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ABSTRACT

Partial molar volumes, energies, and enthalpies can be computed from NpT-Gibbs
ensemble simulations through a post-processing procedure that leverages fluctua-
tions in composition, total volume, and total energy of a simulation box. By record-
ing the instantaneous box volumes V' and instantaneous number of molecules N; of
each of n species for M frames, a large M x n matrix N is constructed, as well as the
M x 1 vector V. The 1 x n vector of partial molar volumes V may then be solved
using N - V = V. A similar construction permits calculation of partial molar ener-
gies using M instantaneous measurements of the total energy of the simulation box,
and N - U = U. Partial molar enthalpies may be derived from U, V, and pressure
p. These properties may be used to calculate enthalpy and entropy of transfer (ab-
sorption, extraction, and adsorption) for species in complex mixtures. The method
is demonstrated on three systems in the NpT-Gibbs ensemble: a highly compress-
ible natural gas condensate of methane, n-butane, and n-decane, the liquid-phase
adsorption of 1,5-pentanediol and ethanol onto the MFI zeolite, and a relatively in-
compressible mixture of ethanol, n-dodecane, and water at liquid-liquid equilibrium.
Property predictions are compared to those from numerical differentiation of simu-
lation data sequentially changing the composition and from equations of state. The
method can also be extended to reaction equilibria in a closed system and is applied
to a reactive first-principles Monte Carlo simulation of compressed nitrogen/oxygen.
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1. Introduction

Partial molar properties are thermodynamic quantities of mixtures that indicate how
extensive properties vary with changes in molar composition when temperature and
pressure are kept constant [1-3]. Partial molar properties can be leveraged to study
the thermodynamics of multicomponent mixtures (especially liquid) and to design
new chemical and biochemical processes [4-11]. Separation systems [12], physisorp-
tion and chemisorption processes, and reactive systems [10, 11, 13] can benefit from
understanding partial molar properties.

CONTACT Tyler R. Josephson. Email: josep180@Qumn.edu



The partial molar property, X; is a measure of the response of the extensive property
X to changes in the number of molecules N; of species i as Nj.;, T, and p are held
constant (Eq. 1). Generally, X; is a function of 7" and p and may also depend on the

composition of the fluid, z;.
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Experimentally, partial molar properties are measured using numerical differentia-
tion. Small amounts of a pure component are added to a mixture and then a change
in volume or enthalpy is measured with calorimetry [14]. Alternatively, an equation of
state (EOS) is fit to experimental data, and partial molar properties are evaluated by
solving EOS calculations [15].

Thermodynamic properties can also be predicted using molecular simulation, with
tools such as molecular dynamics (MD) and Monte Carlo (MC) simulations. MD is
most conveniently applied for closed systems, and a trajectory is generated according
to the laws of Newtonian physics. In MC, the Markov chain trajectory is generated
stochastically. Multiple statistical mechanical ensembles are available in MC simula-
tions; the Gibbs ensemble (GEMC) [16-18] is particularly valuable for its ability to di-
rectly simulate coexisting phases in equilibrium. For example, to simulate vapor-liquid
equilibrium (VLE) for a single-component system, a two-box NVT-GEMC simulation
uses a low-density vapor box in equilibrium with a high-density liquid box. Within
each box, MC moves sample the distribution of positions, orientations, and conforma-
tions of the molecules. Volume moves adjust the vapor/liquid volume fraction while
keeping the total volume fixed, and molecules are swapped between boxes to reach
mechanical and chemical equilibrium. These computational techniques can be predic-
tive of experimental observations when accurate, transferrable force fields are used,
such as TraPPE [19], OPLS [20], and CHARMM [21].

Several methods have been developed for predicting partial molar properties in
molecular simulations. The experimental method discussed previously, numerical dif-
ferentiation, can also be used to compute partial molar properties via simulation by
numerically differentiating the total property while changing the number of molecules
of the component of interest. For multicomponent systems, this method is not com-
putationally efficient because of the number of independent simulations. Its accuracy
depends strongly on the uncertainty of the total property, requiring long simulations
[2, 22-26].

In the direct method, Frenkel et al. used the Widom test particle insertion method
(WTPI) [27] alongside molecular simulation to directly compute partial molar volume
and enthalpy in a single MC simulation in the NpT ensemble [24, 25]. However, this
approach is ineflicient for dense systems, and impossible when trying to insert large
molecules [24, 28-32].

Alternatively, the difference method, also based on WTPI, can be used to avoid some
of the sampling issues of the WTPI method by using identity changes between two
molecule types [24, 25]. However, problems with this method occur if the molecules are
very different in size or have very different interactions with the surrounding molecules.

Recent work by Rahbari, et al. showcases Continuous Fractional Component Monte
Carlo (CFCMC), which is used to facilitate transfer of large molecules into dense
systems [33]. In a CFCMC simulation [34-39], particle insertions take place gradu-
ally, which improves the efficiency of molecule exchanges. This method also allows




computation of chemical potentials without the use of test particle methods, and
post-processing is used to compute the chemical potential or its derivatives [33].

An alternative paradigm is to use Kirkwood-Buff (KB) integrals [1, 22, 40-42]. Un-
like other theories, KB integrals do not invoke assumptions about pairwise additivity
(i.e., other theories assume that the total potential energy is only a sum of all two-
body interactions within the system, neglecting the contribution of the many-body
terms). However, KB integrals cannot be used for ternary closed systems in which
two of the three species have the same mole fractions [1]. A unique advantage of KB
integrals is that in some cases, they permit calculation of partial molar properties of
closed systems [22], such as those sampled using molecular dynamics, by dividing the
system into multiple sub-systems, tracking molecule populations and interactions in
each subsystem, and correcting for finite-size effects.

Here we present an alternative method using multiple linear regression (MLR) to
compute partial molar properties from GEMC simulation results. Benefits of this
method include: 1) With just a few lines of code, partial molar properties of all species
in a multicomponent mixture can be computed simultaneously. 2) This approach is
generalizable to simulations in constant-p ensembles where the number of molecules
fluctuate, including reactive closed systems. 3) No special setup, type of move, or
accounting of specific interactions is required. 4) The property data (instantaneous
values of V', U, and N;) are available at no cost throughout the simulation, and the
data size is small compared to particle coordinates needed for computation of radial
distribution functions. 5) Legacy simulation data may be post-processed, so long as
instantaneous macroscopic properties (V, U, N;) have been recorded throughout the
simulation trajectory. 6) No restrictions on the types of interactions are imposed. We
demonstrate this technique for simulations using pair-wise additive force fields as well
as using Kohn-Sham density functional theory; only the total volume and/or energy
of each simulation box are required.

2. Partial molar properties from multiple linear regression

Instead of beginning from the derivative definition of the partial molar property
(Eq. 1), we use the integral form that gives the total property as a composition-
weighted sum of the partial molar properties (Eq. 2), such as the partial molar volume
(Eq. 3). This formulation enables a system-of-equations approach: for a mixture with
n species, use n equations to solve for n unknowns, as shown in Eq. 4 for partial
molar volumes in a ternary mixture; measurements at only three compositions a, b,
and c¢ are sufficient to compute these properties, under the assumption that they are
independent of composition over the set of N; investigated.

Z NX; =X (2)

Y NVi=V (3)
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N{‘V} + N;‘ZQ =+ N;Y_{g =V
NPV + NJV + NiV5 = V* (4)
NiVi + N5Va + NgVa = V¢

Consequently, for an n-component mixture, V; can be computed by performing n
measurements (whether from experiment or simulation) at n compositions to obtain n
values each of V' and N;. However, if any two state points are particularly close, then
the system of equations becomes ill-conditioned; if a pair of V', N, or x; are equal,
then two equations would become dependent. This creates a dilemma because partial
molar properties are composition-dependent. Because Eq. 4 requires measurements at
multiple state points, the corresponding measures of V; correspond to some average
across the domain of these state points, assuming that V; is invariant with composition.
Narrowing this domain necessarily makes equations 4 more ill-conditioned; selecting
the “best” set of mixtures would not be trivial, especially in a high-dimensional space.

However, molecular simulations have an opportunity here not available with exper-
iment. The fluctuations of V and N; within a single simulation can be used to obtain
V; using Eq. 5, where IN is the M x n matrix of instantaneous mole fractions for M
frames and n species, V is the 1 x n vector of partial molar volumes V;, and V is the
M x 1 vector of instantaneous V. Eq. 5 is an overdetermined system of M instances
of Eq. 3 for n unknowns, solved using multiple linear regression.

N.-V=V V=(NTN)'NT.v (5)

Replacing V with U in Eq. 5 gives partial molar internal energies U; (Eq. 6). With
U; and V; and the specified pressure p, partial molar enthalpies H; can be computed
using H; = U; + pV; (Eq. 7). Alternatively, H; (Eq. 8) can be computed directly
using the instantaneous enthalpy of a given simulation frame H = U + pV, from
instantaneous measures of U and V. A comparison of the instantaneous and ensemble
average methods is discussed in Section 4.1.2; and also in recent work by Eggimann
et al. [43].

N-U=U U=(NTN)INT.U (6)
H=U+pV (7)
N-H=H H=(N'N)"'NT.-H (8)

We also propose a method to calculate enthalpies and entropies of transfer, AH;,
and AS;,, between two phases in equilibrium. The energy cost to remove one molecule
of species i from phase I, holding T', p, and N,; constant, is —UiI, and the energy
gained by phase II upon addition of one molecule of species ¢ from phase I, holding
T, p, and Nj; constant, is UZ-H. Consequently, Eq. 9 indicates the energy change that



would occur upon transfer of this molecule between the two phases, AUHJ. This is
valid so long as the perturbation is sufficiently small such that partial molar internal
energies of all species do not change during the transfer (see extended derivation in
supporting information).

AUy, = O — 0 (9)

AI:Itr,,; is calculated in the same way, except now the pV work must be accounted for
(Eq. 10). Although the pressure is set as thermodynamic constraint for both phases,
the incremental change in volume due to the transfer of the molecule is different
for each phase, and this will be captured in AVi; (Eq. 11). Special considerations
must be taken when treating a constant-volume simulation box as encountered during
simulations probing adsorption in an incompressible sorbent material (see extended
derivation in Supporting Information and discussion in Section 4.3).

A-Ertr,i = Athr,i +pA‘7tr,i = HZH - HZI (10)

AVi; =V =V (11)

Aétm- is the incremental change in excess free energy due to transferring one
molecule between the phases, holding T', p, and N;; constant. This can be calculated
using the ensemble averaged number densities p; of species ¢ in each phase, along with
the gas constant R and T (Eq. 12) [44]. By using AGty; = AHyy; — TAS;, , the in-
cremental change in excess entropy upon transferring a molecule of species i between
the phases can also be computed.

11
AGy; = —RTIn <”I> (12)
(2

For a single-component system at vapor-liquid equilibrium, these relationships sim-
plify to the well-known relationships for free energy, enthalpy, and entropy of vapor-
ization [2].

MLR may also be applied to a reactive closed system. As long as all species undergo
reaction and IV; and V fluctuate, partial molar properties may be computed. Volumes,
energies, and enthalpies of reaction may be computed from differences in these partial
properties.

We introduce this method by calculating these properties in Monte Carlo simu-
lations in the NpT-Gibbs ensemble for phase and adsorption equilibria (including a
fixed-volume sorbent phase for the latter case) and the NpT ensemble for reaction
equilibrium in a single phase. In addition, we also assess the MLR approach for NVT-
Gibbs ensemble simulations.



3. Simulation Methods

3.1. VLE of natural gas condensate

For a three-component hydrocarbon mixture consisting of methane, n-butane, and
n-decane, Monte Carlo simulations in the isochoric and isobaric versions of the Gibbs
ensemble at 7" = 333 K [16-18] were performed using the in-house Monte Carlo for
Complex Chemical Systems-MN software (MCCCS-MN) [45]. Monte Carlo (MC)
move probabilities were distributed as follows: volume moves were attempted with
a probability of 1/0.3/Niota1, and maximum displacements were adjusted to yield a
target acceptance rate of 0.3, to obtain approximately 1 accepted volume move per
MC cycle [46]. Coupled-decoupled [47] configurational-bias Monte Carlo [48-50] moves
were attempted with a probability of about 30%, and 55% of moves were translations
(proportionally distributed among molecule types), and 15% of moves were rotations
(proportionally distributed between n-butane and n-decane). Interbox swap moves
were attempted with a probability of around 0.5-1%, in order to achieve approxi-
mately 1 accepted swap move per MC cycle. Inter- and intramolecular interactions
were described using the TraPPE force field for n-alkanes [19]. Simulations were ini-
tialised by randomly positioning molecules on a grid, followed by 2k MC cycles of
melting at 3000 K, 3k MC cycles of cooling at the set temperature, and at least 50k
MC cycles of equilibration. Production runs followed for up to 100k MC cycles for
64 independent simulations. The volume, energy, and composition of each box were
output every MC cycle, while pressures were computed every 10 MC cycles.
Equation of state (EOS) calculations were performed using AspenPlus V8.6 using
the Peng-Robinson equation of state [51] both with and without binary interaction
parameters, taken from Knapp et al. [52]. First, a pT' curve for the mixture at the base
liquid composition was generated for finding an initial estimate of the bubble point
pressure at T" = 333 K. Then, at that pressure and temperature, the vapor composition
was calculated by simulating a flash process. Once the temperature, pressure, and
vapor composition were determined using the above steps, partial molar properties
were calculated by simulating a single stream separately for the two phases. For each
phase, the molar flow rate of each component was individually perturbed to calculate
the partial molar properties. The partial molar properties for both phases were found
be numerically stable for perturbations of 0.01% and 0.001% of the molar flow rate.

3.2. Liquid-liquid equilibrium

Harwood et al. [53] carried out Gibbs ensemble Monte Carlo simulations for the liquid-
liquid equilibrium of ethanol, water, and n-dodecane at T' = 333 K and p = 100 kPa.
The simulated systems contained 600 ethanol, 300 n-dodecane, 6 n-hexane (to facilitate
n-dodecane transfers through identity switch moves [54]), and either 100, 300, or 500
water molecules. Compete simulation details are provided in Ref. [53].

3.3. Liquid-phase adsorption

Sun et al. [55] carried out Gibbs ensemble Monte Carlo simulations for solution-phase
adsorption of 1,5-pentanediol and ethanol into all-Si MFI zeolite at T = 323 K and
p = 100 kPa. Two state points from this work are analysed here: a mixture with 452
ethanol and 48 diol molecules and a mixture with 208 ethanol and 198 diol molecules,
where the sorbent phase consisted of 12 MFT unit cells for both mixtures. Complete



simulation details are provided in Ref. [55].

3.4. Reaction equilibria

Fetisov et al. [56] performed reactive first principles Monte Carlo simulations in the
isothermal-isobaric ensemble, for a system of 32 N and 64 O atoms at T = 3000 K
and p = 30 GPa, using the BLYP density functional [57, 58] with the third-generation
Grimme dispersion correction (D3) [59]. In this simulation, molecules are treated as
aggregates of atoms, and chemical equilibrium is sampled using MC moves such as
atom and molecule translations, molecule rotations, bond length changes, and atom
identity exchanges. While the total number of N and O atoms are conserved, the
population of molecules fluctuates as configuration space is sampled. After equilibra-
tion, 32 independent simulations were performed for ~4000 MC steps each. Complete
simulation details are provided in Ref. [56].

4. Results

4.1. Natural Gas Condensate

We introduce and validate this method using a model natural gas condensate charac-
terised experimentally by Urlic et al. [60]. Urlic et al. measured bubble and dew points
for a model natural gas condensate with z¢1 = 0.6, zo4 = 0.31 and zc19 = 0.09. At
T = 333 K, they measured a bubble point pressure of 17.4 MPa. After performing a
few iterations of VLE simulations in the NVT-Gibbs ensemble, we identified simula-
tion settings that achieved a similar liquid composition, so as to compare our bubble
point properties with those of Urlic et al.

The reference case (enabling calculation of the bubble point pressure) for this study
usesan NV T-Gibbs ensemble simulation of cubic vapor and liquid boxes, each with
initial box lengths of 55 A. After equilibration, the actual liquid composition was found
to be slightly enriched in n-decane relative to the target composition by Urlic et al.
[60], with z¢1 = 0.570+£0.004, zcq = 0.310£0.002, and xc19 = 0.12040.002.Using the
pressure measured in the vapor box of the NV'T-Gibbs simulation, p = 16220440 MPa,
simulations in the NpT-Gibbs and NpT ensembles were also run for 100k MC cycles.
Partial molar properties from the GEMC simulations are compared to those calculated
using numerical differentiation of single-box simulations in the NpT' ensemble, with
incremental changes in N; holding N;-; constant (Eq. 1, and Fig. S1 in the Supporting
Information).

MLR presents a challenge in assigning uncertainty, because the simulation data is
highly correlated. To obtain 95% confidence intervals for these properties, we sepa-
rately compute partial molar properties for each of 64 independent simulations, then
compute the mean and standard deviation of these independent estimates. The stan-
dard deviation is multiplied by 2/+/N — 1 to give the 95% confidence intervals; error
propagation is not used.

For finite-sized systems, correlations may influence the ensemble averages of derived
properties such as the compressibility factor, Z [43], or in this case, H. To explore
this closely, we compute H and H; two ways. -Hi7inst are computed using Eq. 8, after
computing the mechanical observable Hi,s using instantaneous measures of U and
V for each frame, and p is taken as either the instantaneous value for NVT-Gibbs
simulation or as the specified thermodynamic constraint for NpT-Gibbs simulations.



Alternatively, H; ave assumes no correlation between U and V, and is computed using
Eq. 7 after V;, U;, and p have been computed separately. Parity plots and histograms of
the MLR in the NpT-Gibbs ensemble are provided in Figure 1, and thermodynamic
properties are compiled in Table 1. Correlations among V', U, and p are shown in
Figure S2 in Supporting Information. Energies and enthalpies of transfer are reported
in Table 2. System size effects were also examined, and are presented in Section 2.4 of
the Supporting Information.

Figure 1 goes here.

For both the liquid and vapor phases, MLR does an excellent job matching the
regressed volume and internal energy to the simulated volume, as shown in the parity
plots and histograms of Fig. 1. The instantaneous enthalpy is not described well in the
liquid phase; although MLR necessarily reproduces the correct mean value, the his-
togram is significantly narrower for the regressed distribution, suggesting that MLR
struggles to capture the low- and high-enthalpy frames (Fig. 1g and Fig. 1o). This
is a consequence of major fluctuations in the instantaneous pressure which is used
for calculating the instantaneous enthalpy, which lead to a large difference between
the simulation and regression results. MLR performs much better for predicting sim-
ulation enthalpies calculated frame-by-frame using the ensemble-average p and the
instantaneous V and U (Fig. 1h and 1p), in which p is set precisely and assumed to
be constant. MLR still misses the low- and high-enthalpy tails of the distribution of
H,ve (MLR shifts the low-enthalpy tail Haye < —0.6 X 10% K into enthalpies of around
—0.6 x 10 K (Fig. 1h)), but not as severely as Hing, suggesting that damping out
the extreme fluctuations in p improves the performance of the MLR.

Table 1 goes here.

The partial molar properties are reported in Table 1. Several non-intuitive trends
are worth noting. The partial molar volumes and energies are not proportional to the
number of LJ sites in each molecule; they are not even monotonic. For example, in
the liquid phase, n-butane has a smaller partial molar volume compared to methane.
In the vapor phase, both n-butane and n-decane have smaller partial molar volumes
compared to methane. This has been noted before - large molecules in supercritical
fluids can even give negative partial molar volumes [61], and the majority component
here, methane, is far above its critical point.

4.1.1. Validation with numerical differentiation

To validate the MLR methodology, partial molar properties for the natural gas conden-
sate system were also calculated using numerical differentiation (ND). The properties
were calculated in the NpT ensemble using the MCCCS-MN software [45].

First, the coexistence pressure and compositions were determined for each phase from
the NVT-Gibbs ensemble simulations. Then, in the NpT ensemble, molecules of one
species N; were removed or added to the simulation box while Nj;.;, T, and p were
held constant. (V'), (U), and (H) = (U) + (p) - (V) were measured at 5 or 6 differ-
ent compositions, and a linear equation was fit to this data to measure the slope of
the thermodynamic property with respect to number of molecules of that species to
calculated partial molar properties. Regression results are shown in Figure S1.

The ND results are in excellent agreement with MLR for NpT-Gibbs, and reveal
the inadequacy of the NVT-Gibbs ensemble for predicting partial molar properties
(Table 1). Uncertainties for the MLR method are smaller for partial molar properties
of methane and larger for that of butane and decane compared to uncertainties from
ND. MLR provides computational savings compared to ND. For a ternary system,



independent simulations must be performed at 7 different compositions (the mean
composition, plus positive and negative perturbations in N; for all three species) for
finding the partial molar properties of the three components in one phase. We per-
formed simulations at 14 different compositions for more robust statistics (5, 5, and
6 incremental compositions for methane, n-butane, and n-decane, respectively). Af-
ter performing the NVT-Gibbs simulation, either NpT-Gibbs or NpT simulations
could be used to compute partial molar properties. For this system, single-box NpT
simulations are faster but require more parallel simulations than two-box NpT-Gibbs
simulations; overall, we find that the MLR method is 4.5 and 9 times faster than ND
with 7 or 14 NpT simulations, respectively (with the same number of MC cycles). If
the reference simulation is in the NpT-Gibbs ensemble, then partial molar properties
may be calculated at no additional cost.

4.1.2. Uncertainty analysis

The first assessment of the quality of these regressions is the ability of the partial
molar properties to describe the total properties. Table S1 shows the contributions of
each component to the total V', U, and H for both the NVT-Gibbs and NpT-Gibbs
data sets.

All partial molar properties are consistent with the total properties in both phases
for both ensembles, within statistical uncertainty. In the liquid phase, all three species
contribute to the total volume, but in the vapor phase, both zcip and Vg are very
small, so the contribution of n-decane is negligible; even smaller than the uncertainty
in Viox. the 95% confidence interval for Voig is much smaller than that for Vi a
broader range of values could close the volume balance in the ensemble average of
V; when MLR minimises the error between ) ViN; and Viox across all frames of the
simulation, a more precise estimate of Vjox is found than that constrained by the
ensemble average V.

While NVT-Gibbs and NpT-Gibbs have similar V', the relative contributions from
the components are significantly different, especially in the vapor phase. Both data sets
are self-consistent, but only the NpT-Gibbs simulation agrees with the ND validation
data. This also holds for U, Hinst, and Hye.

4.1.8. Comparison to equations of state

Thermodynamic properties calculated using the Peng-Robinson equation of state [51]
are provided in Table 2. Experimentally, the bubble point pressure is 17400 kPa, which
is greater than all predicted results: PR with k;; gives p = 16900 kPa, TraPPE gives
p = 16220440 kPa and PR without k;; gives p = 15800 kPa. The PR EOS is improved
by adding binary interaction parameters, but at the cost of requiring experimental data
in multicomponent systems. Experimental measures of liquid and vapor density, and
vapor composition, are not available at this state point.

Table 2 goes here.

The liquid density from TraPPE is 5% greater than that of the PR EOS (k;; does
not affect the liquid phase density, nor is its density affected by changes in pressure).
The liquid phase V; from MC are similar to PR EOS with and without k;;, with relative
deviations of 1% for C1 (which has the largest contribution to the total volume), 17%
for C4, and 7% for C10. More substantial differences are seen in the vapor phase as
the vapor composition and pressure are quite different.

The vapor density varies by up to 10% among all three cases, following the trend



in vapor pressures, with the lowest p and p for PR EOS without £;; and the highest
for PR EOS with k;;. The vapor phase density predicted by TraPPE is in between
that of PR EOS with and without £;;. V; of C1 is within 10% for all three cases.
However, for C4 and C10, V; vary significantly between the two EOS models and the
MC simulation. In the vapor phase, partial molar properties are significantly more
sensitive than bulk properties. Even within the PR EOS, addition of k;; parameters
changes the vapor density by just 8%, but V; and H; change by a factor of two in some
cases. Major changes in V; of C4 and C10 do not dramatically affect V' because Viy
and xcig are close to zero, so large changes in density can dramatically change V;.

The absolute values of U;, and H;, are quite different between TraPPE and the PR
EOS because they use different reference states. However, the differences between the
vapor and liquid properties can be compared directly (Table 2). For these properties,
TraPPE qualitatively agrees with PR, giving similar magnitudes and trends in AU,
and AH;,, with the exceptions of AUtr,cm which is equal to —4.9 + 0.5 kJ/mol but
the highly negative V; of n—decane raises the contribution of pV energy and leads to a
positive AH, c10 (1.42 kJ/mol). Interestingly, while AU, ; shows that transferring n-
butane or n-decane into the liquid is energetically favorable, with AUy cq = —3.140.2
kJ/mol and AUtr,ClO = —4.9 + 0.5 kJ/mol, methane is unusual; it experiences an
energetic penalty of 0.45 £ 0.05 kJ/mol when it transfers from the vapor to the liquid,
even though the liquid phase has a much higher density of interaction sites. Moreover,
since both butane and n-decane have negative V; in the vapor phase, the enthalpies
of transfer these two species are higher than the respective energies of transfer and
vice-versa for methane.

4.2. Liquid-liquid equilibrium

To demonstrate this technique in a liquid-liquid equilibrium (LLE) system, we con-
sidered the ternary ethanol/n-dodecane/water mixture, as reported in Harwood, et
al. [53], with ziofal = 0.1, z¥fal = 0.25, and 2i258l = 0.36. Mixtures partitioned into
ethanol-rich and n-dodecane-rich phases, reaching average compositions as shown in
Table S3 in Supporting Information.

MLR (Eq. 5 - Eq. 8) is used to compute the partial molar properties. The quality
of the regression is shown in Fig. 2. The bimodal distributions indicate that the phase
space was not evenly sampled; nonetheless, MLR accurately fits V and U. For this
liquid, the pV contribution to H is negligible, so U ~ H. Partial molar volumes and
internal energies for the three overall compositions are reported in Table 3.

Figure 2 goes here.

Table 3 goes here.

For these mixtures, the partial molar volumes are relatively insensitive to the compo-
sition, but partial molar enthalpies are strongly composition dependent. Viion ranges
from 0.0611 to 0.0648 L/mol (6% change), V12 ranges from 0.23329 to 0.245 L/mol
(5% change), and Vi20 ranges from 0.018 to 0.023 (22% change). Ugton and Hgion
range from —33.8 kJ/mol to —30.3 (10% change), while Ucio and Hcyo range from
—6.1 kJ/mol to —16.53 as C12 concentration increases. Un2o and Hpoo range from
—39.1 to —32.3 kJ/mol as HyO concentration increases (Table 3).

The enthalpy of transfer can also be calculated for each species as it transfers from
the C12-rich liquid into the EtOH-rich liquid (Table 3). For all species, AUy, ; = AHy, ;
because the pV contribution is negligible. Transferring an EtOH molecule from the
C12-rich phase to the EtOH-rich phase is enthalpically favorable (A H; ave Eton varies
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from —3.14+1.1 to —2.34+0.7 kJ /mol). Likewise, transferring an n-dodecane molecule is
enthalpically unfavorable (and more unfavorable in systems with more water content).
While the trace species HoO and n-hexane have larger uncertainties, they follow the
same trends as EtOH and C12, respectively.

With three different compositions studied in the LLE system, Eq. 4 may be used
to solve for the partial molar properties using a system-of-equations approach (Table
S4). This approach is not as effective as MLR; details are provided in the Supporting
Information.

4.3. Partial molar properties of adsorption equilibria

The MLR construction given in Eq. 5 does not require that all N; and V" are fluctuating;
the MLR is necessarily invalid only when two or more are invariant. Consequently, if
one species is not permitted to swap, as in the osmotic ensemble [17], in which Nyater
is fixed, while V and all other N; may vary, then MLR may still be used to measure V;
for all species. In a sense, V; are measured for all swapping species, and V; for the fixed
species is calculated through the difference from the total volume. However, if two or
more species are not permitted to swap, then the relative contributions of these will
be impossible to define; the matrix N becomes rank-deficient, and the MLR will fail.

For simulations with a simulation box of constant volume, such as adsorption in
the NpT-Gibbs ensemble with a fixed adsorbent box, the internal energy fluctuates,
and U; and AUy,,; can be calculated using Eq. 6 and 9. Consequently, the enthalpy of
adsorption may be calculated using Eq. 10, AH;, j = AUy, j + pAVi, ;. However, be-
cause the adsorption box volume is fixed, AV;, ; only depends on V; in the fluid phase;
the contribution from estimating V; in the adsorbed phase is zero (see Supporting
Information). This is also the case for grand canonical Monte Carlo (GCMC) simu-
lations, which fix the chemical potential u, T, and V. Additional care must be taken
if the GCMC simulation is sampling VLE; if the same box explores both liquid and
vapor phases at coexistence, these two populations would need to be separated prior
to applying MLR, or U; would represent an average internal energy of both phases.

We apply MLR to the liquid-phase adsorption of 1,5-pentanediol and ethanol into
the MFT zeolite at 323 K and 1 bar [55]. Table 4 and Figure 3 show the MLR results.
The major difference between using MLR in a fixed simulation box as compared to a
flexible one, is that only one volume is sampled in the adsorbed phase. As the number
of molecules fluctuates frame-by-frame, the regressed V' from the instantaneous N; and
V; is distributed around the fixed V of the simulation box, with mean values in agree-
ment, as enforced by the MLR. Estimates of V; in the adsorbed phase represent the
optimal coefficients that solve the MLR problem, but do not share the same meaning
of V; in fluctuating-volume systems, where the derivative formulation of partial molar
properties (Eq. 1) is valid and V; corresponds to the incremental change of volume
that would occur due to a change in N;.

U in the adsorbed phase can take multiple values. In contrast to the liquid phase
(Fig. 3b-c), in which the regressed V', U, and H,ye give similar distributions to the
simulated distribution, in the adsorbed phase, the regressed U is much narrower than
the simulated distribution (Fig. 3a); the low- and high-energy tails of the distribution
are not well-described by a linear combination of partial molar properties. Nonetheless,
the average U from regression closely matches that simulated, as enforced by the MLR.

In the liquid, Vpiol is nearly twice Viion, and Upigl is 60% greater than Ugion in
the liquid phase, and 86% greater in the zeolite. For this system, the partial molar
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properties are relatively consistent across composition (see Table 4). Internal energies
and enthalpies of adsorption can also be calculated using Eq. 9 and 10, which are
identical because pV is negligible. Both adsorbates experience an enthalpic gain upon
adsorption: —12+3 kJ/mol for EtOH and —31+3 kJ/mol for the diol. After calculating
the excess free energy of transfer AGy, ; using Eq. 12, we can obtain the excess entropies
of transfer from AGy, ; = AHy, ;—TASy, ;. As expected, entropy significantly decreases
for both species upon adsorption (Table 4); the zeolite is significantly more confined
than the solution phase.

Table 4 goes here.

Figure 3 goes here.

4.4. Reaction equilibria of compressed nitrogen and oxygen

Multiple linear regression may also be applied to closed systems if the molecule pop-
ulations fluctuate due to chemical reactions. This is demonstrated in a reactive first-
principles MC simulation of a compressed nitrogen/oxygen mixture consisting of 16
No and 32 Oz molecules at 7' = 3000 K and p = 30 GPa, as reported in Ref. [56]. By
monitoring the molecule populations, volume, and total energy of the system, partial
molar properties may be calculated using Eq. 5-8. With V; and U; for each species,
changes in volume and energy upon reaction may be calculated using Eq. 13.

AUnN,+0,~2v0 = 2Uno — U, — Uo,

The computational expense of this technique limited the available statistics: af-
ter equilibration, 32 independent simulations were performed for ~4000 MC steps
each. These short, highly-correlated trajectories could not be analyzed using standard
multiple regression, which occasionally yielded extreme and unphysical partial molar
properties (ca. V or U = £10° L/mol or kJ/mol). Ridge regression (Eq. 14), which
is a variation on multiple linear regression that allows control over the magnitude of
the fitted parameters, performed much better than MLR — a small bias o = 107°
was used to make the regression well-behaved without affecting the final values of the
coefficients. Shifting V' and U by the average V and U was also found to be beneficial;
the large atomization energies (but including pseudopotentials for the core electrons)
and energies of formation result in large negative energies with only relatively small
fluctuations (for example, ranging from —1432.98268 to —1432.37738 Hartrees) and
led to erratic fitting behavior. (For the natural gas condensate, shifting U and V' by
the molar U and V multiplied by N prior to performing MLR did not influence the
quality of the fit; shifting is therefore advantageous in data-poor simulations and be-
comes less important as the amount of data increases.) The first-principles trajectories
did not have sufficient statistics to compute partial molar properties of trace species
(NOg, N3O, and O), so frames including these species were excluded, and frames with
only the major species, NO, O, and Na, were analyzed. Each independent trajectory
was analyzed with ridge regression to compute averages and 95% confidence intervals.
Table 5 and Figure 4 give the MLR results.
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Linear regression: ~minimize (V — N -V)?

Ridge regression:  minimize (V — N -V)? + a x Z V2 (14)

Table 5 goes here. Fig. 4 goes here.

For this system, ridge regression produced very precise estimates of the partial mo-
lar volume for all species, indicating consistency among the independent simulations,
presumably aided by the very low compressibility at the extreme pressure. However,
the volume distribution was highly skewed toward lower volumes, and the linear model
did not capture this behavior. The small number of molecules also produced striping
in the regressed values, which may have also contributed to the poor fit. As expected
for an incompressible mixture, the volume of reaction is zero within statistical un-
certainties. However, the energy distribution was not skewed, and ridge regression
produced partial molar energies in a narrower distribution, similar to that observed in
the zeolite. These estimates were much less certain - improved statistics from longer
runs or more efficient sampling would produce more precise partial molar energies.
Nonetheless, Eq. 13 could be used to measure the reaction energy, which was found
to be endothermic by 81 + 32 kJ/mol and of a reasonable order of magnitude when
compared to equation-of-state approaches [62—64].

5. Conclusions

Here we demonstrate the use of multiple linear regression (MLR) for calculating the
partial molar properties of multicomponent mixtures in constant-pressure simulations
that allow for fluctuations in the number of molecules either through phase transfer
or reactive moves. This method uses frame-by-frame measurements of total N;, V,
and U for an individual simulation box; no special Monte Carlo moves or account-
ing of interactions is required, so long as the population of molecules fluctuates in
a constant-pressure ensemble. We introduce this method by calculating the partial
molar properties of a model natural gas condensate in the NV T-Gibbs, NpT-Gibbs,
and NpT ensembles. MLR quantitatively reproduces partial molar properties as cal-
culated with numerical differentiation (ND) in the NpT-Gibbs ensemble, but the cou-
pled volume fluctuations in the NVT-Gibbs ensemble lead to incorrect partial molar
properties, especially in the vapor phase. MLR with NpT-Gibbs provides significant
cost savings relative to ND multiple simulations in the NpT' ensemble. Through sim-
ple post-processing of statistics from previously published simulations, partial molar
properties are easily obtained. We demonstrate this by calculating partial molar prop-
erties for the liquid-phase adsorption of 1,5-pentanediol and ethanol into the MFI
zeolite [55], liquid-liquid equilibrium in ethanol/n-dodecane/water mixtures [53], and
in the reactive NpT ensemble for compressed nitrogen and oxygen [56]. Notably, we
find MLR to be useful in reactive closed systems, as well, and that for systems with
poor statistics and an ill-conditioned composition matrix, ridge regression can also be
used to fit reasonable partial molar properties. The numerical stability of MLR and
the resulting distributions can be improved by shifting by the negative average value
of a given property, so that instantaneous values fluctuate around zero.
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Figure 1. Parity plots and histograms illustrating the quality of the multiple linear regression for the liquid
phase (a-h) and the vapor phase (i-p) of the model natural gas condensate in the NpT-Gibbs ensemble. Hipgt
is calculated using the instantaneous U, V', and p for each simulation frame, while Haye is calculated using
instantaneous U and V' and the ensemble average p. Mean absolute deviations (MAD) of V are 2.1 and 5.4
nm? for the liquid and vapor. MAD of U are 2.0 x 104 and 1.1 x 10* K for the liquid and vapor. MAD of Hipgt
are 5.9 x 104 and 2.7 x 10 K for the liquid and vapor. MAD of Haye are 2.2 x 10 and 1.7 x 10 K for the

liquid and vapor.
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Table 1. Thermodynamic properties of a model natural gas condensate at 7' = 333 K. NV T-Gibbs simulations
were performed using an initial box volume of 332.75 nm®. NpT-Gibbs and NpT simulations were performed
at p = 16220 MPa. All simulations used 100,000 MC cycles of production. Uncertainties reported are 95%
confidence intervals from 64 independent measurements of each quantity. Partial molar properties for GEMC
simulations are calculated using MLR; partial molar properties for NpT simulations are calculated using
numerical differentiation from 5 state points around the center (6 for n-decane).

Liquid Vapor
NVT-Gibbs NpT-Gibbs NpT | NVT-Gibbs NpT-Gibbs NpT
Nc1 56115 58017 561 71515 69617 715
Ny 3035 3085 303 1215 1165 122
Ncio 116.5¢ 117.05 117 8.5¢ 8.05 8
ol 0.5704 0.5744 0.5719 0.8483 0.8513 0.8462
TCa 0.3099,7 0.3082 0.3089 0.1429 0.1409 0.1444
ZC10 0.120019 0.1182 0.1193 0.00984 0.00954 0.0095
p [kPal 1623050 1624050 1623519 1622049 1623010 162244
V [nm?] 1573 1613 157.234 1753 1714 175.90¢
U [K x 103 —706g —7169 —708.13 —2283 —2209 —226.8619
Epvinst [K x 10%] 1845 189, 206, 2015
Epvave [K x 107 1853 1904 184.99 2064 2015 206.709
Hingt [K x 10°] —5215 —5275 —224 —185
Have [K x 10%] —5215 —5265 —523.2 —224 —183 —20.165
Ve [L/mol] 0.095419 0.08929 0.0889¢ 0.141347 0.15365 0.154514
Vo [L/mol] 0.0792 0.092719  0.094018 0.0349 —0.0183 —0.0184;5
ch [L/mol] 0.1464 0.1404 0.140317 0.02117 —0.24912 —0.2575
Uct [kJ /mol] 0.07; —0.644  —0.607 —1.354 —1.09, —1.064
Uc4 [kJ/mol] —12.7919 —11.3615 —11.3515 —7.22 —8.2711 —8.474
Ucio [kJ/mol] —17.54 —17.84 —18.064 —6.25 —12.94 —12.661,
He jnst [kJ/mol] 0.867 0.84¢ 1.164 1.40,
HC4,inst [kJ/mol] —10.1018 —9.9019 —7.62 —8.5313
FIClO,inst [kJ/mol} —15.14 —15.64 —10.45 —16.95
FICl,ave [kJ/mol] 1.629 0.815 0.8511 0-956 ]..4].2 1-476
Hcaave [kJ/mol] —11.5 —9.8515  —9.77x —6.74 —8.5514 —8.766
Hcio ave [kJ/mol] —15.14 —15.54 —15.8919 —5.97 —16.95 —16.7718
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Table 2. Comparison of observable thermodynamic properties from MC simulation to those calculated using
the PR EOS, both with and without the binary interaction parameters k;;. Molecular simulations with the
TraPPE force field have both the instantaneous and the ensemble average observables reported for AHy,.

PR with kij PR without kil'j TraPPE

Pressure [kPa] 16900 15800 1622040
Vapor Composition C1 0.8543 0.8642 0.8513
C4 0.137 0.1285 0.140,
C10 0.0087 0.0073 0.00954
g [kg/m?] 433.2 433.2 453.939
Pvap |kg/m?] 192.2 174.5 184.195
Liquid V; [L/mol]  C1 0.0881 0.0881 0.08929
C4 0.1091 0.1091 0.092719
C10 0.1502 0.15 0.140,4
Vapor V; [L/mol] C1 0.144 0.155 0.15365
C4 —0.01270 —0.02568 —0.0183
C10 —0.211 —0.2926 —0.24912
AUy [kJ/mol] C1 0.650 0.655 0.455
C4 —3.754 —4.731 —3.1y
C10 ~7.670 —9.283 —4.95
inst ave
AHy, [kJ/mol| C1 —0.291 —0.395 —0.567  —0.607
C4 —1.694 —2.601 —1.4y  —1.3y
C10 —1.563 —2.292 1.4¢ 1.4¢

Ta])le 3. Partial molar volumes Vj [L/mol], partial mglar ilzternal energies U; and enthalapy of transfer
AHq;r ave [kJ/mol] for components in the LLE systems. H; = U; because the pV contribution to enthalpy is
negligible.

ziotal Phase EtOH n-Hexane n-Dodecane Water
0.1 EtOH-rich 0.0612¢ 0.1383 0.2404 0.0193
Cl12-rich 0.06369 0.1343 0.23354 0.0235
7 0.25 EtOH-rich 0.060879 0.1435 0.2455 0.0194
! C12-rich 0.0648gs 0.1395 0.2332919 0.0234
0.36 EtOH-rich 0.061113 0.1434 0.242~ 0.018015
C12-rich 0.064671 0.1353 0.233341¢ 0.0255
0.1 EtOH-rich —33.83 —10.143 —11.141 —37.118
Cl12-rich —31.5¢ —12.917 —16.53 —32.341
i 0.25 EtOH-rich —33.5¢ —4.14y3 —6.195 —38.519
! C12-rich —30.38 —112 —16.5311 —33.136
0.36  EtOH-rich —33.05 —4.295 —5.731 —39.14
Cl12-rich —30.44 —11.9g —16.515 —332
0.1 —2.37 39 91 —94
AHiy ave  0.25 -3l Ts 109 —64
0.36 —2.510 73 113 —69
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Figure 2. Parity plots and histograms illustrating the quality of the multilinear regression for the EtOH-rich
liquid in the LLE system, with wi?;al = 0.1. Mean absolute deviations of V and U are 0.52 nm? and 2.2 x 10*
K, respectively.
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Table 4. Thermodynamic properties of 1,5-pentanediol and ethanol adsorbing into MFI at 323 K and 1 bar,
from solutions with low (7.4%) and high (42%) concentrations of diol.

IDiol =
Zeolite
323
79.916

0.287
0.729

—1059¢

—493
—-90.715

EtOH
3.97,
1144
114y
—47.519

(b)

IDiol = 74%
Zeolite  Liquid
Ngeton 127.31p 295.814
Npiol 21.7; 23.57
TEtOH 0.8545  0.9264
IDiol 0.1465 0.0742
V [nm?] 33.8613
U [K x 10%] —9364 —14144
Epvave K x 107] 0.245;
‘:/EtOH [L/mol] 0.06054
Vbiol [L/mol] 0.1034
QEtOH [kJ/mol] —46.24 —34.7718
UDiol [kJ/mol] —882 —632
EtOH Diol
AGi, [kJ/mol] 5.93 2.5311
AUir [kJ/mol] —123 —313
Athave [kJ/mol] —123 —313
AStr,ave [J/mol K] —5611 —10410
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Figure 3. Parity plots and histograms illustrating the quality of the MLR for the adsorbed phase (a) and the
liquid phase (b) and (c) for 1,5-pentanediol + ethanol adsorption into MFI from a solution with high (42%)
concentration of diol. Mean absolute deviations of V and U for the adsorbed phase are 0.28 nm? and 1.6 x 10*
K respectively and for the liquid phase are 0.28 nm? and 1.15 x 10% K respectively.
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Table 5. Partial molar properties of the reactive N/O system in the reactive NpT ensemble, and reaction
properties for N2 + O — 2NO.

NO 05 Ny

f 13.35 2543  9.43

Vi [A3/molec] 38.08; 37.993 38.00317
U; [kJ/mol] 291;  —115 —135

&=

AVixn [A3/molec] 0.1,
AUrxn [kJ/mol] 8132
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Figure 4. Parity plots and histograms illustrating the quality of the ridge regression fit for the reactive N/O
system.
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