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Abstract

In this paper, we study existence times of strong solutions of the three-dimensional Navier-Stokes equations
in time-varying analytic Gevrey classes based on Sobolev spaces H®, s > % This complements the seminal
work of Foias and Temam (1989) on H' based Gevrey classes, thus enabling us to improve estimates of the
analyticity radius of solutions for certain classes of initial data. The main thrust of the paper consists in
showing that the existence times in the much stronger Gevrey norms (i.e. the norms defining the analytic
Gevrey classes which quantify the radius of real-analyticity of solutions) match the best known persistence
times in Sobolev classes. Additionally, as in the case of persistence times in the corresponding Sobolev

classes, our existence times in Gevrey norms are optimal for % <s< g
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1. Introduction

We consider the incompressible Navier—Stokes equations (NSE) in a three-dimensional domain Q =
[0, L], equipped with the space-periodic boundary condition. The NSE, which are the governing equations
of motion of a viscous, incompressible, Newtonian fluid, are given by

%—yAqu(wV)qu%Vp:O,
V-u=0,

u(z,0) = uo(x)a

where z = (21, 79, 23) € Q, u(x,t) = (uy,uz,u3) is the unknown velocity of the fluid, u® = (u?, u9, u3) is the
initial velocity, v > 0 is the kinematic viscosity of the fluid, p is the density, and p the unknown pressure.
The incompressibility constraint is manifested in the divergence free condition V - u = 0.
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Recently, several authors [2, 16, 18, 19, 44, 49] have obtained “optimal” existence times, and the associated
blow-up rates, assuming they exist, for solutions of the 3D NSE in Sobolev spaces H?®, s > % In particular, in
[49], by employing a scaling argument, Robinson, Sadowski and Silva established that the optimal existence
time of a (strong) solution of the NSE in the whole space R3, for initial data in H®,s > %, is necessarily
given by

T(uo) 2 ———. (1.2)

'i
Juoll 77s

The optimality refers to the fact that if one establishes an existence time which depends solely on ||ug|| g+
which is better than (1.2), i.e. has the form T > W with v < ﬁ, then the NSE is globally well-posed
HS

in H®. Observe that an existence time of the form (1.2) immediately yields the blow-up rate

u@llgs 2 =
@)l 2 oz

where T, < oo is the putative blow-up time of ||u(¢)||g=. It follows from the optimality of the existence
time that this blow-up rate is also optimal [49]. In the same work [49], the authors obtained the following
existence/persistence times in the space H®, namely,

1 1 5 3
2417 §<3<§, 8755,
lluol %~
T(uo) = b 5 (1.3)
— =, S>3
luoll 7%

Evidently, the existence time is optimal for % <s < %, s # 3, while the existence time for s > g, though

27
not optimal, is the best known to-date. The borderline cases, namely s = 2 g, were subsequently

2:8 =
considered by varying methods in [16, 18, 19, 44], including Littlewodd-Paley decomposition and other
1

harmonic analysis tools, the upshot being that the optimal existence time T' ~ TwolZs also holds for s = %,
HS

while the optimal existence time in H°/2 is still open.

The purpose of our present work is to investigate as to what extent the above mentioned existence/ per-
sistence times (and the associated blow-up rates) hold if one considers the evolution of the NSE in an analytic
Gevrey class, equipped with the much stronger Gevrey norm which characterizes space analyticity, with the
goal of obtaining sharper lower bounds of the space-analyticity radius of the solutions. In fluid-dynamics,
the space analyticity radius has an important physical interpretation: at this length scale, the viscous ef-
fects and the (nonlinear) inertial effects are roughly comparable, and below this length scale, the Fourier
spectrum decays exponentially [8, 21, 25, 34, 35, 39]. In other words, the space analyticity radius yields a
Kolmogorov type dissipation length scale encountered in conventional turbulence theory. The exponential
decay property of high frequencies can be used to show that the finite dimensional Galerkin approximations
converge exponentially fast. For instance, in the case of the complex Ginzburg-Landau equation, analyticity
estimates are used in [20] to rigorously explain numerical observations that the solutions to this equation can
be accurately represented by a very low-dimensional Galerkin approximation, and that the “linear” Galerkin
approximation performs just as well as the nonlinear one. Furthermore, a surprising connection between
possible abrupt change in analyticity radius (which is necessarily shown to be intermittent in [7] if it occurs)
and (inverse) energy cascade in 3D turbulence was found in [7]. Other applications of analyticity radius
occur in establishing sharp temporal decay rates of solutions in higher Sobolev norms [6, 46|, establish-
ing geometric regularity criteria for the Navier-Stokes and related equations and in measuring the spatial
complexity of fluid flow [14, 31, 38] and in the nodal parameterization of the attractor [27, 28].

In a seminal work, Foias and Temam [26] pioneered the use of Gevrey norms for estimating space
analyticity radius for the Navier-Stokes equations which was subsequently used by many authors (see |6,
11, 12, 13, 24], and the references there in); closely related approaches can be found in [15, 32, 33]. In this
work, Foias and Temam showed that starting with initial data in H', one can control the much stronger
Gevrey norm of the solution up a time which is comparable to the optimal existence time of the strong



solution in H'. The Gevrey class approach enables one to avoid cumbersome recursive estimation of higher
order derivatives and is known to yield optimal estimates of the analyticity radius [47]. Other approaches to
analyticity can be found in [29, 43, 45] for the 3D NSE, [37] for the Navier-Stokes-Voight equation, [22, 23]
for the surface quasi-geostrophic equation, [42] for the Porous medium equation, and [1] for certain nonlinear
analytic semi-flows.

The (analytic) Gevrey norm of u in the Sobolev space H®, which we refer to as the Sobolev-Geuvrey

1
aA2

norm here, is defined by ||e®“* u||z«, where A is the Stokes operator. We recall that the norms ||u|| - and

1
| A%/2u|| > are equivalent for mean-zero, divergence-free vector fields [17]. In case [|e®4? u|| s < oo, then u
is space-analytic and the uniform space analyticity radius of u is bounded below by a. We provide below a

brief summary of, and comments on, our results.

1
1. Assume that the initial data [|e#04” ug|/zs < oo with By > 0; By = 0 corresponds to ug € H*. In

this case, sup,cpo 1 [ePotBOAZ || e < oo with 0 < B < 3 for T~ ——2——, % < s <2 and
’ llefoA2 w257
T~—2>r 5> % (see Theorem 2.1). The quantity St captures the gain in analyticity due to the

eBOAZ 4|12, ,
dissip”ation. %fH we set 8 = 0, then this gives a persistence time in the Gevrey class corresponding to .
Note that the time of persistence of the solution in the Gevrey class in this result coincides with the
optimal time of existence (1.2) in the range % <s< % but is far from optimal in the range % <s< g
and is also smaller than the best known existence time in Sobolev classes in case s > % obtained
in [49]. The case s = 1 is precisely the classical result of Foias and Temam [26], while this result
for % <s< % was obtained using semigroup methods in [10, 11]. We provide a proof of this result
using energy technique, mainly for completeness, but also to illustrate that one can as a consequence,
adapt a technique from [21] to obtain an improved estimate of the analyticity radius, which is possible
by considering the evolution of Gevrey norm in H® with s > 1; see Theorem 2.2 and Remark 2.1.
This provides one of our motivations for considering the evolution of the Gevrey norm in higher-order

Sobolev spaces.

2. Subsequently, in Theorem 2.3 and Theorem 2.4, we improve the existence times in the Gevrey classes
given in Theorem 2.1 for s in the range s > 2, s # 2. The existence time in Gevrey classes obtained
in Theorem 2.4 for 3 < s < 2 is optimal, i.e. coincides with (1.2) while the existence time obtained in
Theorem 2.3 for s > g coincides with the best known existence time in Sobolev classes H® obtained
in [49]. In order to prove these results, we first obtain refined commutator estimates of the nonlinear
term in Lemma 4.1, Lemma 5.1 and Lemma 5.2 which exploit their respective orthogonality properties.
These estimates are new to the best of our knowledge and are motivated by those in [5, 9] obtained

for the surface quasi-geostrophic equations. Using these estimates, for initial data in H®, s > %, s # %,

1
we show that sup,c(o 7y (|74 ul|gs < 0o where T is given as in (1.2) in the said range of s (for large
data). It is worth mentioning that the differential inequalities for the evolution of the Gevrey norms
that one obtains in these cases are non-autonomous; estimates of existence times of these given in
Lemma 4.4 and Lemma 5.3, though elementary, may be new as well. Moreover, in Corollary 2.2, we
give an alternate proof for the persistence in the Sobolev class H® for the entire range % < s < g,
thus unifying the results in [49] and [16, 19, 44] and showing that the case 3 is not a borderline in our
approach. Furthermore, unlike in [16, 44], our method is elementary and avoids any harmonic analysis

machinery such as paraproducts and Littlewood-Paley decomposition.

3. The study of blow up in Gevrey classes is of importance for the NSE as it was shown in [7] that in
certain situations, an abrupt change in analyticity radius (which in turn is measured by a Gevrey
norm) is indicative of a strong inverse energy cascade. The persistence time in Theorem 2.1 (set
B8 = 0,8y > 0) readily yields a blow-up rate provided there exists a time T, at which the analyticity

1
radius possibily decreases from 3y (and consequently ||e?04* w(t)|/z+ blows up as t approcahes 7).
This is substantially different from the blow-up of a sub-analytic Gevrey norm studied in [3, 4]. As
we show in Corollary 2.1, a blow-up of a sub-analytic Gevrey norm can only occur if the solution

3



itself loses regularity; whether or not a solution loses regularity is precisely one of the millennium
problems. In other words, for a globally regular solution, persistence in a sub-analytic Gevrey class
is guaranteed for all times. However, this is not necessarily the case for analytic Gevrey norms. For
instance, it is not difficult to show that for forced NSE, there exists a body-force, and an initial data
up in a Gevrey class, such that the solution exists globally in H® while a Gevrey norm of the form

1
[|le(BotBOAZ || 1 < 0o blows up in finite time. This is due to restriction posed on the solution by the
analyticity radius of the driving force. To the best of our knowledge however, an example of such a
phenomenon in the unforced case is unknown. Therefore it is of interest to determine the blow-up rate
in Gevrey classes even for solutions that are globally regular. Although our Theorem 2.1 provides a
blow-up rate, this may not be optimal for s > % At the very least, the blow-up rate provided in (2.8)
does not correspond to the best known rate in Sobolev classes e.g. in [49]. We leave it as an open
problem to determine whether these rates can be matched. Although we obtain existence time results
for Gevrey classes that matches the existence times in [49, 16, 44] in Theorem 2.3 and Theorem 2.4,

1
they are for time-varying Gevrey classes defined by ||e®)42 u||y, i.e. By = 0, and therefore ug € H®.
A similar result on existence time for 5y > 0 will yield an improvement of the blow-up rate in Gevrey
classes. This is an open problem as well.

2. Main results

Before describing our main results, we first establish some notation, concepts, and settings. Using the

27
notation kg = T define the dimensionless length, time, velocity, and pressure variables

. = 2, ~ u o p
xr = Iﬁ?ol’,t: l/fiot,’u: ;,p: W
0 0

Using this transformation, the NSE transform to

A and V denote the gradient and Laplacian operators with respect to the primed variables. Henceforth, for

simplicity, we assume that v =1, L = 2w, p =1, and kg = QT’T = 1. We have the dimensionless version of

the NSE as

%—Au—i—(?rV)u—i—Vp:O, (2.2a)
V-u=0, (2.2b)
u(z,0) = u’(z), (2.2¢)

after dropping the tildes.
Moreover, we will focus on Q = [0, 27]2, employ the Galilean invariance of the NSE, take u to be mean
free, i.e., / u = 0.

In this paper, we are interested in investigating the existence times of strong solutions of the three-
dimensional Navier-Stokes equations in time-varying analytic Gevrey classes based on Sobolev spaces H*, s >
%. The results vary as the value of s changes.



2.1. Functional analytic framework

With Q = [0, 27]3, we denote by L?(€) the Hilbert space of all L—periodic functions from R?® to R?® that
are square integrable on €2 with respect to the Lebesgue measure and mean free. The scalar product is taken
to be the usual L?(£2) inner product

and we denote
lullL> = (u,u)'/?.

The real separable Hilbert space H is formed by the set of all R3-valued functions u(z),r € R, which
has the Fourier expansion

wz)= Y a(k)e®”  (witha(0) =0),

kez?\{(0,0,0)}

where the Fourier coefficients a(k) € C3, for all k € Z3 \ {(0,0,0)}, satisfy

G = U_p, k-a(k) =0, for all k € Z*\ {(0,0,0)} and ||u|?. = S Jak)P < .
kez3\{(0,0,0)}

For s > 0, the space H* () is defined by

B@)=queH:u= > ak)e™, |lullf ) =D k>l <o
k€Z3\{(0,0,0)}

For simplicity, we denote || -[| () as || ||s. For s <0, the space H*(Q) is defined to be the dual of H'*I(£).
The ' —type norm of the Fourier coefficients is given by

lulpey = Y [kl

kez3\{(0,0,0)}

We write ||ul|z for ||u]|zo. It is easy to see that F'*(£2) form an algebra under multiplication and F°() is
referred to as the Wiener algebra [8].

2.1.1. Gevrey class of functions
We say that a function v € C*°(Q) is in Gevrey class Gev(a; 0) if

m! \°
a
where m = (myq,- -+ ,my) € N is a multi-index, m! = my!---m,! and jm| = ", m;. The analytic Gevrey

class corresponds to 8 = 1, in which case, the function u is real analytic with uniform analyticity radius «
for all x € Q. In case 0 < 6 < 1, the functions are called sub-anlytic. For a function v € H, its Gevrey norm
is defined by

1/2

0 0
[ulls a0 = A% 12 = |4 ull, = S kP a2 |
keZ3\{(0,0,0)}



where o > 0. The connection between Gevrey class and Gevrey norm is given by the fact that (2.3) holds
for all z € Q if and only if ||ul|s,a9 < 00 [46, 47]. In case @ = 1, this is equivalent to the fact that u is real
analytic with uniform radius of real analyticity a. We will denote

Gu(s,;0) ={u € H: |ul

s,0;0 < OO},

and in case 6 = 1, for simplicity, we will write Gu(s, ) instead of Gu(s, ;1) and we will denote ||ul|s,q:1 as
Jull . Clealy,
Gu(s,a) C Go(s,a;0) C H™(Q) forall0 < < 1,s € R,m € R.

If uw € Gu(s, @), then clearly
(k)] < e *Mfulls 0,

and therefore, the uniform analyticity radius « establishes a length scale below which the Fourier power
spectrum decays exponentially which in turn relates it to the Kolmogorov decay length scale in turbulence
theory (8, 21].

The maximal analyticity radius for a function u € H?® is defined by

Amaz () = sup{a > 0 : ||[ullqa,s < 00}.
One can check easily that A4, (1) is independent of s.

2.2. The Functional differential equation

Let II be the orthogonal projection from L? onto the subset of L? consisting of those functions whose
weak derivatives are divergence-free in the L? sense. A is the Stokes operator, defined as

A = —TIA. (2.4)
B is the bilinear form defined by
B(u,u) =II[(u- V)u]. (2.5)
Then, the functional form of the NSE can be written as

d
di: + Au+ B(u,u) = 0. (2.6)
2.8. Main results

We will now present our main results. Here, we denote by c all the dimensionless constants which are
independent of s, while all the dimensionless constants which depend on s are denoted by c;.

Theorem 2.1. Let u be a strong solution of (2.2) with initial condition u® € Gu(s, Bo)(R), for some s > 1,
Bo >0, and 0< 3 < % If |u®s.5, < cs, then SUD; ¢ [0,00) [l 50456 < 00
If |[u®s,8, > cs, define

1
T* = sup {T >0 sup [[ePorBPOAZy 1), < oo}.

te[0,T]
We have
0|25~
T > I !s,ﬁo X (2.7)
T — s> 5.
w1z 4, 2



Moreover, if T* < oo, ||eWBotBOA2 4 (1)||s will blow-up at the following rate

1

1 —Lyr, §<s<3
[ePotBOAZ )|y 2 ¢ T T

2.
s> 3. (2:8)
(T*—1)2 2
Proceeding as in [7, 21], we can optimize over the choice of § to obtain a better lower estimate of the
analyticity radius.

Theorem 2.2. Let u be a strong solution of (2.2) with initial condition u® € Gu(s,Bo)(Q), for some
1<s<32and By, B>0. Whente [0,t*)

8,
ez "||u(0
”u' s.Bo+ Bt S ” ( )| s,80 =
2cg #4—1 252 t 4
= 2 lu(0)1 7, (55 1)
where
. 2s—1 32
t* = 7252 log 1—}—7#471
2¢,[|u(0)[ 5%,

2

Moreover, for the optimal choice of § = \/205||u(0)||82f?§, with ¢ being the positive solution of —ﬁ log(1 +
) + ﬁ =0, a lower estimate of the analyticity radius is given by

Am(n“(u(t*)) Z BO +cs

[u(0)]

Remark 2.1. Let uo = > n<5j<en a(k)e’*,1 < ¢, with 3, |a(k)|?> = 1 and observe that [lul|s ~ N°.

Then by Theorem 2.2 the lower estimate of the (gain in) analyticity radius is given by C‘ZS . The lower
Nz1

2 -
2s—1

s,80

c
estimate in [21] in this case is N—g, which corresponds to s = 1. Clearly, this lower estimate improves in our

case if one considers 1 < s < % However, one cannot take the limit as s % in this estimate as ¢; — 0.

Corollary 2.1. Let u be a strong solution of (2.2) with initial condition u® € Gu(s,ro;0), for some s >
1,10>0, and 0 <0 < 1. Let

0
T" =sup{ T > 0] sup [le™* u(t)][s <oop.
te[0,T]

IfT* < oo, then as t / T*, limy s |u(t)||s = 0o for any s > . Moreover, ||u(t)||Gy(s,ro:0) blows up at an
exponential rate at T*.

Theorem 2.3. Let u be a strong solution of the Navier—Stokes equations (2.2) with initial condition u°® €

H*(Q), for some s > g Let 0 < 5 < %, and define

1
T* =sup{T >0| sup [e"**u(t)|s < oo}
t€[0,T

(1) If

[u]]s

_2s
> ¢,3™ % min {1, v ." },

7

[[u®l| 2



then

0 -5
T* > cymin {1, |[u®|;4} ( s ) .

[[ufl] 2

(i) If
[[u]]s

_4s . —2s
[|u®]| 2 <efT mm{l’ ] " }’

then

T > min{2,22/5},

5
_ 0 T 2s
where Z = ¢; min {17 ||U0||Z‘21} (H‘lﬁ’l\l‘;z) .

Theorem 2.4. Let u be a strong solution of (2.2) with initial condition u°® € H*(Q), for some 3<s< B
Let 0 < 8 < L, and define

27

1
T* = sup {T > 0] sup [P u(t)||s < oo}.

te[0,T]
(i) If
0 Cs
ul|s > e
Il 2 i
then .
T > .
a7
(i1) If
0 Cs
U|ls < ——=1>
Il <
then
T > min{./\/,./\/'l/Q}7
c
where N\ = ————.
a0

Remark 2.2. The differential inequalities for the evolution of the Gevrey norms leading up to the proofs of
Theorem 2.3 and Theorem 2.4 are non-autonomous and much more complicated than that of Theorem 2.1.
Consequently, finding an optimal 3 leading to an improved estimate of the analyticity radius as has been
done in Theorem 2.2 is difficult. Thus, it would be of interest to find an improved estimate of the analyticity
radius for s > % by optimizing over the choice of 5.

Remark 2.3. Following the technique presented in Theorem 2.4, we present in the corollary below an
alternate proof (i.e. different from the ones in [16, 18, 19, 44, 49]) of the existence time/blow-up rate in
spaces H? for the entire range % <s< % which in particular shows that the case s = %, which appears as a
borderline case in [16, 18, 19, 44, 49] is not really a borderline in our approach.

njot

Corollary 2.2. Let u be a strong solution of (2.2) with initial condition u® € H*(Q), for some s € (1,
Define

).
T =sup{T > 0| sup |ju(t)|s < oo}
t€[0,T]

8



Then

R
[
Moreover, if T* < co, then
Cs
u(t)||s > —————. 2.9
Ol > (29)

The rest of the paper is organized as follows. Section 3 provides the background and setting for our
analysis. In Section 4, working on the velocity equation, we obtained new commutator estimates of the
nonlinear term in Gevrey spaces. Using these estimates, in subsection 4.1, the existence time and blow-up
rates have been obtained for |[u[|gy(s,g,+s1) When s > 3, s # 3. We have also obtained an improved estimate
of the analyticity radius for ||ul|Gy(s,g,+s1) When 3 < s < 3. In subsection 4.2, we improve the existence
times in the Gevrey classes when s > g In Section 5, working on the vorticity equaiton, we improve the
existence times in the Gevrey classes when % <s< % Section 6 is the Appendix which includes several
proofs of several requisite lemmas& propositions.

3. Preliminaries

We recall the definition of strong solutions from [51].
Let V = {u € H}.(Q),u is periodic, and V- u = 0 in Q} and ug € V, u is a strong solution of NSE if it
solves the variational formulation of (2.2a)-(2.2¢) as in [17, 51|, and

u € L*(0,T; D(A)) N L>(0,T;V),
for T' > 0. The following lemma will be used in this paper.

Lemma 3.1. [50] Let 1 < p < o0, if 51, $2 < ﬁ, 81+ 82 >0, and s1 + so > ﬁ — %, then

l[w* vl 45 —zp < Corosomplltells, pllvllss.ps (3.1)
forallu eV, , andv €V, ,.

In our current setting, we have n = 3, p’ = 2, p = 2. Since we mainly work in the Gevrey spaces, we
will need another version of the above lemma.
1 -
Lemma 3.2. In three dimensional spaces, for s1, so < % and s1 + s2 > 0, u = e**?u; € H* and
1 .
v=e?y; € H2, we have

|'Ul||52,o¢- (32)

||U1 *v1||sl+52—%,a < ||U*UH51+52—% < 051752”11‘1“517&

Lemma 3.3. [/4] If X < X' and X(t) — 0o ast — T, then

02 (=)

Lemma 3.4. [49] If0< s <3/2+7 < sy and u € H** N H*?, then u € F" and

lull e < efull G232 (a0 oy | (/2T s) 2, (3:3)



Lemma 3.5. [49] Suppose that the local existence time in H*(R3) depends on the norm in H®(R?), with

/

Cs

Ts(up) > ———.
HUOHHS(R3)

Then

5—2 2 —5/2
Tu(uo) = esluoll sy * luoll 32 20,

In case the solution blows up at time T < oo then

5—2s)/5,_2s
(T = )| o sy > esllu(T = )| Gz} P2/,

We also need the following nonlinear generalization of the Gronwall inequality, which applies to the case
of a nonlinear but positive vector field. For the proof, see Theorem 2.4 of [36].

Lemma 3.6. [36] Suppose that F(u,t) is a Lipschitz continous and monotonically increasing in u. Suppose

d
that u(t) is continuously differentiable, and ﬁu(t) < F(u(t),t) for all t € [0,T]. Let v be the solution of
d

%U(t) = F(v(t),t), v(0) = u(0), and define

T* = sup {t > 0| supo(t) < oo} .
[0,1]

Then u(t) < v(t) for allt € [0, min{T,T*}].

In addition to the previous lemmas, we will also need to make use of several standard inequalities, which
we present here for convenience.
Young’s inequality for products says that for nonnegative real numbers a and b and positive real numbers

a? b4
p and ¢ satisfying %Jr% =1, we have: ab < —+—. We will frequently use Young’s inequality with p = ¢ = 2:
p q

a®  b? a?  eb?

ab < 5 + 5 Young’s inequality with € > 0 will also be used: ab < 5 + -

Holder’s inequality for sequences generalizes the Cauchy—Schwartz inequality. It states that for p,q €
[1,00) satisfying % + % <1

S o < (z |) (z |ym)
k=1 k=1 k=1

The following energy estimate for the incompressible NSE (due to Leray) is essential, and allows us to
bound the L? norm of any solution of (2.2) by that of its initial data

t
lu(t)ll= + 2/0 IVu(s)lIF2ds < [[u’]Z-- (3-4)

4. Estimates on the velocity equation
We start from the functional form (2.6) of the NSE
ut + Au + B(u,u) = 0.

We can obtain the following estimates for the nonlinear term. The proofs of the following two lemmas which
provide the main estimates of the nonlinear term are in the Appendix.

10



Lemma 4.1. (i) For Vs >0, and YVu € Gv(s + 1,a) N FY, we have
2aA3 A3
|(B<u7u>,ASe o u)\ < calle™ ol o100
(ii) For Vs > 1, and Vu € Guv(s + 1,&) N F!, we have
2aAZ A3 2 Az
\(Bw,u),ASe o u)] < calle™ B ull gl o + caalle® ull g full ool

and consequently,

1
‘(B(“’“”Asem )’<cs||eaA2u|F1||u||w+cs et il + 2l

1
We also obtain the following estimates on || u/| 2.

Lemma 4.2. For all s > 0 and for all u € Gv(s,a) N L?,

1
H@DLA2U||L2 S \/EH’U,HLZ + (201)8”“”37&.

4.1. Euistence time for ||ul|y(s po+pt) when s > %, s # 3

(4.3)

In the proofs below, we follow the customary practice of providing a priori estimates which can be
rigorously justified by first obtaining these estimates for the finite dimensional Galerkin system, the solutions

to which exist for all times, and then passing to the limit.

Lemma 4.3. When s >0, By, B >0, the solution, u, of (2.2) with initial data u® € Gv(s, By) satisfies the

following differential inequality

l
e T T

< o le® 4 ) ollul s el ot
Proof. Starting from the functional form of the NSE

u + Au+ B(u,u) =0,

1
and taking inner product with A%e2(FotFYAZ e have

(dt Ae 2(50+61) 4% ) + (Au,Ase2(ﬂ°+Bt)A%u> + (B(mu),ASez(BUJ“Bt)A%u) =0.

We can explore (4.5) term by term. For the first term,

1 1 1

<(Ciil; A8 e2(BotB)AZ ) _ ;jt”A e(Bo+51) §u||2 ﬂ(As+%e2(ﬁo+Bt) 3 ,u)

1

1 1
= 2 SlAzelrormAt 2, g adeGersnaty2

For the second term of (4.5), we can write it in terms of the Gevrey norm

(Au,Aseg(ﬁoJ“ﬂt)A%u) = (AgAée(B”ﬂt)A%U,AE‘A;e(B‘J*B”A%U) = [lullZ11,g0 4600

11
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For the third term of (4.5), applying (4.1) with o = 8y + St, we have

1 l
‘ (B (1, 0), A2 2047 “)‘ < calle® 04yl ol gyl

Substituting (4.6), (4.7), and (4.8) into (4.5), we have (4.4).
Proof of Theorem 2.1. With 0 < g < < =, we have

Bl A elBotBOAT 2 ||6 (Bo-+B1) %u”z
When s > %, we have
oot o < yfletBoron by .
Therefore, (4.4) becomes
5 dt H ||s Bo+8t T ||U||s+1 Botpt < Cs||u||57ﬁo+[3t||u|‘§+1,ﬁo+ﬁt-

If ||’LL ||S Bo

_257

Now suppose [|u°]|s.5, > 263. Then we have the following cases.

1
(1) 3 < s < 3: Applying Lemma 3.4 on eBotBHAZ  with r =0, s1 = s, and so = s + 1, we obtain

e P e At

Therefore, (4.4) becomes

+1/2 5/2—
22 g+ 3l e < el S
Apply Young’s inequality and after simplification, we have
ey
S llls,poree < csllull s g

then 4 ||u||2 Sorpr S <0, |Ju|ls,8,+p¢ remains bounded for all time and ||ul|s,g,+5: < ||©]ls,8,-

(4.9)

Considering the blow up time T of ||u||s g,+p:: if T* < o0, then, as t /' T*, applying Lemma 3.3, we have

1 c
[Pt u(t) |y > T

(T —t) =
This is equivalent to

T 5 L
|| 0| 25—1
5,80

(2)s > 2: We have

1

l
||6(ﬁo+ﬁt 2u||Fo < ¢q ||6(Bo+ﬂt) 2U||s,

therefore, (4.4) becomes

H ||s Bo+8t T ||U||s+1 Botpt S Cs||u||z,ﬁo+5t||“Hs+1,ﬁo+ﬁt‘

12



Apply Young’s inequality and after simplification, we have

g ltlls,porpe < csllullf gy
Considering the blow up time T of ||ul|s g,+p:: if T* < oo, then, as ¢ /' T*, applying Lemma 3.3, we have

(50+Bt)A2 S
e s T
H Wl >

This is equivalent to

* CS
> .
[0l 5,
O
Proof of Theorem 2.2
Proof. We start from:
1 1
D) dt” ||s JBo+Bt — BHA“e(BM_ﬂt)Az“Hg + ||U||§+1,ﬂo+,8t
< e Pyl ol s el st
Applying (4.9), we have
1 1
Tl o — Bl AT 2 2, (1.10)
+1/2 5/2—
< CSHu”;ﬂa-ﬁ-ﬁt”u”S-/i-l,;o-i-ﬁt'

1
Since ||A%e(60'*'ﬁt)’42 ul|2 < ||ulls,po+pelltllst1.60 15, applying Young’s inequality, we have

; 5 1
5”1446 (BotAi)A 2u||2 < 7”“”9 ,Bo+5t §Hu||§+1,ﬁg+ﬁt'

Moreover,

S+1/2 || ||5/278 2(2e41)

S 2
5,80+t s+1,B0+8t < csllull ,Z)ﬁOJrlﬂt +5 ||u||s+17ﬁ0+5t'

Therefore, (4.10) becomes

11” 2(22354-11) 62
2dt

s,Bo+pt = CSHUHS BotBt T 5 Huni,ﬁ(ﬁﬂtv
or equivalently, since ||u|s,g,+s: 7 0 for all ¢ > 0, we have

RN
,5§+ﬁ1t + 5 ||U||s Bo+Bt-

%”u”sﬁo-i-ﬁt < cslu

2
Multiplying both sides by e~ ¢, we have

d

_ 82 2p% _B2 _4
ﬁ(e 7 ulls,gorpt) < cse® 1 (e ulls go4p) T

13



Consequently,

2,
ez "u(0)| s
s,B0+Bt < 4Ol : (4.11)

2s—1
(1 ~ 2 ()

_4 252 4
25—1 a1t _
5,80 (e 1

This implies that ||u||s g,+p¢ is finite on the interval [0,t*), where

[l

2s — 1 2
po By

232 TooT
b 2¢, |u(0) 7,

Choosing t = %, then the associated analyticity radius A is

t* 2s —1 2
52 =fo+ log 1—1—674

4 25—1
p 2¢, [u(0)] 7

A= B+

The value of 8 that maximizes )\ is given by

2

B = V26|[u(0)[|5%, <,
where ¢ is the positive solution of the equation
L (1+¢) + 0
——1o =0.
257 U T T
The corresponding analyticity radius at t = % is
1
A=fo+cs(2s = 1) ————.
2s—1
[u(0) 57,
O
Proof of Corollary 2.1.
Proof. Assume that T# < co. Then clearly
lim sup ||ul|s,re:0 = o0. (4.12)
t T

Assume that limy s ||u(t)||s # oo, then, liminf, »ps |lul|s < 0o and there exists a sequence {t;}22; with
t; /T* and |lu(t;)||ss < M < co. From Theorem 2.1, it follows that there exists T > 0 such that

sup ||u(t; +1)|ls 8t = Kn < 00. (4.13)
tE(O,TIW]

Choose t;, satisfying t;, < T* < t;, + Tas. Let 26 = T* — t;,. Then, due to (4.13), we have

sup ”u(t)”s’,ao S KM, (414)
te(tj,+6,T+)

where ap = 6. Observe now that for any s,s’,r9,0 > 0 and 0 < 0 < 1, Vo € Gu(s, ), it’s also in
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Gu(s',19;6). We have
[V]ls7,r036 < Cst,5,m0,00 105,00 (4.15)

From inequalities (4.14) and (4.15), we obtain a contradiction to (4.12). Therefore, lim; ~p: ||u(t)|ls = oo.
Consequently, due to [4], the subanalytic norm will blow up exponentially.
O

4.2. Existence time for ||ulgy(s,pt) when s > %
We will need the following two lemmas to proceed.

Lemma 4.4. Consider the differential equation
d = s—3 2 s—
0= e ¢ e (B1)° T3 4 e (B¢ a5, (4.16)

with initial condition ¢(0), for s > %, 0<pB< %, and the local existence time Ty < oo.

When ¢(0) > csﬁ_% min {7%,7_%}, it holds that

c min{ =5 ’1}
s gl »

T :
S

(4.17)

When ¢(0) < s~ % min {7%,7_%}, it holds that
T; > min {Z, 22/5} 7 (4.18)

Cs Min {72%5, ’y_l}
¢(0)

The proof of the above lemma is provided in the appendix. In the next lemma, we establish the crucial
differential inequality associated to the evolution of the Gevrey norm.

where Z =

Lemma 4.5. When s > g and 0 < 5 < %, the solution, u, of (2.2) with initial data u® € H* satisfies the
following differential inequality

d +5, 1-5 s
gpllls,se < esllully gy lull 2 > +es(8t)°7 [ull3 pe
143 2-5 _
+es (B2 ully 57 lull 2 * + s (B> ull3 ¢ (4.19)

Proof. Taking inner product with A%e2%#4?y of the NSE and applying (4.3) with a = B¢, we get

1d 1 1
5@\\“”5,& — BIATP A uZ + ullZyy g, (4.20)

1 1 1
A A
< cslle”  ullplull? g + es B A ulF ull? 5 + S lullZer pe-

1 1 1
When 8 < 1, applying the Poincaré inequality, we have BH%ﬁeBtA2 ull? < 5”66“12 ul|Z, .
Therefore, (4.20) yields
Ld, o BtAZ 2 2,21 BtAT 12 2
3 glullspe < eslle™ " ullmllully e + s B¢ €™ ullpallully gy (4.21)
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Applying Lemma 3.4, in (3.3), and taking 7 =1, s; = 0, and s = s in (3.3), for 2 < sand u € Ly N Ho,

we obtain
s=3
ull pr < cllull 5

1
Replacing u by e#*42, it follows that
1 1 _5 i 5
1e74% < A% |, > P4 ul| 2. (4.22)

Squaring both sides of (4.22), we have
1 1 5 1 5
1”42 ull T < clle® 4 ull s " [l 4 ulls (4.23)

Substituting (4.22) and (4.23) into (4.21), we get
(4.24)

1d 245 A% 2-8
24 HUHQ,Bt cslle U||L2 ’5? + csﬁ2t2||em ’ ull7. ® s ﬁt .
blff) for a,b,c > 0. Therefore, applying

=30 < cq(at

ptA3

When s > 2,1 — 2 > 0, we have (a + b)

Lemma 4.2, we have
(4.25)

- 1—5 5 1 1—2
< eallull ¥+ s (BT E | s

BtAT 1
€75 ull 2

5), we obtain

Similarly, since 2 — % >0, (ie. s>
(4.26)

1 _5 _5
s s S
BtAZ 12 < 2 31)25—5 || BtA2
”e u||L2 = CS||U||L2 CS( ) ||e ||

Substituting (4.25) and (4.26) into (4.24), and after simplification, we have

1d 2+ 2
| Cs||U||s;a§S ||UHL22 +ca(Bt) 3 [|ull? 5

2.dt
2_5
+ea (B0 ull255 lull 32 + ea (B0 ull 5,

which leads to (4.19).
Proof of Theorem 2.3. From Lemma 4.5, we have

d 1+5, 1-2 _s
gplllls,se < esllully g7 u||L2 = 4 s (Bt)° 2 |ull? g

2—* s—
+ ea (B0 lull 5 ull3a * + ea (8622 ull? 5,

. Using the energy estimate (3.4), i.e., ||u(t)|rz < |[u°| 2, we have

d 1+2 _5
Zlulls s < esllully 5y + es (872 [ullf s,

+es(Bt)? ”uHsm'Y +es (B> 2 ull? g

Let 7 = [[u® ]2 ™

We will complete the proof using Lemma 3.6. Let ((t) solve the differential equation

= e Ly (B I+ e (B CTE 4 e (B3,
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with ¢(0) = ¢o = [[u°]s.
Defining the local existence time of |[ul|s g to be

Ty =supqt>0] sup |[u(r)|lss <oop,
re€l0,t]

and the local existence time of ¢ to be

ngsup{t>0| sup |§(7“)|<oo}.

relf0,t]

Then, using Lemma 3.6 we can say that ((t) > ||u(t)||s,s: for all ¢ € [0, min{T¢, T, }], and hence conclude
T, > T¢. Moreover, we assume T, < 00, so Ty < oo (actually, we can see this easily from the differential
equation of ¢). To obtain a lower bound of T},, we will now analyze T¢.

From Lemma 4.4, when 0 < 8 < %, we have the following.
Case (i): In case

_4s _2s  _2s _ds — 2525
||uOHS =(¢(0) > ¢s8™ 5 min {ry’zs—s,»y 5 } =c,37 5 mm{||uo||L2,||u0||L2 5 },

ie., if

u? _4s —2s
||HuO||; > 0% min {1, "] 27 }

it holds that

. 5 . 5 5 1 :

s min {72575 7_1} Cs mln{\|u0| 2, [ul) % } 0 —35

T, >T > 5 : = 75 =cmin {1, ||u°]2} < ”lg ls > )
¢(0)== [u0| 2 [[u] 22

1
Denoting the maximal time of existence of ||e?*42u||, to be T*, we have

[ulls \ "
. _ u *
T > cs mln{l, ||u0||L21} (||u0||;> .

Case (ii): In case

_4s . _2s _2s _4s . _2s-5
||UOHS:§(O)<CSIB 5 mln{'}/Qs—S,f}/ 5 }:Csﬁ 5 mln{||u0||L27||UO||L2 E },

ie., if
[[u®]ls

_4s —2s
[|uC]| L2 <efe mm{l’||“0HL25 }’

it holds that

T > min{ ,22/5} , (4.27)

5

- _ _ o\ "3
where Z = ¢, min {1, |Ju°[|;2} (Hlxél\l‘;z) :
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5. Existence time for ||u||gu(s,8t) When 2 < s < 2.

It will be more convenient here to study the evolution in Gevrey classes using the vorticity equation
instead of the velocity equation. As we will see below, this will enable us to avoid the borderline of the
Sobolev embedding encountered in [16, 18, 19, 44, 49]. The equation for evolution of vorticity w = V x u is
given by

wt + Aw + B(u,w) — B(w,u) =0, (5.1)
Wo(z) = w(z,0) = V x u°(z).

Here, the operators A and B are defined in (2.4) and (2.5), respectively.
Recall

1
aA2

[wlls,0 = [le®™ w5

Since ||wl]|s,a = [|ul|541,4, We are taking s = § + 1. We have the following estimates, proofs of which can
be found in the Appendix.

Lemma 5.1. For —% <5< % and w € Gu(§+ 1, ), we have

. 1 :+§ 3_3
(Bl 40400 < ol AL (5.3
Lemma 5.2. For —1 < §< 2 andw € Gu(5+1,a), we have
5 20A% 43, 13- S+l . 5-3
B(u,w), A%e wll < Cs”W”g,a HwH5+1,a +CSO‘H‘*’Hg,a ||W||§+1,a- (5.4)

We will also need the following lemma concerning existence time of a non-autonomous differential equa-
tion to proceed the proof of which is provided in the appendix.

Lemma 5.3. Let X (t) satisfy

d
ZX(1) = e XS (Bt X (5.5)

with initial condition X (0), % <§< %, 0<pB< %, and the local existence time Tx < 0.

When X (0) > B 2;1 , we have
Ty > — 2 (5.6)
X X(O) i
s
When X (0) < ———, we h
en X (0) T e we have
Tx > min {Q,QW} , (5.7)
Cs
h =—.
where ) X0) =

We can now study the existence time of the solutions of the NSE in the Gevrey spaces when % <s< g
First, we have the following Lemma.
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Lemma 5.4. When —% <s§< %, B > 0, we have the following differential inequality

1d

**H s+2 ——5 s+2
2dt

Wiz g = BllwliFyy e + lwllzpe < esllwlls g7 lwllZiy e + csBtllwlls s lwll 2 50 (5-8)

. 1
Proof. Taking the inner product of (5.1) with A%¢?%*42 ), we have

~ 1 ~ 1 ~ 1 - 1
(wt,AseQBtA2w> + <Aw,ASeQBtA2w> + (B(u,w),AsezﬁtAgw) - (B(w,u),AseQﬂtAzw) =0. (5.9

Similar to the calculation in Section 4, we have

s 1 1d
we, A% w ) = o |wlf2 gy — BllwlZ s g (5.10)
2dt
and
. 1
(Aw,ASeQBtAZw) = ||wl211 - (5.11)

Applying Lemma 5.2 with o = ¢ and combining (5.3), (5.4), (5.10), and (5.11), the estimate of (5.9)
becomes
2dt

5+3 -3 5+3 3-3
WliE g = BlwllZ 1 5 + lwlE o < csllwlls 7 ol 21 5 + csBtlwllz st lwllZ 1 g

Proof of Theorem 2.4. For 3 <s< 35 ie,$<5<3, weconsider £ <5< 2 and 5= 1, separately.
Case (1), 1 <5 < 3: Using Young S Inequahty, we have

5 3425
ceHstBt ol o < cllwlls 5 Tl e

and

csﬁtl\stgt ol o < es(Bt)T 1||W||s§§ : ||w||§+1,5t

Taking 8 < %, appliying the Poincaré inequality, we have

Blwliy o < 3 2wl Bt

Therefore, from (5.8) we deduce

d

1+25

1425
el pe < csllells 1 (BT lwolls 2"
After simplification, we have

d 3 =4 1+§%
Zlells e < sllwll 5T + es(80) 7T w1 ET (5.12)

Let X(t) be the solution of the differential equation

d

ZX(1) = e X T 4 os(Bt)FTX T (5.13)
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with Xo = X(0) = ||w°||s. Then, using Lemma 3.6, we have X (t) > ||w(t)]|s,5: for all ¢ € [0, min{Tx, T, }].
Here, Tx and T,, are the local existence time of X and ||wl|s g, respectively. Moreover, we can conclude
that T,, > Tx, and we assume T, < oo, also, Tx < oo.

From Lemma 5.3, when 0 < 8 < %, we get the following.
Case (1a): When

Cs Cs

||UOHS = ||w0||§ = X(O) > 2511
(B)—= (B)
it holds that
T, >Tx > —2 - % (5.14)
XOTF w077

Considering the existence time of ||wl|5,a: (i-e., ||ulls,ge): T, we have

T >Tx> — = — 2 (5.15)
Ol [lu®ll
Case (1b): From Lemma 5.3, when
Cs Cs
[u®]ls = llw’lls = X(0) < —F5 = —3,
3= B
it follows that
T, > Tx > min % % U in N R (5.16)
X)X (0) T

In conclusion, for Case (1ii), we have

Cs Cs

T* > min —— ——
Jufll 3% Nulll s

Case (2): when § =1, ie. s=2, (5.8) becomes

1d

5%\\60\@,& = Bllwllf i + lwll3 5, < csllwlli gollwlls gi + csBtlwlly gellwls 5,- (5.17)

Comparing the terms on the right hand side of (5.17), we can expect that there is a region (when ¢ and
w1, are both small), the term csBt[w||1 g¢llw(I 5 can be absorbed by lwl[% g,-
; ; 3.8t 3

Let ¢ =

| Q¢

and let t© as the solution of [wl[2 ge = 5. (If llw| 1 5; does not blow up, then the Theorem

Cs
holds. Assume [|lw||1 g, blows up, then such t9 exists.)

When 0 < t < t©, we have

¢ 1
[l < 5 = ol < g

and consequently, from (5.17), we obtain

1d
2dt

1
2 st Il gy < csllwl pullolly o0 + 7113 50

I3 g, — Bllew]
27B
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When £ < %, apply Young’s inequality to the above inequality and simplify it, we have

d d
L1l e < ol e = Dl < cslll]
Denoting Y'(t) = [lw]|1 s, then we have

d
Y < csY?3. (5.18)

The local existence time of Y is: Ty = sup {t >0]| sup |Y(r)] < oo} .
re(0,t]

We have t¢ < Ty < 0o, and when 0 < t < t©, we compare Y () with 1 (¢), where, 1(t) is the solution of
d 3
= 513, 5.19
gV =cv (5.19)
with ¥(0) = Y (0) with local existence time Ty, also Ty < oco.

Applying Lemma 3.6 on (5.18) and (5.19), we have

Y (t) < 1(t), for all t € [0,min {t°,Tx,Ty}].

v

Denoting the interception point of ¥(t) with g as ty, we have: Y(ty) = ti Moreover, t, <t < Ty.
Solving (5.19), we have

G(t) = ($(0) 7 — cst) /2. (5.20)
Therefore

This is similar to the result in (6.25) with § = 1. We follow similar procedure as in Case (1) and obtain
the results on the existence time.

O
Proof of the Corollary 2.2. From Lemma 5.4, when —% <5< %, we have the following inequality

1d 542 3_z sl 5_=
Sd 1250 — 5||w||§+%7gt FllwllZ a0 < csllwllzg? lwll 2y g + caBtlwllz sz Iwll 27 g0

low
When we conside the Sobolev space, we have 5 = 0. Applying Young’s inequality on the above inequality
and simplify it, we have

1d
2dt

2. 3428

5 3

2 < 1+2
lwlls < esllwlls ™.
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Applying Lemma 3.3 and considering the existence time 7% of |lw(t)||s, we have

_ 1428

(T = )]s > cst™ T = [lw(t)||s = es(TF — )3

If we take s =5+ 1, so % <s< g, it follows that

1423

lu(@)lls = lw®)lls > es(T* = )77 2 e(TF = )" T

This is equivalent to

Ths S
o
U

6. Appendix

Proof of Lemma 4.1.
Proof. (i) Let us start by observing

1 1 1
(B(u, u), Ase?aA? u) = (AS/Qe“A2 B(u,u), A%/?e04* u) .
1 1
We just need to estimate the term ||A%/2e4* B(u,u)||;2. So we consider I = | A%/2e*4* B(u, u)7w) ,

for an arbitrary w € H with ||w|/r 2 = 1. (In fact, we may take w € Gu(s, «), and then pass to the limit in
H. Accordingly, let w € Gu(s,a) with ||w||f2 = 1).
s i s i
(A?eaAz B(wu),w) = (B(u, u),A2eO‘A2w>
=iy (G- dw—y) (i - ) k] "]
ok

=iy (ki) (@ - wp) |k|*e*,
Gk

since G,—; - (k—j) =0.
The rest of the proof follows from the proof of the first inequality in Lemma 3.1 in [49]. We also use the
triangle inequality on the exponential function, namely,

ekl < galk=ilgalil

(ii) Starting from the relation

1 . 1 . 1
(B(u,u),ASeQO‘AQu> = (A2e°‘AzB(u,u),A2eaA2u>,

(B(u,u),ASe2O‘A2u> = (AgeaAzB(u,u) — B(u,ASeaAzu),AgeaA2u> . (6.1)



We need to estimate

Let us consider

for ||w||L2 = 1. (As before, taking w € D(Gv(s,a)) with ||w||z2 = 1, and then pass to the limit).
Using the Fourier expansion of u&w are given by

u = Z ajeij'””, w = Z wpet e,
JEZA\{(0,0,0)} k€Z3\{(0,0,0)}

It follows that
1 s 1
(AgeaAQB(u,u),w) = <B(u,u),A2e°‘A2w)
=iy (- ty) (it - i) |,

3.k
and
1 .
(B(u, AzeoA? u),w) = ’LZ(] ) (g )| ] *e!
gk
Combining the above two equations together, we have I = iZ(joﬂk_j)(ﬁj “W_y) <|k\seo‘|k| - |j|Sea|j|) .

Jik
Using the reality condition 1_j, = 0, we obtain an estimate for I given by

1112 3 5l w1l 1€ — |21 (6:2)
Jk

Define f by f(z) = x°¢®®. Then f'(x) = sx*"1e®® + x5ae®®. Taking n = alj| + (1 — a)|k|, where
0 < a <1, then n is between |j| and [k|. If [k < |jl, then [n| < |j| < j| + |(k — ) if |j| < [K], then
Inl < k| <|j|+|(k—7)|- Therefore, we have 0 < n < |j|+|(k—j)|. Also, when s > 1, s —1 > 0. Therefore,
after applying the mean value theorem and the triangle inequality, it follows that

[Kfesl¥l = |13 = | (o)l 1] = 1]
<1F itk ~ )
= [sn* e + e |(k — )|
— [ e (s + am)] |(k - 5)].

Replacing i by |j] + |I] with [ = k — j, we have
|15kl — |jjeel| (6.3)
< (|j] + (1) e Hlet (s + al | + aft]) I

Substituting (6.3) into (6.2), we can refine our estimate for I

1< D Lillaallg e (5] 1) e B (s ad| 3]+ i) 1

l,j
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=5 |l gl []71(7] + (1) e el

1,j
+ az Vg || |5 112]15] (5] + [2]) e e
1,j
<o Y Nl |l 12171151+ J2E el
1,3
s S Jallag e 11711515 + (1)) el
1,j
< e Y laullayl|ing]1°] e e
1,3
+esa Y [l |1 el el
l,j

<oy lile™Vag Y 1 e Ml ldn|
j .

+esa Y |jle a1 e ||
j .

< esllullsallwlez D lile™ i) + esallullsraallwllz Y 5le*Vay)|
J J

1 1

< CSHU aA?2 aA2

[s.allwllzz € ullpr + csallullsyrallwlL2]le® .

Therefore

) (B, avet)]

. 1 . 1 . 1
= ||A§e°“42 B(u,u) — B(u,A§eO‘A2u)||L2 . ||A§e°“42 Iz2

1
aA?2

1
< clle® ™ ull o lullZ o + esalle® ull el allulls.a-

This establishes (4.2). Moreover, after applying Young’s inequality, we obtain

1 1 1
csaHe"‘Az |u||s,a < CSO‘QHeaAQUH%N Hu”ia + §HU”§+1,(1'

ul| pr[[ulls+1,0

Therefore,
s QOLA% aA% 2 2 ozA% 2 2 1 2
B(u7u)7A € u < 08”6 UHF1||U||57Q+CSO( He u”FlHU’”s,a_'_§Hu”s+1,aa

which is precisely (4.3). O
Proof of Lemma 4.2.

Proof. For Ym > 0, if 0 < alk| < 1, then e®l¥l < e, and if a|k| > 1, we have e®/¥l < (a|k|)™eI*|. Therefore,
for V¢ > 0 and k, we have e*¥l < e 4 (a|k|)™ ¥ and €2l < e + (20|k|)™e2IH,
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Taking m = 2s, it follows that
1
||€aA2uH%2 _ ZGQQ‘kI‘ﬁkF < Z (6 + (2a|k‘)2562a|k\) |ﬂk‘2
k k
= Z el |* + Z(2a|k‘|)25620‘|k‘ ||
k k
Since va+ b < /a4 Vb, for a,b > 0, we have
e % ullr2 <[> elinl+ > (2alk])2se2e K iy |2
k k
< D elan+ [ (2alk])2oe2e M a2
k k
= Vellull> +  [(20)2¢ Y [k[2se2elH a2

k

1
= Velullzz + (20)°*[| A% ™47 u| 2
= VelullLz + (20)"||ulls.a-

Proof of Lemma 4.4.

Proof. Comparing the terms on the right hand side of (4.16), we can expect that there is a region (when
t and ¢ are both small) where csy¢ 1435 is the dominating term among the four terms on the right hand
side. In order to find this specific region, we compare c;y¢ 1+25 with the other three terms (note that ¢y is
positive).

1. Comparing cs’yc*% with cs(ﬁt)s”g2

_2s
if coy (2 > e (B)° 32, equivalently, ¢ < %

2. Comparing c,y(1t2s with cs(ﬁt)2 QCH‘%'

if coy¢ites > cs(ﬁt)272(1+ equivalently, ¢ <

cn"“

87
V¥ (Bt)F
3. Comparing ¢,y 2 with ¢, (8t)%73¢%:
2s
c 4s—5
if Cs’YCH% > Cs (ﬂt)2873<~37 equiva'lentIYa < < %
(Bt) 53
25(25-9) s s 1 1 1
Therefore, if ¢ < csmin{ﬂ ﬁ_i 8- = } -min{vﬁ,v‘%mﬁ} 'min{ts74.s725(293)}5
ts a5

then the first term (cs'ng%) is the dominating term among the four terms on the right hand side of (4.16).

5 4s 2s-(2s—3) —ds _4s 2s(25—3)
When s > 3, we have TS <s Therefore, when 8 < % 5 B =min< 5% 0 7/6’ Tds—5
Denoting
_4s . _2s _2s _2s _4s . _2s _2s
CS/B 5 1n{72s—57~>/ 5 ’745—5} :Csﬂ 5 min {725—577 5 }

m
1 1 1 1 . 1 1 1
—mln{ts,t4ss,m}.Whent>1:ts:mln{ts,t?,tzwgs)}.

c

When 0 < t < 1:

tu

4s5—5
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From (4.16), we observe that ¢ starts with positve initial data and is an increasing function. Moreover,

since ¢ oo as ¢t / T¢, it will first intersect either the curve t%; or the curve t% for some t; € (0,T;). We
have the following cases. 3

Case (i): when ¢(0) > ¢, then (1) > ¢. In this case, ((¢) first intercepts with the curve of t%? Denoting
the interception point as t¢, we have 0 < t¢ < 1.

Therefore, when 0 < ¢ < ¢, we have ((t) < % (csng%) is the dominating term among the four
ts
terms on the right hand side of (4.16). It follows that

¢ .
D < eyt 4
o < AdesC (6.4)

Moreover, when 0 < t < t¢, we compare ((t) with ¢(t), where, ¢(t) is the solution of

do 145
- =4 +3% .
o = e, (6.5)

with ¢(0) = ¢(0).
Applying Lemma 3.6 on (6.4) and (6.5), we have: ((t) < ¢(t), for all ¢ € [0, min {t¢,T¢,Ty}].
It follows that there exists a ¢, that

™

P(ty) = z (6.6)

S

Since ((t) < ¢(t), we conclude 0 < ty < t¢ < 1. Thus, the following relation holds: t4 < t¢ < T¢.
Solving (6.5), we have

5 _as
p(t) = (¢(0)7 > —csyt) "> (6.7)
s . _5 _2s L, —4s
Combining (6.6) and (6.7), it holds thz:t: (p(0)™2s fic:’ytqb) So=dcty®
After simplification, we obtain: ¢(0)7 25 — ceyty = ¢2 t<2i>'
Therefore
E5 13+ covty = H(0) 7. (6.8)

_5

Since ty < 1, i.e., t4? < ty, from (6.8), we have: ¢(0)” 2 < (6%’ + csfy) ty.

Therefore
s 1
P(0)72 < =ty, (6.9)
¢
1 e L _as . 25 _2s
where = = 2max {c 2 ,csy}. Since ¢ = ¢,~ 5 min {725—5,7 5 }, therefore
¢

o
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From (6.9), we have

~ ; S |
z Cs min {'y =5,y }
tg > 5 5
o(0)% ROE
Therefore
. T
¢, min {72575, 5 }
Te >ty > = .

|

¢(0)

s

cs min {’y%, ’y_l}
N ¢(0)=
¢ . .
If {(1) < ¢, in this case, {(t) first intercepts with the curve of et Denoting the interception point as ¢,

Case (ii): when ((0) < ¢, if ((1) > ¢, same as Case (i), we have Ty > t4 >

we have t¢; > 1.

d :
Similar to Case (i), we have: when 0 < ¢ < fc, @ < 4cs'y§1+2%, Also, when we consider ¢(t) as the

) dt
solution of

d¢ 145
- =4 s +35 610
o = des9E, (6.10)

with ¢(0) = ¢(0), we have: ((t) < ¢(t),for all t € [0, min {t¢, T¢, Ty }] .
Moreover, ty < te < T¢. If 0 <ty <1, same as Case (i), we have

Cs Min {’72575 ’ 7_1}

T<>t¢>

0)%
If ty > 1, then
c
Blt) = = (6.11)
¢
Solving (6.10), we have
B(t) = (6(0) 7% —cot) ™5 (6.12)
Combining (6.11) and (6.12), we have: ((b(O)_% - cs'ytqs)_% =cty”.
After simplification, we obtain: gb(O)_“‘% — Yty = &7 tiﬂ. Therefore
em )% + ety = $(0) 7% (6.13)
Since s > 1, then t4°/2 > ¢4, from (6.13), we have: cZ)(O)*% < (E%f + cgy) t4%/2. Therefore
e _ L5
$(0)" % < =t,5/2. (6.14)
¢
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Following similar analysis as Case (i), we have ¢ = ¢, min {’yﬁ, 'y_l} and

52/5 Cs min {’y 252—5 s 772/5}
$(0)F ¢(0)

Te >ty >

w =

Therefore, for Case (ii), we have
Tr >ty > min{Z, 22/5},

comin {575, 171}
where Z = _ .

Proof of Lemma 5.1.
Proof.

. 1 s b s 1
‘ <B(w, u), ASe2aA? w) ‘ = ‘ (AZeO‘A2 B(w,u), A2e4? w) ‘ (6.15)
< lw - Vaullsallwls,a-
When -1 <5 < 2

L 5 3, applying Lemma 3.2 with s; = 3£2% and s, = 328 we have: [[w - Vulsa <
ollolBazs
1

3—23

1+ 3—23
H s11.a- Therefore, (6.15) beomes

1428
Furthermore, ||w||%:25 o Sesllwllz o llwll
1 o«

B A§ QOLA% < ¢ # ¥
(w7u)v e w —CS”(‘L)”é,a ||w||§+1,o¢'

O
Proof of Lemma 5.2.
Proof. Starting from
- 1 s 1 5 1
(B(u,w), A362aA2w> = (AZeO‘A2 B(u,w), Aze*4? w) .
. 1 . 1

Since (B(u, AzedA? W), A2 e0A? w) =0, it follows that

_ 1 s 1 s 1 s 1

(B(u, w), ASeQO‘Azw> = (A?e‘”‘2 B(u,w) — B(u, A2e*4? W), A?e"‘Azw> =P (6.16)

Futhermore

5 1 5 1 . 1
(AS e“4? B(u,w), A2e4? w) = (B(u, w), ASe2aA? w)

=iy (- ) (@5 - @) R[S,

3,k
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and

= 1 5 1 = . =
(B(u,Aze“AQw),A%a“w) =iy (- ) (@) - @) R Sk,
J.k

Combining the above two equations together, we have
P =i (G i) (@ @) BT [k — [jfFesliT)
.k
Since w is divergence free, we have (k — j) - ti—; = 0 and

P =iy (k-ig_;)(@; - &)kl el (|k|§ealk\ _ |j|§ea|j\) ,
J.k

Since W_j = Wy, we obtain the estimate of P

[PL < 3 el 6 | [l e ¥ | el — (el
7.k

(6.17)

Defining f(z) = 2%¢®®, then f’(z) = 325 1e®® + x5ae®®. Taking n = a|j| + (1 — a)|k|, where 0 < a < 1,
then 7 is between |j] and [k If [k| < [j], then [n] < [j] < [j[+[(k—7)[; if |j| < |k|, then |n| < |k] < |j|+[(k—j)|.

Therefore, we have 0 < n < |j| + |(k — j)|. Applying the mean value theorem, it follows that

hffe il — |jjfeeli

= [ Ikl =13l < [ IIE = 4)]
= (3" e + nPae™)| |(k — j)|.

Therefore, taking I = k — j, (6.17) becomes

IPL< Y [kl o [kl 7e ™™ | (3n* e+ nac )] |l

I+j=k

<131 S el @15 gt en
I+j=k

ta > Ikllallagl@nl kP ) e
I+j=k

=P+ PB.

We first analyze Py = [3] > [kldu]|a;| |||k 7e* [n] " en]i].
I+j=k
Case (i): When —1 < § < 1, since || = alj| + (1 — a)|k|, 0 < @ < 1 and we have
Case (ia): if |j| < |k|, then |n| > |j|, we have: \n|571 < |j|§71
Moreover, since 0 < 7 < |j| + |I|, we have: e®" < eVl Taking 0 < & < 1, it follows that

Pr< 3] Y Tkl i [k|Fe™ |1~ et )
l+j=k
< [81 Y (ROl leM) - (1715 1 eFT) - (] [kIFHe )
l+j=k

< [3][Jwr * wall g1 lwll 546,05

29



where

lonlZs = 3 @l2e® M, wal2s = 3 [1PCD]an e,

l l

When —% <§<1and max{% - 5,0} < 0 < 1, from Lemma 3.2 with s; = % and so =

we have
e el s < cxllon sz fwallszgmas = cllolBaseas .
Therefore
P < C§||w||%+2ifzé,aHWHéM,w
When —% < § < 1 with max{% — §,O} <6< min{% — 8, 1}, we have
2§+ —26
||w||w o < Ce||w|| ||w||s+1 o and [lwllsrsa < csllwlli o w20
Therefore
26+ § 25§ —2
P < C§||w||~ ||w||s+1 o ||w|| AeollEsra
= CSHWH ||W||s+1 a*
Case (ib): if |j| > |k|, then |n| > |k|, we have: |n|*~" < [k[5~".
Therefore
Pr< |3 D [l ||l |5e k|5 telolec
I+i=k
<13 D> Rl - (@g]e*HT) - (o [k]*e)
I+i=k
< [3lllwr *will s [wlls,a-
When —1 < § < 1, from Lemma 3.2 with s; = 3125 and sy = 2£2% we have: [w; *w ||z <
Therefore P < cSHwHH% lwlls,a-
Since
23
leoll3s2s , < Cs||w|| ||w|\s+1 o
.
we have: P; < CQHwH ||(.u||S+1 o

Case (ii): When 1 <i< 3 since || < [j] + ||, we have: [n*~" < (|5] + |I])*

30

7—25—25
4

(6.18)

3

sllollBias



Therefore

Pr<s ) [klfalg el efe ¥ (] + i) ePle

l+j=k
<ess Y lulle™) - (1311 4 L) - (e - (@nl ke )
I+j=k
<css D0 [RI(ulale™) - (17 @sle ) - (op Ikl M)
I+j=k

< C§§||wl * WQ”Hl ||w||§,a~

When 1 <35 < %, from Lemma 3.2 with s; = 3+TQ§ and sy = 7125, we have

lwn s wall g1 < esllwn]|asas lwal 22 = esllwl3eas ,

From (6.18), we have: P1 < csllwl; 2 [[wllz3) o

.o . . .o 1 ~ 3
Combining case (i) and (ii), when —5 < § < 3, we always have

Therefore, P; < cg||w||3:2s
4

3423 3—23

P <cslwliza wllsfya: (6.19)

Next, we can analyze the estimate for

Po=a Y [klldllay]|@nl k5 e ] en]i].
I+j=Fk

Case (a): 0 < § < 2, we have: In|* < (|j] + |I])®. Therefore,

Py<a Y [l @l kFe™ (1] + fil)Fe et i)
I+j=k

< csa Y [kl | el ke M (1517 + [1fF)eblet i)
I+j=k

<csa Y [k fiul |y k[Fe M i Fe e
I+j=k

<csa D[RO e ) - (jds el - (| |K[F etk
I+j=Fk

< czallwr * wsl g1 l|lwllz46,0

where [|ws|3: = Z|l|2§|@l|2620‘“|. When 0 < § < 2 with max {§— 1,0} < § < 1, from Lemma 3.2 with
1
5+25—2) 5—2§ —25
= L, and sy = 2720758 We have

51 A 1

le * w3||H1,5 S Cglell 54+25-26 ||OJ3|| 5-28—25 — C§|‘WH%+2§_25 e
4 4 a4 El

Therefore, Py < c§a||w||%+2i,25 JNwllz46,a-
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When 0 < 5 < % with max{é—%,%—é,O} < 6 < 1, we have

+2‘ 1 —25-23
”W”M oS CusH [wllsiila  and  [wllsisa < Cs||w|| HwHS_H o
Thus
26+ .E 25—2
Pr<csalollyn® Nl ||w|| *wll3s1,0
+ 2
= csallwl3 5wl £

Case (b): —% <5<0.
Case (b1): if || < |k|, then |n| > |j|, we have: |n|” < |j|°. Therefore,
P <a Z IkHﬁl”@jH@kaFea‘k'|j|§e°‘|jleo‘|”|l|
I+j=Fk

<a > R eM) - (lag|e) - (@] k]FHoe )
I+j=k

< aflwr * wsl| gi-s |wl[546,a-
When —% < §< 0with 0 < é < 1, from Lemma 3.2 with s; = %__25 and so = #, we have

||(U1 * OJ3||H175 < Cgle‘l 5+28-25 ||o.)3|| 520225 = CHWH%’H—Z%Z&

fye%

Therefore, Py < cga||w||%,+2# a||w||g+5’a.
,

When—%<§<0with%—§<5<17wehave

+2s 1 _25-25
Hw”M oS Cs”wH [wWllzyi’e  and |wllsrsa < Cs||wH ||°J||s+1 o
we have
26+ § 25 —2
Py < csalwll; ,? ||w||g+1 o ||W|| w21 ,q
+
= csa|wllzq? lw Wl

Case (b2): if |j| > |k|, then |n| > |k|, we have: |n|* < |k|*.
Therefore

P, <a Z |k||al||@j”ak”k|§ealk\|k|§€a|jlea|l\|l|
I+j=k

<a Z [P0 (1] eI - (|o; €21 - (Jao || |5H0 eIk
I+j=k
< aflwr *wr gavi-sllwllsrsa-
When —3 < § < 0 with 0 < § < 1, from Lemma 3.2 with s; = s, = 52520 we have
llwr * wall gsri-s < cg\|w||%+2+25

e’

Therefore, P, < c§a||w||25+2%25 allwlls+s,a-
,
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When —1 < § <0 with § —5 < d <1, we have

+2s §—235
HWHM o < CsIIWH HWHSH » and [wllsrsa < cslwlli Wl o
Therefore
26+25—1 5-26-2
P <callwllz,? wllsiils ||w|| 2wll2 41,0
+
= csafwllz o’ lw ||s+1a

Combing Case (a) and Case (b), we have
S 1 (6.20)

Combing (6.19) and (6.20), when —% <§< %, it yields that

- 1
\(Bw,w),ASe?a“w)\ P=Pit Py < ol SR ol 2+ csallol SE w3

Proof of Lemma 5.3.

Proof. Comparing the terms on the right hand side of (5.5), we can expect that there is a region (when ¢
and X are both small), ¢z X 14199 s the dominating term among the two terms on the right hand side.
In order to find this specific region, we compare CgXlJrﬁ with c(g(ﬁt)ﬁXHﬁ.

If e X' T % > c5(Bt) 7T X251 then X < ﬁjﬁ
t) 2
Considering the function
cx
K(t) = X(1) - —2
(58) %5
From (5.5), we observe that X starts with positve initial data and is an increasing function. Moreover,
since X oo as t Tx, it will intersect the curve 075 Therefore, there exists a tx such that
(5 )2s+1
t) 2
K(tx)=0and K(t) < 0 when ¢t < tx. Therefore, when 0 < ¢t < tx and we have
dX
o < e X T = g X T (6.21)

When 0 < t < tx, we compare X (t) with ¢(t), where, ©(t) is the solution of

ng 14+ 4
=z e 6.22
ke (6.22)

with ¢(0) = X (0) and Ty, is the local existence time of ¢.

Applying Lemma 3.6 on (6.21) and (6.22), we have

X(t) < p(t),for all t € [0,min {tx,Tx,T,}].

C
From (6.22), ¢(t) will also intercepts with the curve ﬁ Denote the interception point as t,,, then
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t, <tx <Tx. To calculate t,, we have

Plty) = ——= . 6.23
( LP) (5t¢)2 2+1 ( )
Solving (6.22), we have
p(t) = ((0) T —cst) T (6.24)
Therefore: (@(O)_ﬁ - Cgtg;)_# = 07524»1
(Ptsa)T
After simplification, we obtain: ¢(0)” #% — ¢cst, = c;ﬁgti. Therefore
s B2 + csty, = (0) T, (6.25)
Case (i): when X(0) > 67;“, then, ¢(0) > % = (1) > C;H . This implies t, < 1, then
(B)~= (B)~= (B)"="
ti < ty, since B < %, we have
p(0) T < city, (6.26)
this implies: ¢, > LAL Therefore
(/7(0) 123
Cs Cs
Tx >t, > - = . 6.27
X = ©(0) e X(O)ﬁ ( )
Case (ii): when X (0) < 075'5“, then, ¢(0) < 07;;“ If (1) > —55r. This implies ¢, < 1, same as
(8)"=" (B)=" ®7
Case (i), we have: Tx > 0754
X(0) 28

)2

If p(1) < 7 S This implies ¢, > 1, then ti > t,, then (6.25) becomes

__4
p(0) T < st (6.28)
this implies ¢, > LQ Therefore
90(0) 1423
Cs Cs
Tx >t, > = . 6.29
T o X .
Therefore, in Case (ii), we have
TX > min {Qv Q1/2} )
Cs
where ) = —————. O
X (0)7+2#
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