y t  is the vertical displacement of the pavement at the load acting point, and 

FN  is the corresponding shape functions. The virtual work done by F is  

 T T

F FW   r F q Q   (26) 

and the generalized force vector Q  is 

 T

FQ R F   (27) 

Based on Eqs. (15), (20), (24), and (27), one can obtain the governing equation of the MPE, 

which is 

 flow   Mq Cq Kq Q Q   (28) 

where 0 1 K K K , and 

 
1

T

S Sdxdy


 K N DN   (29) 

Note that the position of the moving load in the xoy plane does not change with time. 

 Based on the dynamic equations of a single MPE, the dynamic equations of the whole 

reduced plate area subjected to a moving load system can be obtained as follows: 

   A A A A A A A flowA   M q C q K q Q Q   (30) 

where AM , AC , AK , AQ , and 
flowAQ  are derived by assembling the MPEs, and Aq  is 

the generalized coordinate vector that includes all the generalized coordinates of MPEs. 

Because the vibration of the plate at the boundary of the reduced plate area is close to zero, the 

boundary condition of the whole model is considered as clamped, which can be expressed as 

 0, 0
BS

BS BS

w w
w

x y

 
  

 
  (31) 
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VIB-21-1308  Yang   13 

where BS is the boundary of the reduced plate area. These dynamic equations are solved 

numerically using the stiff differential equations solver ode15s [22] in MATLAB.   

 

3 Validation  

The accuracy of the MPE in solving basic plate structure subjected to moving load with 

arbitrary moving trajectories is verified here. Two different thin plate structures resting on 

Winkler ground and subjected to moving load cases are considered here, as shown in Fig. 2, 

where the load moves in four different trajectories including straight trajectories 
1so B , 

2so B , 

and 
3so B , and curved trajectory 

4so B . In these two cases, the length a and width b of the plate 

are both 80 m. The Young’s modulus of plate E is 112.1 10  N/m2, the density of the plate   

is 7850 kg/m3, and Poisson’s ratio   is 0.3. The Winkler ground has an equivalent stiffness of 

73.503 10  N/m and a damping of 61.7325 10  N·s/m. The thickness of the plate h  in case 

1 and case 2 is 0.05 m. In Fig. 2, 0 10 mx  , 1 30 mx  , 2 50 mx  , 3 15 mx  , 4 44.2 mx  , 

0 10 my   , 1 30 my   , 2 50 my   , 3 20 my   , 4 24.6 my   , and 0 0.5z h  . The moving 

load has a constant value of 50000 N. When the load moves along trajectory 3so B , the load 

moving velocity  xV t  is 20 m/s, and the load moving velocity  yV t  is 20 m/s as the load 

moves along trajectory 1so B . When the load moves in trajectory 2so B ,  xV t  and  yV t  are 

both 20 m/s. When the load moves in trajectory 4so B  , the load linear velocity 

     2 2

x yV t V t V t   is 20 m/s. The dynamic responses of the plate were calculated using 

the MPE with 576 elements of 0.5 m length and width each, and the results were compared 

with those from semi analytical method developed in Ref. [19] and the commercial software 

ANSYS. In semi-analytical method, the first 500 modes are considered, and 640000 SHELL63 
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VIB-21-1308  Yang   14 

elements of 0.1 m length and width are used in ANSYS. All of the present MPE, semi-analytical 

method and ANSYS results converged. When considering the MPE, the shape of the reduced 

plate area is considered as a square with a side length of 12 m.  

 With different load moving trajectories considered, the time histories of the vertical 

displacement of the plate in different cases at different points are shown in Fig. 3 and Fig. 4, 

and the maximum relative differences between these results from the MPE and ANSYS 

SHELL63 at different points are included in Table 1. As presented in Fig. 3, Fig. 4, and Table 

1, with different plate parameters and load moving trajectories considered, the results from the 

MPE are in good agreement with those from the ANSYS SHELL63, and their maximum 

relative difference is no more than 1.30 %.  

The convergence of the MPE is further shown here. Considering the converged ANSYS 

SHELL63 results of the time history of vertical displacement of point A2, the maximum relative 

differences between the results from the MPE and ANSYS SHELL63 with different numbers 

of MPEs used in modeling are presented in Fig. 5. As shown in Fig. 5, when 72 elements are 

used in the modeling, the relative difference between the results from the MPE and ANSYS 

SHELL63 is reduced to 0.5 %, and it is further reduced to 0.37 % when 90 elements are used 

in the modeling. With more than 90 elements used, the relative difference converged at 0.37 %. 

Based on this, the MPE shows good convergence in the calculation, and its accuracy is further 

verified here.   

 

 The MPE is then verified with different boundary conditions. While the clamped boundary 

condition has been applied in the above calculation, the simply supported boundary condition 
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VIB-21-1308  Yang   15 

is further considered here in the calculation of the dynamic responses of point A1 with MPE, 

and the results are compared with those of the clamped condition and the ANSYS. It can be 

seen from Fig. 6 that with different boundary condition considered, there are some difference 

between different calculation results, but the difference is small and the simply supported 

boundary condition can also provide accurate results compared to those from the ANSYS. The 

maximum relative difference between the results from the simply supported and ANSYS is no 

more than 2.8 %. With enough length of the reduced plate area, different boundary condition 

can have familiar calculation results from the MPE.  

 The vertical displacement field of a plate subjected to a moving load is further considered 

here to verify the basic theory of the MPE. The vertical displacement contour maps of the plate 

in case 2 at different times when the load moves along trajectory 4so B  are shown in Fig. 7. As 

depicted in Fig. 7, when the load moves at the plate, the vibration of the plate mainly 

concentrates on a rectangular area around the moving load. Moreover, with the load moving 

along the trajectory, the plate vertical displacement field shows that the vibration of the plate 

follows the moving load, and the corresponding rectangular area remains the same. The length 

of this rectangular area is 7.82 m, which is smaller than the length of the truncated plate area. 

This phenomenon shows that the vibration of the plate far from the moving load is obviously 

attenuated to zero owing to the damping effect, which verifies the basic theory of the MPE. 

 

4 Application of the MPE on vehicle–pavement interaction dynamic analysis 

 After the validation and investigation of the MPE, a vehicle-pavement interaction case is 

chosen here to further present the application of MPE in vehicle–pavement interaction dynamic 
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analysis in both constant and variable speed. A 7-DOF vehicle [9] interaction with road 

pavement is considered here, where the road is modeled as a single layer, rectangular thin plate 

on a viscoelastic foundation [17], as shown in Fig. 8.  

The vehicle model considered here consist of a car body and four tires. The car body is 

supported on four tires through the vehicle suspension. The car body and tire are treated as rigid 

bodies, and the vertical, roll, and pitch motions of the car body and the vertical motion of tires 

are taken into account. The motions of the car body are described by vz , xv , and yv  and 

that of tire i is described by tiz .The vehicle suspension is treated as a spring–damper element, 

where the stiffness and damping of the front suspension are described by 1sK  and 1sC , and 

the stiffness and damping of the rear suspension are described by 2sK  and 2sC , respectively. 

Using the multibody dynamic method, the vehicle model of seven degrees of freedom (DOFs) 

is established. The dynamic equations of the vehicle are 

 v v v v v v v  M q C q K q Q   (32) 

where 

 1 2 3 4v v cx cy t t t tdiag m I I m m m m   M   (33) 

 
11 12 11 12

22 22

,
. .

v v
symm symm

   
    
   

C C K K
C K

C K
  (34) 

 1 1 2 2 3 3 4 40 0
T

v v t Ty t Ty t Ty t Tym g m g F m g F m g F m g F      Q  (35) 

 1 2 3 4

T

v v xv yv t t t tz z z z z    q   (36) 

in which vm  is the mass of car body, cxI  and 
cyI  are the inertia moments of car body, and 

tim (i = 1, 2, 3, and 4) are the mass of tire i, respectively. g is the gravitational acceleration, and 

TyiF (i = 1, 2, 3, and 4) are the tire-pavement vertical interaction forces of tire i, respectively. In 

Eq. (34), there are 

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Journal of Vibration and Acoustics. Received August 20, 2021;
Accepted manuscript posted December 27, 2021. doi:10.1115/1.4053474
Copyright © 2022 by ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/vibrationacoustics/article-pdf/doi/10.1115/1.4053474/6819437/vib-21-1308.pdf by U

niversity O
f M

aryland-Baltim
ore C

ty user on 07 February 2022



VIB-21-1308  Yang   17 

 

   

 

 

1 2 1 1 2 2

2 2

11 1 2

2 2

1 1 2 2

2 0 2

2

. 2

s s s x s x

s y s y

s x s x

C C C l C l

C l C l

symm C l C l

  
 
  
 
 
 

C   (37) 

 

1 2 1 2

12 1 2 1 2

1 1 2 2 1 1 2 2

s s s s

s y s y s y s y

s x s x s x s x

C C C C

C l C l C l C l

C l C l C l C l

    
 

  
 
   

C   (38) 

  22 1 2 1 2s s s sdiag C C C CC ,  22 1 2 1 2s s s sdiag K K K KK   (39) 
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K   (41) 

where 1xl  and 2xl  are the wheel spaces and 
yl  is the half of the wheel track. 

 The pavement and viscoelastic foundation are then modeled. After the modeling of single 

MPE, the pavement near the vehicle is reduced to a small region around the vehicle and meshed 

using the MPE. Based on the finite element assembly theory, the dynamic equations of the 

reduced pavement model are 

 
p p p p p p pF pG pflow    M q C q K q Q Q Q   (42) 

where 
pM  , 

pC  , and 
pK   are the mass, damping and stiffness matrices of the reduced 

pavement model, respectively, 
pflowQ  is the additional generalized force vector and it is close 

to zero, 
pq  is the generalized coordinate vector of the reduced pavement model, 

pFQ  is the 

generalized force vector caused by 
TyiF , and 

pGQ  is the generalized force vector caused by 

the reaction force of the foundation.  

The generalized force vector 
pGQ   is derived as follows. By considering an arbitrary 
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point on the pavement and its vertical displacement and velocity are pz   and pz  , the 

corresponding foundation reaction force can be expressed as 

 
2

g g p g g p g pF K z K z C z     (43) 

where gK  and gC  are the equivalent stiffness and damping of the foundation, respectively, 

and g   is the cubic nonlinear coefficient. Based on the virtual work principle [21], the 

generalized force vector caused by the foundation reaction force of one single MPE is 

 

 

 

 
2

x x

g gT
y ypGM

S

g g

V t
K C

V t dxdy

C K

   
     

     
  

     



N
Nq q

NQ N

Nq Nq

  (44) 

where S is the area of the single MPE and N  is the shape function vector of MPE. In Eq. (44), 

there are 
x

x





N
N  and y

y





N
N . Eq. (44) is solved using the Gaussian quadrature method. 

Based on 
pGMQ , 

pGQ  can be derived through using the finite element assembly theory.  

 The tire-pavement interaction forces are finally calculated. The expression of the tire-

pavement interaction force of tire i is [9] 

      
2

Tyi ti si pi ti si pi ti si piF K z r z K z r z C z r z           (45) 

where sir  is the road surface roughness and 
piz  is the pavement vertical displacement at the 

tire i tire-pavement contact point. K is the linear tire stiffness,   is the nonlinear tire stiffness 

coefficient, and C is the tire damping coefficient. The sir  can be calculated using the following 

functions 

  1 3 2 4 1 2

0 0

2 2
sin , sin x x

Vt
r r A r r A Vt l l

L L

    
        

   
  (46) 

where 0L  is the wavelength of harmonic road roughness. Note that tiz  and 
piz  change at 

every time step due to 
TyiF    thus Eqs. (32) and (42) are coupled through tire-pavement 
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interaction forces.    

 Based on Eqs. (32) and (42), the governing equations of the vehicle-pavement interaction 

model are expressed as 

 
v v v v v v v

p p p p p p pF pG pflow

             
               

              

M q C q K q Q

M q C q K q Q Q Q
      (47) 

The parameters of the vehicle–pavement interaction system are listed in Table 2. 

 Let the vehicle move along the pavement, as shown in Fig. 9. The length of road L is 400 

m, and the width of the road H is 10 m. The vehicle starts at a position d0 = 30 m. The vehicle 

running with constant speed 72 km/h and initial speed 36 km/h and acceleration 4 m/s2 are both 

considered here. The dynamic responses of the vehicle–pavement interaction are solved using 

the MPE, where 1296 elements are used in meshing the reduced plate area with length of 36 m 

and width of 6 m. To further verify the accuracy of the MPE, the traditional model of the 

vehicle–pavement interaction is used here, where the full plate is modeled using Galerkin’s 

method and 800 modes of the x direction and 20 modes of the y direction are considered in the 

modeling. The commercial software MATLAB was utilized to achieve these two models and 

the function ode15s was used to solve their dynamic equations. The calculation time of these 

two methods is 10 s, and their calculation steps are both 0.001 s. The initial condition of the 

generalized coordinate array was zero. Details of the traditional model can be found in Ref. [9].   

 The time histories of vertical displacement of the tire 1 and tire 2 with different vehicle 

velocity are shown in Fig. 10, and the time histories of vertical displacement of the plate at 

different points are shown in Fig. 11. As shown in Fig. 10, when the vehicle moves with constant 

speed, the vibration of the tire 1 and tire 1 keeps stable, and their maximum vertical 

displacement has little changes. But when the vehicle moves with variable speed, both the 
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vertical displacement of the tire 1 and tire 2 increases with the increasing of the speed. Moreover, 

the calculation results from the MPE are in very good agreement with those from the traditional 

method, and their maximum relative difference is no more than 0.78 %. Without loss of 

generality, one fixed point A and tire–pavement interaction point of tire 1 are selected to present 

the dynamic responses of the pavement, where d1 = 100 m. It can be observed from Fig. 11 that 

the front tire load is much smaller than the rear one. When the vehicle passes the fixed point, 

the vertical displacement of point A caused by the front tire is 0.324 mm, and that caused by 

the rear tire is 0.698 mm. Also, with the increasing of the speed, the vertical displacement of 

the plate at tire 1 tire-pavement interaction point increases. In addition, the dynamic responses 

resulting from the MPE are in good agreement with those from the traditional method, and their 

maximum relative difference is no more than 0.75 %. The vertical displacement field of the 

pavement at different times is shown in Fig. 12. As shown in Fig. 12, the vibration of the plate 

concentrates on the adjacent area of the tire–pavement interaction point, while the vibration of 

the plate at other areas is almost zero. This further verifies the basic theory of the MPE. 

 The vehicle velocity and vehicle mass are the two main parameters of the road vehicle, 

and their influence on the plate dynamic responses in vehicle–pavement interaction dynamics 

are investigated using the MPE and traditional methods. The influence of vehicle velocity and 

vehicle mass on the maximum vertical displacement of the plate at point A are shown in Fig. 

13. As depicted in Fig. 13, the maximum vertical displacement of the plate slowly increases 

with the increasing speed of the vehicle, but it increases obviously with increasing vehicle mass. 

Because the road vehicle velocity can barely exceed 160 km/h, especially for heavy vehicles, 

the pavement may not be damaged owing to high-speed vehicle–pavement interaction. 
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However, because the vibration of the pavement is obviously influenced by the vehicle mass, 

the pavement is easily damaged by an overweight vehicle. This phenomenon can also be 

observed in many roads with heavy vehicle traffic. In addition, the results from the MPE are in 

good agreement with those from the traditional model, and their maximum relative difference 

is no more than 0.75 %.   

5. Efficiency of the MPE in vehicle-pavement dynamic analysis  

 While the accuracy of the MPE in solving vehicle-pavement interaction dynamic responses 

has been verified before, its efficiency compared to the traditional method is illustrated here. 

Because all of the above cases are achieved in MATLAB and solved using a computer with 

Windows 10 and a 4.00 GHz Inter i7-6700K processor with 32 GB RAM, the vehicle moving 

distance and its corresponding model length of the MPE and MSM, the DOFs of the vehicle–

pavement models obtained by the traditional model using the MSM and present model using 

the MPE, and the calculation times of different models are listed in Table 3.  

As can be observed in Table 3, when considering the plate structure, the reduction in DOFs 

of the plate structure by using the MPE compared to the traditional method is much more 

obvious because the plate structure should consider both the x and y directions. When 

considering the vehicle–pavement interaction, the DOFs of the MPE model are only one-tenth 

of those of the traditional MSM model, and the CPU time usage of the MPE is approximately 

one-third of that of the traditional MSM model. Note that the calculation results of the MSM 

and MPE model should have a similar accuracy before comparing their efficiency, and the 

number of modes used in the MSM should be adjusted according to the length of the MSM 

model to ensure its calculation accuracy. This has caused the large number of modes used in 
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the MSM model with the 350 m vehicle moving distance considered. It should be further 

mentioned that if the road surface roughness is not considered in the vehicle–pavement 

interaction, the CPU time usage of the MPE can be further reduced to 587 s, which is almost 

one-tenth of that of the MSM. Based on these results, the MPE has remarkable advantages in 

solving problems of complex plate structures subjected to moving loads. 

6 Conclusions 

 A new MPE based on the Kirchhoff–Love theory and ALE formulation is developed to 

efficiently and accurately calculate the dynamic responses of vehicle-pavement interaction. The 

wide plate structure is reduced to a small rectangular plate area around the moving load, and 

then this reduced plate area is included in a moving control volume attached to the moving load 

and described in the corresponding relative coordinate system. The ALE formulation is first 

considered here to describe the relative motion between the plate material point and the MPE, 

and the Lagrange’s equation is finally used to obtain its final dynamic equations. Because only 

the small reduced plate area needs to be modeled, the efficiency of the MPE is significantly 

increased compared to the traditional FEM and MSM in calculating the dynamic responses of 

a wide plate structure under a moving load. In addition, because the ALE formulation is 

considered here, the MPE can calculate the dynamic responses of the plate structure under loads 

moving along an arbitrary trajectory in the long term. The MPE is a valuable tool in the 

investigation of problems of vehicle-pavement interaction dynamic behavior in a long-term. 

After the validation of the present MPE with two simple plate subjected to moving load 

cases with different load moving trajectories, the influence of different factors on reduced plate 

area length of the RBM model is analyzed here to help researchers better understand the MPE, 
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and it is then applied in the analysis of the vehicle–pavement interaction dynamics with constant 

and variable speed. The investigation results show that the MPE is accurate and efficient in 

solving vehicle–pavement interaction with only one-tenth of the DOFs and one-third of the 

calculation times required by the traditional model with the MSM. In addition, it was found that 

the load moving velocity and ground damping have a significant influence on plate vibration 

propagation, where high load moving velocity and low ground damping cause long reduced 

plate area length. Based on the calculation results of the vehicle–pavement interaction dynamics 

using the present MPE model and traditional model, the vehicle load is the main factor affecting 

the pavement dynamic responses compared to its velocity. 

Based on the present MPE, an efficient way to decide the side length of the reduced plate 

area in different vehicle-pavement interaction cases will be developed, and the dynamic 

characteristics of the vehicle-pavement interaction with more complex road and vehicle factors 

and vehicle moves along curved trajectory on the road will be investigated in the future. This 

will further strengthen the theory and application value of the MPE. 
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Table Captions List 

 

Table 1 Maximum relative differences between the vertical displacements of the plate 

from the MPE and ANSYS SHELL63 in different cases 

Table 2 Parameters of the vehicle-pavement interaction model [9] 

Table 3 Vehicle moving distance, length of the MPE and MSM model and corresponding 

DOFs and calculation times of the MPE and traditional MSM 
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Figure Captions List 

 

Fig. 1 Schematic of MPE: (a) reduced plate area and (b) MPE with four nodes 

Fig. 2 Schematic of the plate subjected to moving load cases with different trajectories: (a) 

case 1 with straight trajectory and (b) case 2 with curve trajectory 

Fig. 3 Time histories of vertical displacement of the plate in case 1 at different point obtained 

from the MPE and ANSYS SHELL 63: (a) point A1; (b) point B1; (c) point A2; (d) point 

B2; (e) point A3 and (f) point B3 

Fig. 4 Time histories of vertical displacement of the plate in case 2 at different point obtained 

from the MPE and ANSYS SHELL 63: (a) point A4 and (b) point A5 

Fig. 5 Maximum relative difference between the MPE and ANSYS results with different 

number of MPEs 

Fig. 6 Influence of different boundary condition on vertical displacement of point A1 

Fig. 7 Plate vertical displacement contour maps in case 1 at different time: (a) t = 0.2 s; (b) t 

= 1 s; (c) t = 1.5 s and (d) t = 2 s 

Fig. 8 Schematic of the vehicle-pavement interaction: (a) main view and (b) side view….40 

Fig. 9 Schematic of the present vehicle-pavement interaction model 

Fig. 10 Time histories of vertical displacement of tire 1 and tire 2 in vehicle-pavement 

interaction with different vehicle velocity: (a) tire 2 with constant speed; (b) tire 1 with 

constant speed; (c) tire 2 with variable speed and (d) tire 1 with variable speed 

Fig. 11 Time histories of vertical displacement of the pavement in vehicle-pavement 

interaction: (a) point A with constant speed; (b) point A with variable speed; (c) tire 1 
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tire-pavement interaction point with constant speed and (d) tire 1 tire-pavement 

interaction point with variable speed 

Fig. 12 Vertical displacement field of the pavement at different time 

Fig. 13 Influence of vehicle velocity and vehicle mass on pavement maximum vertical 

displacement at point A: (a) influence of vehicle velocity and (b) influence of vehicle 

mass 
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Table 1 

 

Point Maximum relative difference Point Maximum relative difference 

A1 1.21 % B1 1.20 % 

A2 0.37 % B2 0.40 % 

A3 1.30 % B3 1.21 % 

A4 1.18 % A5 1.05 % 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Journal of Vibration and Acoustics. Received August 20, 2021;
Accepted manuscript posted December 27, 2021. doi:10.1115/1.4053474
Copyright © 2022 by ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/vibrationacoustics/article-pdf/doi/10.1115/1.4053474/6819437/vib-21-1308.pdf by U

niversity O
f M

aryland-Baltim
ore C

ty user on 07 February 2022



VIB-21-1308  Yang   32 

Table 2 

 

Notation Item Value Unit 

mc Mass of car body 1.5×104 kg 

Icx Moment of inertia of car body about x-axis 3.0×105 kg · m2 

Icy Moment of inertia of car body about y-axis 0.6×105 kg · m2 

mtf Mass of front tire 190 kg 

mtr Mass of rear tire 380 kg 

Ks1 Vertical stiffness of front suspension system 3.7×105 N / m 

Cs1 Vertical damping of front suspension system 12000 N · s / m 

Ks2 Vertical stiffness of rear suspension system 9.2×105 N / m 

Cs2 Vertical damping of rear suspension system 30000 N · s / m 

lx1 
Longitudinal distance between front tire and center 

of car body 
3.29 m 

lx2 
Longitudinal distance between rear tire and center of 

car body 
1.48 m 

E Young’s modulus of the plate 2.4×1010 N / m2 

ρ Density of the plate 2613 kg / m3 

ν Poisson’s ration of the plate 0.35 - 

Kf Front linear tire stiffness  0.73×106 N / m 

Cf Front tire damping coefficient 600 N · s / m 

Kr Rear linear tire stiffness 1.46×106 N / m 

Cr Rear tire damping coefficient 900 N · s / m 

β Nonlinear tire stiffness coefficient 0.01 - 

Kg Ground equivalent stiffness 4.8×107 N / m 

Cg Ground equivalent damping 0.3×106 N · s / m 

βg Nonlinear ground stiffness coefficient 0.1 - 

A Amplitude of road surface roughness 0.002 m 

L0 Wavelength of harmonic road roughness 2.3 m 
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Table 3 

 

Vehicle moving 

distance (m) 

Length of the model DOFs CPU time (s) 

MPE MSM MPE MSM MPE MSM 

350 36 400 1450 16007 28862 67299 
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Figure 1 
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Figure 2 
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Figure 3 
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Figure 4 
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Figure 5 
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Figure 6 
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Figure 7 
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Figure 8 
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Figure 9 
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Figure 10 
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Figure 11 
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Figure 12 
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Figure 13 
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